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O KYBUYECKOMU L-®YHKIIUN

© H. B. TIPOCKYPUH

Kyb6uueckan L-pyHKIUA CBA3aHA TOCPEACTBOM IpeobpasoBanusa Memrmnna
¢ xybuueckon Tera-pyuknuen Ky6ors-IlarTepcona. [lna kybudeckon L-
dyHKINM nMeeTca PYHKIMOHAILHOE YPAaBHEHNE TUINA ypaBHeHUsA PrMana
(c AByMA raMMa-MHOXWTEIAME), HO HET PA3TOKEHUA B BDIIEPOBCKOE MPO-
m3BefeHue. B pabore uccregoBana Kyoudeckas L-pyHKINA 1 pacCMOTpeHa,
mpo6aeMa pacopefeNeHnusa BeMeCTBeHHbIX dacTen ee Hyaen. Chopmymuapo-
BaHbI TUTIOTE3bI, OCHOBAHHBIC Ha BBIYUCICHUAX.

Beepenune

Ky6uueckas rora-pyuknus Kyborer-IlatTepcona Ok » onpenerena Ha ru-
nep6ommaeckom npocrparctse H = {(2,0) € Cx R | v > 0} n npuammaeT
sHadenus B kommiekcaoM moae C. Umeercsa pasmoxenune Pypre —

O r(z,v) = v** + (670)** Y " F(v) Ai((6r|v]v)*?) e(v2), (1)

B KoTOpoM Ai — dyrkmma dupwm u e(q) = exp (27ri (g+ @)) ana g € C. Tna xo-
sddunmenTos nmewTca popmyast [larrepcona (15), Beipaxatomme 7 (1) aepes
ky6maeckme cymmer Laycca. Ilycts w = exp(27i/3) = (—1++/=3)/2. Cymmmu-
posanme B (1) pacmpocrpanserca ma Bce v Buga (vV—3) 3l cl € Z[w], I # 0.
3mech Z[w] = {a+bw | a,b € Z} — xomuo nensrx mcen moaa Q(v/—3).
Dyukuua O, p orkpoiTa Kyboron [1], cm. Takxke [2] u [3]. Ona aBiserca
aBTOMOpGHON (PYHKIMEH BeChbMa CIENUAILHOTO THUIA — KyOMIeCKOW MeTa-
IIEKTHIECKOU (POPMOK. ITO O3HATAET, B IACTHOCTH, 9TO I O ;_p UMEIOTCA
HEKOTOpBIE (popMy.IbI mpeobpasoarua. OIHA W3 HAX —

Oxr(0,0) = Ok p(0,v7!) nmascex veER, v>0. (2)
[MTonoxum
L(r;s) = Z |7|-IET|)5’ s€C, Res>1, (3)

v

Kaouesvie caosa: Kybudeckaa L-dyHKInA, pacupeeeHne HyJemn.
Pa6ora moxnepxana rpaatom PDODU Ne11-01-00239-a.
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rje CyMMMPOBAHME PACTPOCTPAHAETCA HA T€ ke U, 9To u B (1),
T(v) = 7 (W)||v '/ (4)

| -|: Qv-3) - Q — mopmenHOe oTobOpaxenwme, |z|| = 2z maa Bcex
2z € Q(v/=3). Pax (3) abCOMOTHO CXOAWTCA M OTpEeNIeT AHATATHICCKYIO
dbynkumio B obaactu Res > 1. @ynkuma L(T;-) cBasana ¢ O x_p mOCPEACTBOM
npeobpasosanusa Memruuaa. Kak mMbr yBuauM, OHA PO IOIXKAECTCA MEPOMOPd-
HO HAa BCI0O KOMILTIEKCHYIO TOCKOCT: C m ymoBieTBOpsAeT (HyHKIUOHAILHOMY
YPaBHECHUIO TUIIA YPAaBHECHUA PI/IMa.Ha., CBA3BIBAKOIIEMY €€ 3HAYCHUA B TOYIKaAX
s u 1 — s. Umenno, MbI mokaxem, ITO (PYHKIIWS

s+ (2m) % (s — 1/6) (s + 1/6) L(7; 5) (5)

MHBAPUAHTHA OTHOCUTETHHO 3aMeHBI § Ha 1 — 5. Mur maswiBaem L(7;-) xyOu-
geckon L-pynkumen. Hac marepecyer pacnpenerenne nynen dyaxnum L(T; )
7 B 0COOEHHOCTHU PACIPEEICHNE UX BEIIECTBEHHBIX YaCTel Ha BEIIECTBEHHOU
npamor R. DyHKIMA T HE MYJIbTUIIMKATHBHA, modToMy L(T;-) He packmia-
OBIBAETCA B DUJIEPOBCKOE MPOU3BEIEHUE, U OBLIO OBI CAUIIKOM ONTUMUCTHU Y-
HBIM OXKH/ATh, ITO BCE HOTPUBHAILHEIE HYIM IeXAT HA KPUTHIECKOMN IPAMON
Re s = 1/2. 3ameTum, 9T0 HeTpUBHATLHBIE HYIX DyHKIUU L(T;-) pacmomoxe-
HBI Ha, KOMIUIEKCHOU TIOCKOCTH C CMMMETPUIHO OTHOCUTEIHHO BEIIEeCTBEHHON
npamon R u oTHOCUTEnsHO KpuTudeckon mpamon Res = 1/2. Tosromy mbr
MOXEM OTPAHUYIATHCA PACCMOTDPEHUEM HYJIEH, JeXKAIIAX HA, MOIYTIPAMON

Res=1/2, Ims>0 (6)
1 HyJeH, JeXAIAX B KBAJPAHTE
Res>1/2, Ims > 0. (7)

Hamm BeramcreHns mokaswiBaoT, 9TO B mpepeaax Im s < 9002 umeercsa 27914
HyJen Ha noxynpsamon (6) u 8724 uyns B kBagpauTe (7). Coucku HyJIen MOXHO
HAUTH Ha cauTe http://www.pdmi.ras.ru/~ np. Bce Buramciennbie nyam —
npoctee. Hymu dyuxkuun L(7;-), nexamue B kBagpanTe (7), 3aHyMepyeM B
TMOPAIKE BO3PACTAHUA MHUMOU YaCTHA — p1, 02, 03, - - - HUXKE, HA PUCYHKE, T30~
OpaxeHa rUCTOTPaAMMa pacrpeneteHue Touek o, = Re p,. MbI chopmyaupyem
B §1 HECKOJILKO THUIMOTE3, OCHOBAHHBIX HA BBIUYUCIUTENbHBIX HaHHBIX. OCHOB-
HBIE CBOUCTBA KyOmIecKou L-pyHKumm chOpMyJUPOBAHBI U MOKA3AHBI B §3.
Bce To, 9TO yaaeTcsa QOKa3aTh O ee HyJdX, mpeacTasieHo B §4. B §2 co6pannr
Ui y 106CTBA HEOOXO IUMBIE TIPEIBAPUTENHHEIE CBE[EHU, XOPOIIO U3BECTHHIE.
MBI COBEpPIIIEHHO HE KACAEMCA 3[eCh METOJ0B BLIYUCACHUA 3HAYCHUU U HYJIEH
L-dyuknuit; 06 sTom cm. [4-T7].

170 ects Bee HyJIN, UCKIIOYas TPUBHAILHBIE, CM. Teopemy 1 B §3.
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Nwmeercs obumpras auTepaTypa, MOCBAMICHHAA MPOOIeMe PACIPeIeNTeHrs
Hyden L-pyHKIUN ¢ SUIepOBCKUMEI TPOU3BEIEHUAMY. BO BCEX M3BECTHBIX CIy-
9aAX, B COOTBETCTBUU C O0Imen runore3oun Pumana, Hyau 0OHAPYKUBAIOTCA
TOJBKO HA KPUTUYUECKUX MPAMBIX. B cBs3u ¢ runoresamu Moutromepn [8]
X 0600MEHNAMY, AKTUBHO UCCACTYIOTCA CTATUCTUIECKUE ACTTEKTHI TP OOIEMBI
pacupegeseHus HyJel Ha KPUTUIECKUX MPAMBIX, T. €. PACIPENeTeHUs MHUMBIX
gacren Hyner. C Apyrou CTOPOHBI, TPOOIEMa PACTPEHEICHNS BEIIECTBEHHBIX
qacTen Hyden L-(QpyHKIUNA, HEe MMEIOMUX DUIEPOBCKUAX MPOU3BEIEHUU, OCTa-
eTCA He MCCICAOBAHHOU. BBLIO OBl OYEHB WHTEPECHO PACCMOTPETH, MOMUMO
KyOumdaeckou, apyrue L-QyHKINYA U BHIACHUTDL, B KAKOU CTEMEHU OGHAPYKEH-

HBbI€ HAMHU ABJECHUA TUIINYIHBI NJIN yHI/IKa,JIbeI.2

§1. O pacnpenenenun Hynen

B sTrom maparpade coOpaHbl HALM THOOTE3b O Hyaax Gyakuum L(T;-).
DopMyIUPOBKY BBIJEJIEHBI KYPCUBOM U CHAOXKEHBI KDATKUME KOMMEHTAPUSI-
MU.

(I) Bce nempusuasvuvie nwyau @ynwrkyuu L(T;-) npocmwie u wazodamcesa 6
Kkpumuueckot noaoce, m.e. 6 nosoce {s € C|0 < Res < 1}.

B §4 MBI mokaxkem, UTO mJaA KAaXIOTO HETPUBUAIBLHOTO HYId O (DYHKIUAA
L(7;-) umeror mecto HepaserncTBa —0.2 < Rep < 1.2 u npuBegeM HEKOTOpPHIE
TOTIOMHUTENBLHBIE APTYMEHTHI B TTOAL3Y HAIIEH TUMOTE3BL. 33 €IUHCTBEHHBIM
HUCKIIOYCHUEM, B TIPENeNaX HAIINX BLIYUCICHUU, BEIIECTBEHHBIE YACTU HYyJIEU
< 0.98. BemecTBennasa 4acThb UCKIIOUUTEIbHOrO Hyasa pasHa (.9948596. ..,
ero MHIMasa JacTh paBHa 147.1889196. ..

s BemecTsennbix o u T onpegeaum N (o, T) Kak Tucao HyIein® p QyHKIII
L(7;-) mox ycnousamu Rep > om0 < Imp < T.

(IT) Onpedeaum q Kak HaumenbULEE BEUECMBEHHOE UUCAO NOO YCAOBUEM
N(o,T)<T npu T — o (8)

04 KaHcA020 BEWECMBEHHO20 YUCAL T > ¢ (NOCMOAHKAA 68 cuMBose K 3a6U-
cum moavko om o). Tozda q="T/12.

JTa rumoresa Xopomo cormacyerca ¢ BeraucienuaMu N (o,T) u ¢ BBIYA-
creHuAMY cpeHuX 3HadMenmin gy ¢ — |L(T;0 + it)|>. Ogmako mokasaTs
MBI MOXeM TOJIbKO HepaBeHCTBO ¢ < 3/4, cm. Teopemsr 10 n 11 B §4. Yn-
CII0 ( ABIAETCA, MO-BAAUMOMY, TAKXKE TOTYHOU HUKHENA TPDAHBI0 MHOXECTBA

2MOXHO PACCMOTPETh, HAPEMED, 3eTa-GyHKIMI DIIITeiHa KBapaTudabx Gpopy. Pa-
60Ter Burens [9] u Pomenko [10] gocraBasIOT TEOpETUIECKYIO OCHOBY. C BBIYUCIATEIHLHOU
TOYKM 3PEHUA A3eTa-GYHKINYM DMIITENHA CYIIECTBEHHO MPOIIe KyOudeckon L-yHKIum.

3C yuerom KpaTHOCTEH, ecIM He BCe HyIH IPOCTHIE. DTO 3aMEYAHHE OTHOCHTCA TAKKE
u x onpegensembim wmke N(T), P(T), Pr(T).
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BCEX BEMIECTBEHHBIX 9IMCEN 0 TAKWX, UTO
T
/\L(T;a +it)?dt <« T mwpm T — oo.
1

Mycrs J = (1/2,7/12] — nonyoTKpeITEIN HHTEPBAT B R, COCTOALMI U3 €n-
cen , ymoOBIETBOpAOmMX HepaseHcTBaM 1/2 < x < 7/12, m nycrs J' =
(7/12,00) — OoTKpBITHIN UHTEPBAT B R, cocrosumi u3 wucen > 7/12. s
BemecTsernoro 7' > () paccmorpum myau p dyskomn L(7;-) mox ycaosmem
0<Imp<T.Hycrs N(T) — [aucno Bcex Takux HyJIeR p,

P(T) — aucno nynen pc Rep=1/2, 0<Imp < T,

P(T) — wucno mynen pc Repe I, 0 <Imp < T,
3geck | — mpousBoabHBIM nHTEPBaT B R. OdeBugHo,

N(T) = P(T) + 2P;(T) + 2Py (T).

Mur umeem Takxe N(T') ~ (2/7) T logT upu T — oo, cM. Teopemy 9 B §4.

(IIT) C nexomopvimu seuwecmeenubimy wucaamu 0,7,y > 0 umeem
P(T) ~8TlogT, Py(T)~~TlogT, Py(T)~«TlogT

npu T — oo. ITpu smom 0 + 2y + 29" = 2/x.
PaccmoTpum Teneps 6Gonee eTaTbHO PACIPeAeNeHNe BEIIECTBEHHBIX TacTen
mynen pynknum L(T;-) B marepsarax J u J'.

(IV) Iyemy I — uwmepsaa C J = (1/2,7/12]. Ipu T — oo umeem

Py(T) ~ ( [ 1@ dx) Py(T)
I

fz) =2%3%(x —1/2)(2/3 — ).

OTa rUIOTE3a XOPOIIO CONIACYETCA C BRIYUCIeHUAMY. MOXHO OpeneauTs Be-
POATHOCTHYIO MepPy ( Ha MHOXeCTBe Bcex wHTepBaaos I C J, momoxus

(1) = Tim Py(T)/Py(T),

¥ MHTEPIPETUPOBATE [ KaK INIOTHOCTH MEPHI L OTHOCUTEILHO Meph Jlebera.
Mosicaum mpoucxox genue pyukuuu f. @yukmua f BospacTaer Ha J um o6pa-
WAETCA B HYJb B TOUKe 1/2, a ee mpomsBogHas f' o6pamaercsa B Hyab B TOUKe
7/12. Hamm BBIMMCIEHNA TOKA3BIBAIOT, 9TO STUMM CBOMCTBAMU JOKHA 001
IaTh Jai00as PYHKIHA, KOTOPasd MOXET, TUIOTEeTUYIECKN, ObITH MIOTHOCTHIO
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MepsI . [Jo6aBuM ecTeCTBEHHOE YCJIOBUE HOPMUPOBKEA —

J/f(x) dz = 1.

Hama dynkimua f — eIUHCTBEHHBIM KBAAPATUIHLIA IOJMHOM, 0618, A0
BCEMU MEPEINCICHHBLIMEA CBOMCTBAMM.

(V) Iyemv I — omxpovmuiti uwmepsaa C J' = (7/12,00), ckamncem I =
(o, B). IIpu T — o0 umeenm

Pi(T)/Pp(T) — 0,

ecau uwmepsan I omdesen om mouru 7/12, m.e. ecau o > 7/12. B cayuae
ace, koada I = (7/12,8) ¢ nexkomopvim B > 7/12, npu T — oo umeem

Py(T) ~ Py(T).

dra runoresa cregyer us (II) u (III).

(VI) Hempusuaavnvie wyau gynkyuu L(T;-), aexcawue ne kpumuueckot
NPAMOT, CKOHYEHMPUPOBAHBL HAUOOAEE NAOMHO 80AU3U DBYL ,,NOAYKPUMUYC-
ckux “ npamviz Res = 7/12 u Res = 1—"T7/12. IIpu smom, odnaxo, cobemeen-
HO Ha IMUT 0BYL NPAMBIL HYysel Hem.

3aech mepsoe yTBepxkaenue apiaerca ciaeacrsueMm (IV), (V) um ypaBuenus
(5), a mocregHEE OCHOBAHO HEMOCPENCTBEHHO HA, BHIMMCICHUAX.

O6paTuMcs eme pa3 K BOIPOCY O PACTIPEIETEHNE BENIECTBEHHBIX TaCTeN Hy-
nen pynxkumu L(7;-) B maTepsare J' = (7/12,00). Popmyamposka, faHHAS B
runorese (V), He BnonHe ygaoBaeTsBopuTenbHa. Haxogmm Gomee comepxaTens-
HyI0 (GOpMyYIIpPOBKY, paccmorpes otrromenue Pr(T) /T smecro Pr(T) /Py (T).

(VIT) IIyems I — omxpuimuiti unmepsaa C J' = (7/12,00) omdesennbiii
om mouru 7/12. IIpu T — 00 umeem

Pi(r) ~ ( [ gto)da) 1,

I

¢ sewecmeennoti nenpepvienoti gynrxyuet g na J' (ne zasucawet om I uT),
g(z) — oo npu x — 7/12. ITycmo ¢ — MOUNAA HUNCHAA 2DAHD MHONCECTNEA
scexr sewecmeennbir wucea o makut, ymo N(o,T) = o(T) npu T — oc.
Dynryus g yorsaem na unmepsase (7/12,q") u g(x) =0 das ecex z > ¢ .
MbI He MOXeM TPeAIoXuTh Goaee TOUHYIO runotesy. ducno ¢, mo-sugn-
MOMy, BecbMa, Oau3ko K 1. Hamux BuraucmeHuu, oqHako, HEJOCTATOYHO I
TOro, 9TOGEI ONpenennTs ¢ u moseaenne GyHKIMn g BOam3n Tovek ¢ w 7/12.
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§2. ApudmeTnka nons Q(v/—3)

B konsre Z [w] mersrx wmcen nons Q(v/—3) C C umeercsa arropurm Enkin-
1a. Bee mpeanst komba Z [w] MIaBHBIE, U KAXK /B OTIXIHLIN OT HYIA DIEMEHT
3 Z[w] packaagbBaeTCsa B IPOU3BEIEHME MPOCTHIX HJIEMEHTOB €JWHCTBEH-
HBIM, C TOYHOCTBIO 0 YMHOXEHUS HA eAWHUIEBI, 06pa3oM. Eamaunsr koabna
Z]w] cyms 1, 4w, +w? ¢ w = exp(2mi/3) = (—1 + v/—3)/2. Moxno 3ame-
THTb, YTO eAVHUIBI PA3IXIHBl 10 mod 3 u npegcTaBIMOT Bee Kaaccsl mod 3
B3auMHO mpocThie ¢ 3. OTcooga cregyeT, 9TO KaX b OTIAYHBIA OT HYJIA
BIeMeHT k Koabla Z [w] pasiokuM eIUHCTBEHHBIM 00pa3OM B IIPOU3BEACHUE
k= A(v/=3)"¢c, B xoTopom \ — ogna w3 equrum, m € Z, m > 0, u ¢ € Z [w],
¢ =1 (mod 3).

NssecTaBM 06pa3oM, Ha Z [w] onpeenseTcs CHMBOI KyOUIeCKOI'O BBIUETA
(). Mg c=1 (mod 3) us Z [w] nonoxnm

60) =3 (4 )ethro )

k

C CYMMHEPOBAHUEM TI0 k W3 MPUBEJECHHON CUCTEMBI BBIY€TOB MOd ¢ — BTO Ky-
6uveckas cymma [aycca ¢ mogyaem c. imeem, B wactaoctu, G (1) = 1. Ocuos-
HBIE CBOUCTBA, KyOmdaeckux cymm laycca:

c||, ecnu c 6eckBagpaTHO,
G = {ﬁ ” | (10
B MPOTUBHOM CIIyYae;
G(c) = G(o); (11)
Glaes) = (2)(2) 66 (12)
Co C1

eCIIU ¢1 ¥ ¢ B3AUMHO IPOCTHL. B clIydae, KOrja ¢ IpocToe IucIo, IMeeM TaKkKe
G(c)® = —c%c. (13)

[IycTh p — mOMOXWTEABLHOE MPOCTOE FUCIO B Koable Z. Ecau p = 2 (mod 3),
To ¢ = —p — mpoctoe wmcao = 1 (mod 3) B Z[w], G(c) = p u ||c|| = p*.
Ecmu p =1 (mod 3), To p equacTBeHEBIM 00pa30oM pacKaaabBaeTcsa B Z [w] B
npoussenenne p = ¢¢ ¢ ¢ = ¢ = 1 (mod 3). Tlpu sTom, umcaa ¢ u ¢ TPOCTHIE,
lell = llell =p m

G(e)+G(e)= > cos(2mj®/p). (14)
j=0,1,..p—1

CsolicTBa KyGuveckoro Berdera u Kybudeckux cymm [aycca cm. B [11].
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Ina v € Q(v/—3) monoxum

(
3~1/3 <i>, ecmm v = %+ (v/=3)3" " Led?,

3~1/3 (3_w> ¢! ecm v =+ w(v=3)" 1ed?,
2

F(v) = G(§33 - (15)
llell 3~1/3 (— ¢, ecmnv=+w?(v/=3)3" ledd,
c
1, ecmm v = %+ (v/=3)3"3cd?,
0 A BCEX MPYTHX U,

rae ¢,d € Z[w], ¢ =d =1 (mod 3), ¢ 6eckBagpaTro, n € Z u £ = exp(27i/9).
Tor daxT, aTo ¢popmyasr (4) onpenensior koaddunuenTs B pasaoxenun (1)
dbyukumu O, p, 6611 qokazan [larrepconom B [2]. MoxHO 3aMeTUTh, ITO 7 (1)
ue 3asucuT oT d u n B (4). Ham yno6uee paboraTh ¢ GpyHKIUEN T, CBA3AHHON
¢ 7 mocpexcrBoM (4). OueBnano, 7(1) = 1. 3 (11) m m3BeCTHBIX CBOUCTB
CHMBOJIA BLIYETA, JETKO CIEAYeT

r(7) = 70) (16)

ns Beex v € Q(v/—3). Kpome Toro, nmeem

a

7(ab) = <?>T(a)7'(b), (17)

ectn a € (vV=3)3Z[w], b € Z[w], b= =41 (mod 3), u a u b HEe UMetOT 06-
X MPOCTHIX AeIUTeNer. JTO COOTHOUICHUE BBIBOAUTCA U3 ompenenenus (4),
m3BecTHOrO cBOUCTBa (12) cymm Taycca m 3akona B3amMuOCTH. MBI BUAMM,
9T0 GYHKIMA T He MyIbTUILIAKATABHA, HO GYHKIEA T° MyIbTUILINKATHBHA.

Nzera-pynkuusa [efexnnga (o, /—3) mona Q(+v/=3) romomopdHa BCIOAY Ha
C, nckmovasa TouKy 1, rae oHa mMeeT mpoCcTou moaioc. Vimeem CQ(\/?:»;)(_”) =
0 gz Bcex n € Z,n > 1. Bce npyrue myau g3era-dyuakuun [leqeknuga CQ(\/_—?))
He BemecTBeHHHI, JexaT B moioce { s € C | 0 < Res < 1} u, runmorernyeckn,
TOALKO Ha mpsamou Re s = 1/2. Oyuxnua

s — (2m/V3) 7 T(s) (g3 (9) (18)
MHBApUAHTHA OTHOCUTEIBHO 3aMECHBI S Ha 1—s. I/IMeeT MECTO Pa3J0XEHUEe

Cor=n)(8) = (&) Lis,x), s €C, (19)
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B K0TOpOM ( — n3eta-pynkmua Pumana n L(-, x) — kaaccuveckun pag [lu-
puxae ¢ KBagpaTuaHbeM xapakTepoMm ¥ mod 3. Cm. [12]. B mekoTopsix ciy-
qagx ymnoOHee padoTaTh ¢ (PyHKIUEN

()= (1~ 3_18)5@(@)(3), sec, (20)

i koropou B obaactu Res > 1 umeem

I O R
G =2 c*(2s)_z||n||s 21

m n

¢ cymmuposanzeM mo m = 1 (mod 3) u mo 6eckBagparasiM 1 = 1 (mod 3) u3
KoabIa 7 [w].

Ona n > 0, n € Z, nycts V(n) — uucao Beex ¢ € Z[w] ¢ |l¢]| = n u
nycth Z(n) — 9UCI0 BCEX TAKWX € TOJ NOMOTHUTEILHBIM YCAOBHEM ¢ = 1
(mod 3). Jlerko Bugers, uro Z(n) < V(n)/6 (mockonbky B Z[w] umeercs 6
equHUL ¥ T00Be nBe equHMUBl paszamdabl  mod 3 ). Ipegcrasum ¢ € 7 [w]
Kak ¢ = T + yw ¢ x,y € Z. lpwm oatom ||c| = 22 — 2y + y?. Caenosarersro,
V(n) paBHO WMCIy TIpEACTABICHWN 1 KBaJIPATHIHOM dopmon 12 — zy + 1,
z,y € Z, u (cm. [13])

Z(n) <V(n)/6 =Y (%3) < d(n), (22)

m

rge () — CMMBOI KBAIPATHIHOrO BHIYETA HA Z, CyMMUpPOBAHNME PACTIPOCTPA-
HEHO HAa, MOJOXUTETLHBIE NeTATETH 1M Tucaa n u d(n) — Iucao MOJOKUTe b-
HBIX geruTenen wmcaa n. B cryaae, korga n Z 0 (mod 3), MOXHO TpakTOBATH
7 (n) kax 9ucao maeanos HOPpMEI 1 B Koable Z [w]. Ilyers n = 3™n/ ¢ m,n’ € Z,
m>=0,n >1,n %0 (mod 3). Yucno maeanos HOpMEI N B KOble Z [w] paBHO
Z(n'). Taxum obpazom, aiag mo6oro n € Z, n > 1, 9ucao maeasoB HOPMEBL 1 B
7 [w] ue 6oxbiue, gem d(n).

§3. OcHoBHble cBoiicTBa dyHKUUN L(T; ")

Hekoropere coucTsa pyrakuuu L(7;-) 661 ymomany el pasee. Mbr Teneps
OaIuM TOYHBIE (DOPMYJIUPOBKY U AOKa3aTENbCTBA. [lomoxum

Q(s) = (V3/2) (2n)"*T(s —1/6)T(s +1/6), seC. (23)

Hust s ¢ Res > 1/6 umeem

Q(s) = (67)1-2 / Ai(32/3) 2213 . (24)
0
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O ¢yukumu Dupu cm. [14]. B moxymrockoctu Rez > 0 umeer mecto acum-
IITOTUKA

. 1
Ai(2*3) = Wexp(—ZzB <1 + O( >> |z| — oo. (25)

Teopema 1. Onpedeasrowuti L(T;-) pad Jupuzae (3) crodumes abcoaommo
u npedcmasasem 2040MopPHYI0 gﬁy}muum 6 ooaacmu Res > 1. Jaasee, L(7;-)
npodoarcaemes mepomopPrno wa C. Eduncmeennot ocobennocmoio L(T;-) s6-
asemces npocmoti noaoc 8 moure 5/6. Touku s = —1/6 —n us=—-5/6 —n
¢ yeavimu n = 0 asasromea npocmvimu wyaamu L(T;-) (amu myau nasvisa-
tom mpusuasbnbimu). Dynkyus A(s) = Q(s)L(7;s), s € C, ydosaemeopaem
Pynryuonasvromy ypasuenuto A(s) = A(1 — s) u ne umeem ocobennocmeti
NOMUMO NPOCMBIE Noa0co8 ¢ suiuemanu 1/2 u —1/2 6 mourazr 5/6 u 1/6.
Aasn mo6020 s € C umeem L(T;3) = L(T;8), u, 8 uacmuocmu, nyau Gynxyu
L(7;-) pacnosoxcenvt Cummempuuno 0muocumesbho 8eu,ecmeennoti ocu.

MoxkaszareascTBo. Kaxmoe v B (3) mpeacTaBuMo €IMHCTBEHHBIM 00Pa30M B
BUI/IE TPOM3BEJEHMA OJHON 13 mrecTn equnmi Ha, (v/—3)"cd® cn > —3, n € Z,
¢ GeckybubM ¢ = 1 (mod 3) w3 Z [w] u ¢ d =1 (mod 3) u3 Z [w]. [Ipu sTom
|7()| < |lel|7Y8, em. (4) m (10), m 7(v) MoxeT 6BITH OTIIIHO OT (), TOMBLKO
ecm ¢ GeckBagpaTro. CaegoBarensro, pag (3) MaxopupyeTca pagoM

1
6 Z (o— 1/6n||c||a||d||3a—1/2 (26)

ncd

c 0 = Res, koropuit cxoguresa npu 0 > 1. 1o obecmednBaeT abCOMIOTHYIO
cxoguMocTh paga (3) u roromopduocTs L(T;-) B obmactu Res > 1.
Tenepb pacCMOTPUM HHTETDAT

oo

Als) = / (010 (0,0) — 023} 022y, (27)
0

cxopammiicsa abcomoTHo pu Res > 5/6. [Ipegmonaras Res > 1, nogcrasum
B (27) pasnoxenme Pypwe (1) m mpoMHTErpUpPyEM MOLIEHHO

o0

A(s) = (612 Y 7w )/Az((Gﬂ\u\ 213 25413 g

v 0

- (28)
= (6m)t2 Z 7”,/](:—)1/6/’42' ($2/3)$2574/3d33 = Q(s)L(T; ).
v 0

C apyrou cToponsr, maTerpan B (27) npexcrasum cymmon maTerpana ot 0 o
7) M MHTErpaja OT 1) A0 0O C MPOU3BOJBLHO B3ATHIM BEIIECTBEHHBIM 1) > (. Mbr
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nveem A(s) = X, (s) +Y;(s) c

) = / {0k r(0,0) — v*3} 0> 2dy, (29)

n
:/{@Kp(o,v) — 0?3 2y, (30)

B mocaeremM mHTeTpale ceraeM 3aMeHy TepeMeHHON v = u~ | u 3aTeM Boc-
nons3yemca (2). Tak MbI HaxOUM

o0

Y, (s) =/{@K_p(0,u) —u_2/3}u_25du

71

/{@KP (0, u) 2/3}u 25du+/{u2/3 ’2/3}u’25du

25-5/3 25—1/3

7 77
= X, (1 - .
=)+ s T %13

CrenoBareasso, B obractu Res > 1 umeem

25—5/3 25—1/3

As) = 7 U

2553 25-1/3 + Xy (s) + X1 (1 — s). (31)

Nurerpan B nmpason wactm (29) mpexacrasager neryio gyakmumio, cMm. (1) n
(25). Koms ckopo Xy u X, -1 — mexsie dynxnun, pasnoxenue (31) focrasrger
MepoMmopdHoe npogomxkenue Gyukuuu A u, BBugy (28), dyukumu L(7;-) HA
BCIO KOMILIEKCHY®0 miockocTs C. flcHo Takxke, aTro A romomopdna BCoOIY,
uckmovas Touku 5/6 u 1/6, rae oHa mMeeT mpocThIe TOMOCH. HamoMuuM, 1T0
BemecTBeHHOe Iuciao 1 > 0 B mpaBon wacTu (31) COBEPIIEHHO MPOU3BOALHO.
N3 pacemorpenus mpasou dactu (31) ¢ n = 1 oveBmano, aro pyuxmusa A
MHBAPUAHTHA OTHOCUTEABHO 3aMEHBI § — 1 — § M 9TO0 BBIYETHI B noaocax 5/6
u 1/6 cyrs 1/2 m —1/2. Bamerum Tenepb, uro GyHKuua ) He UMeeT HyJen
U MMeeT TOJbKO MPOCTHIE MOMIOCHL M TOIBKO B TOYKax +£1/6 —n ¢ measimu
n > 0. Orcioma crenyloT HaM yTBEPXAEHUA O HyJaax m nomocax L(T;-).
[Mocremgnee yTBepxkaerme Teopemsr caepyet u3 (3), (16) ana s ¢ Res > 1 m
pacupoctpanserca Ha Bce § € C mocpeacTBOM NPUHIUNA AHATATAIECKOTO
TIPOTOTKEHUA. ]
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Mycts s,z € C u Rez > 0. Tomoxum
Q(s,z) = (6m)' % / Ai(z?/3) x> o, (32)
z

rlle Iy Th MHTErPAPOBAHUA MPOXOAUT B TOJIYILIOCKOCTH Re x > 0 oT Toukm z K
BEIIECTBEHHOUN OCK U Jajiee BIOJbL BEIIECTBEHHOU OCH K 00. B MOIyIIOCKOCTH
Rez > 0 unrerpang B (32) romoMopdeH, TaK ITO MHTETPAT HE 3aBUCUT OT
OCTAOLIETOCA MPOW3BOJIa B BeIOOpe myTu. Dyukiusa {2 roiomopdHa BCIOAY B
obaacTtu onpenenenus. [[0ACHUM, ITO CXOAUMOCTD HHTErpaia cregyet u3 (25).
PukcupyeMm Tpom3BOIbHO KOMIakTHOe MHOXecTBO V C C m BemecTBeHHOE
qucao € > 0. Ecim 2 — oo, ocrasasics B cekrope |arg(z)| < 7/2 — e, To
|Q(s, z)| yoBiBaeT GbIcTpee, UeM |z|~", ¢ MOOBIM LEABLIM T ¥ PABHOMEPHO II0
s € V. 9ro nerko crenyer us (25).

Teopema 2. Ilycmpy s,n € C u Ren > 0. Umeen

25—5/3 25—1/3
o= N o 7(v)
Q(S)L(T,s)_28_5/3 23—1/3+Z||7/||s Q(s, 67|v|n) -
v 33
(V) -1
+Z||V||1_S Q1 —s,67|v|n )

v

¢ Q uz (23), (32) u ¢ cymmuposanuem no v euda (v/—3)3l cl € Z[w], I #0
(m.e. no mem xce v, umo u 8 (1), (3)). Pader 6 npasoti uacmu (33) cxodamca
abCOAOMHO U AOKAALHO PABHOMEDHO.

HokaszaTeabcTBo. Purcupyem npoussoabno s € C. Pagu B mpason dacTu
(33) cxomaTCcsa abCOMOTHO M JOKAILHO PABHOMEDHO MO 7) W IPEICTABIAIOT
romomopdusie yukuuu 77 B obractu Ren > 0. Oyukuwmu n +— n25_5/ 3 u
n — n?~1/3 maxxe romomopgusr B 510N 06xacTu. [osromy eciu (33) mmeer
MECTO [ BCEX MOMOKUTENBHBIX 1) € R, To (33) mmeer mecTo m mua Beex 1) € C
c Ren > 0.
[Iycts Temeps n € R, n > 0. Coruacuo (31), (28) umeem paBeHCTBO
2s—5/3 p2s=1/3

Q(s)L(1;8) = 25 —5/3  25—1/3 + Xy (s) + X1 (1 — s). (34)
M mbr 3HAEM, 9TO 3TO PABEHCTBO MMeET MeCTO mid Beex s € C, a He TOMBKO
mia s ¢ Res > 1. [lna moro 4rober Beraucants X, (s), nogcrasum B (29)
paznoxernune Pypre (1) m mpomHTErPUPYEM TOIEHHO —

o0

Xn(s) = (67-()2/3 Z %(U)/Ai((GT(‘U‘UV“)vQS4/3dv.

n
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Cpuenas 31ech 3aMeHy IepeMeHHON = = 67 |v|v, MBI HAXOAMM, ITO

Xy(s) =" ") s, 6mlwn)

S
— |||

c Q m3 (32). Bmecte ¢ Tem u a1a X, -1 (1 — s) uMeem pasnoxeHme TOTO XKe
Buga ¢! m1—s BMecTo n u 5. [logcTaBus >Tu pasaoxenus B (34), morydaem
(33), 4T0 U TPEe6GOBAIOC. O

BaxubIM 10CTOMHCTBOM (33) ABIAETCS BO3ZMOXHOCTH PErYJIUPOBATH MOBE-
JeHue pAAOB B MpaBou dacTu (33) BEIGOPOM CBOGOAHOrO mapameTpa 7). Mbl
UCIONb30BaIM ypaBHeHue (33) nasa BeraucieHus 3HadeHun dyskuuu L(7;s).
[Ipeo6pasoBas HaMIERKAIUM 00pa30M HHTErpal B (32), MOXHO MOKA3aTh, ITO
ypasHenue (33) oTHOCUTCA K KaacCy (hyHKIMOHATLHBIX ypaBHeHnn u3 [15]. TTo-
clie DTOro, U3 O0ero pesyibTara, MpencTaBIeHHOro B [16], 1erko BBIBOgMM
ClefyIolIee yTBEPX JeHNe.

Teopema 3. Ilycmv a,b,c,d,e — sewecmsennbie NOAOHCUMEALHDIE YUCAG.
Aasn s € C u sewecmsennbis NosoHCUMEALHBIL T, Y MO0 YCA0BUAMU
|IRes| <a, |Ims|>b, zy=4/7")|Ims|!, c<z/y<d,

UMEEM

O o el S

vil<z i<y

ede nocmoannas 6 O 3asucum moavko om a,b,c,d, e u cymmuposanue pac-
npocmpaneno wa v u3d (1), (3) ¢ yxazaunvimu ozpanuuenuamu na ||v|.

3aMeTnM, 9TO [ BBIBOIA TEOPEMBI 3 TAPAMETP 1) B TeOpeMe 2 BEIOUPAETCA
TakuM 06pa3oM, ITO

™

1
argn = (5 — ®>sign(lms), c<|n? <d,

m npu srom x = (2/7°)[Tms|*|n|, y = (2/7*)|Tm s[*/|n).
Teopema 4. Jas s € C nod ycaosusmu 0 < Res < 1, [Ims| > 1 umeem
MECTO OYeHKa

L(1; 5) < |Im s|>~2Reste

CO CKOAb Y200Ho Maabim sewecmeenubim € > 0 (nocmosnnas 6 <K 3asucum
MoAbKO Om €).

MokaszarenbcTBo. Bocmomsayemca Teopemon 3 ¢ ¢ =y = (2/72)|Ims|? n
ca=>b=1.Ilycrs 6 — BemecTBennoe uuciao > (0. Mur 3HAEM, CM. Teopemy
1, aro pan (3), onpemematomuin pynkmmio L(7;-), aGCOMOTHO CXOAUTCA HA
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npamorn Res = 1 + 4. Ilycte 0 = Res. na cymm B mpason wactu (35)
HaXOOIUM OILICHKN

Z ‘T(V)‘ — Z ‘T(V)‘ HVHI—U—I—(S < $1—0+5’

o 1446
i< 117 e 1Y
\T(V)\ _ Z \T(V)\ o436 o+d
||%; A C W
ViKY ViKY

rjie HOCTOAHHBIE B < 3aBUCAT TOABKO oT 0. [lanee, u3 popmyast Crupamara
[17] cregyer
Q1 —s)
Q(s)
¢ abcomoTHON nocTosAHHON B <. [Toncrasus Haum oneHku B (35) m momoxus
d = /2, naxogum

L(T;S) < x170+5 + ‘Im8’274aya+6 + ’Im8‘1720+8 < ‘Im8’2720+5,

< |Tm s[>~

9T0 U TPeOOBAJIOCH. ]

Caenyromas TeopeMa MOXeT OBITh JOKA3AHA CTAHJAPTHBIM METONOM, OCHO-
BaHHBIM Ha dopmyae [leppona, cm. [18, 19]. Ona HaM HE TOHALOOUTCSA, U MBI
TMPUBOAUM €€ TOJBKO I MOJHOTHI KAPTUHBL U 6€3 T0KA3aTeabCTBA.

Teopema 5. Pad (3), onpedeastowuti L(T;s), crodumca das ecex s € C ¢
Res > 5/6. C wobbimu sewecmeennvimu € >0 vz > 1 umeem

> 1(v) = Ca®0 + 0z,
lvli<e

ede C' = (2m)%/3(6/5)T(1/3), cymmuposanue pacnpocmpameno na v uz (1) u
(3) mod yeaosuenm |v|| < x, nocmosnnas 8 K 3a8ucum moabko Om €.

Mycre n > 1, n € Z. Ecim n # 0 (mod 9), nonoxum

G(c)
Tn = 36
b el &
¢ cymmupoBaHueM 110 GeckBagpaTHeM ¢ = 1 (mod 3) u3 Z[w] ¢ |lc]| = n. B

cryqae n = 0 (mod 9), momoxum

Ty = Z G(T)Z k(c) (37)
c||t/

¢ cymmmpoBaaueM 1o 6eckBaapaTHbM ¢ = 1 (mod 3) w3 Z [w] ¢ [[¢|| =n/9 n

K(c) = <%){1 + (%) e 4 (%)5} ¢ = exp(27i/9).
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31ech, oueBmAHO, |k (c)| < 3 m HeCIOXHO MOKA3aTh K(€) = K(c). 3aMeTnM eme,
9ITO BCE Iy — BELIECTBEHHBIE YWCJA, MOCKOABKY BMECTE CO CIATaeMbIM, COOT-
BeTCTBYMOIINM ¢, B (36) u (37) mmeercs, cM. (11), KOMILIEKCHO CONPSAXEHHOE
craraemoe, coorsercrBytomee ¢. OdeBuauo, r; = 1. AGCOMIOTHAS BeIMINHA
kaxjgoro craraemoro B (36) pasma 1, a B (37) He mpeBocxomut 3, cm. (10).
Orcioga n 3 (22) BeBoguM*

|rn| < d(n) npmascex n>=1, neZ. (38)

Hua s € C ¢ Res > 1 nomoxum

E(s) =y &, (39)

rjie CyMMUPOBaHUE PACIpOCTpaneHo Ha n = 1, n € Z. MoXHO OrpaHU<IATHCA

CyMMWUPOBaHUEM IO 6€CKyOHBIM N, Tak Kak 7y, = ( a1 Bcex apyrux n. TouHee,

ecmm v, # 0, TO n = uv?, TIe U — TPOU3BEJCHME PABTUTHBIX MPOCTHIX MMCET

= 1 (mod 3), v — 6eckBaaparroe wmcao m ged(u,v) = 1 (maa Bcex apyrmx n
cymmsbl B (36) n (37) mycrere).

[Homumo E, mam 6y et momesHa GyHKIAIL E , orpegeneHuas pagom Jupuxie,
obparabM K pagy (39). Boaee Touno, momoxwum

E(s) =1/E(s), seC. (40)

Onpemenum f, € Ccn > 1, n € Z, peKyppeHTHO

fi=1, fnz_zrmfn/m (41)
m
¢ cyMMUpOBaHEEM 10 m € 7Z nox ycaosuamu m | n, m = 2. [lpu sTom

(EZB)(EH) -1 see )

Ile CYMMUPOBAHUE PACIIPOCTPAHEHO Ha N > 1, n € Z, u npousBeqeHNe TIOHU-
MaeTca Kak ¢popMaabHOe mpousBegenue panos [lupuxme. U, koHedHO,

B(s) =Y ;’;_" (43)

C CyMMUpPOBaHUEM 1O 1 > 1, n € Z, eciu pAA B NPpaBOU IacTh a0COTIOTHO
CXOMUTCA.

4Hal'IOMHI/IM, 49T0 d(n) — YUCIO MOMOXUTEILHBIX JEIATETen Nn.
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Teopema 6. Psd Jupuzae (39) cxodumca abcomromuo u npedcmasasem 20-
aomopdmnyro Pynkyuio 6 obaacmu Res > 1. Dynuxyua E npodoanxcaemes me-
pomopgdro na C u umeem mecmo pazaomxcenue

L(r;s) = (2/V3) 27 (g y=3)(35s — 1/2) E(s), seC. (44)

B obaacmu Res > 1/2 $ynrxyus E 20a0mopdna 6crody, uckaouas mouwky
5/6, 2de ona umeem npocmotd nomoc. B obuacmu Res > 1/2 nyau dynryuu
E me oice u mex xce nopadkos, umo u wyau Gynwrxyuu L(T;-).

MokaszareascTBo. HamoMuuM, 9TO cyMMUpOBaHME B ompegeneHun (3) pac-
npocTpaneno Ha Bee v = (v/—3) 3l cl € Z[w], | # 0. Kaxgoe Taxoe v MoxeT
OBITH TPECTABICHO eIUHCTBEHHBIM 00pPa3oM B BUJE MPOU3BEICHUA

v = A(V=3) ™+3negs, (45)

rge A — ogHa m3 mectu eauHun Koabua Z[w]|, m € {1,2,3}, n € Z, n > 0
ucd € Zwl], ¢c = d = 1(mod 3), ¢ — 6ecky6uo. [Ipu sTom, cm. (4) u
(15), xoadduunenTsr 7(r) MOryT GBITH OTAMIHBL OT (), TOIBKO €CIU TUCIO C
6eckBanpaTHo u au6o m = 3, A € {1, —1}, mu6o m = 1. [lonoxum

R(s)=>" () e, Ress1, (46)

s 2
—~ ||V

¢ CyMMMpOBaHMEM, PACIPOCTPAHEHHBIM Ha, BCe

v=XAV-3)""c, (47)
rge ¢ — GeckBaapaTtHoe duciao € Z[w], ¢ =1 (mod 3), w mbo A =1, m = 3,
m6o A € {1,w,w?}, m = 1. Mer 3maem, ato pag (3) aBCoOmMOTHO CXOAUTCA B
obnactu Re s > 1. Papg (46) nocrpoen us paga (3) uckaodeHreM acTu caara-
€MBIX, I I0ATOMY TaKXe abCOMI0THO CXOAUTCA B 3Toi obaactu. Crpymnuposas

B (46) craraeMble, COOTBETCTBYIOUIME I C PABHBIMA HOPMAMM, U BOCIOIB30-
Basmmch popmyramu (15) u (4), HaxogUM, ITO

R(s) = 3%7Y2E(s), seC, Res>1, (48)

u aTo papg (39), onpenensommn GyHkumo F, Takxke abCOMOTHO CXOIUTCA B
obnactu Res > 1. Iloacaum BeiBoA dopmyast (48). Cymmy B mpaBou 9acTu
(46) pasmoxum Ha JBE CYMMBI, OTHECS K MEPBOU CIATAEMbIe, COOTBETCTBYIO-
mue m = 3, a KO BTOPOM — cJaraeMble, cooTBeTcTByoomue m = 1, cm. (47).
Ucnonssya (15), Haxozmm

R(r;8) = 337 12{ A(s) + B(s)}, (49)

oW oW
A = 05 B =Y gt (60)
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¢ cymmupoBaHueM 1o 6eckBagpaTHbM ¢ = 1 (mod 3) u3 Z [w]. Ocraercs cpas-
auTh (49) u (50) c (36) u (37).
Hanee, cormacuo (3) u (4) nmeem

7(v)
L(T,S):Z W, SG(C, Res>1,

¢ cymmumpoBanueM 1o v 3 (45). O6patumes x (15) u 3amernM, aTo 7(v) He
3aBucut oT d,n u 910 7(—v) = 7(r). MBI HAXOAUM, UTO

1393 1 200) (5 ) (3 )

v n d

rje CyMMUPOBaHUe pacupoctpansercs Ha v w3 (47),n € Z, n >0, d € Z[w],
d =1 (mod 3). Crenosarensno, cm. (21), mmeem

L(r;s) = 2R(s) (1 - 33%@_1@(33 —1/2).

Ito pasenctso BmecTe ¢ (20) m (48) mocrasmser (44) mna s ¢ Res > 1.
[TpuHIMD AHATUTHIECKOTO TPOJAOIKEHAA NOCTABIAET MEPOMOPMHOE PO O~
xenue F ¢ coxpanenmem (44) ma BCIO KOMIIEKCHYIO TI0CKOCTh C. Dynknua
5 — CQ(\/_—3)(33 — 1/2) romomopdra m He obpamaeTcsa B Hy/Ib B 001aCTH
Res > 1/2. Tlosromy B sTOM ObGmacTu Hyiu u momochl dyukimuu F Te xe
U TeX Xe MOPATKOB, YTO W HyIu U NOMockl dhyHkiuu L(T;-). 0

Teopema 7. IIycmy s € C u Res > 1. Tozada

L(r;s) = (2/V3)27° Y fn—m (51)

2de cymmuposanue pacnpocmpaneno wam € Z, m = 1, u ¢, € R ecmov cymma

koappuyuenmos T(v) usz (3) no v nod ycaosuem ||v|| = m/27. IIyemo a,b € Z,
a,b>1, a — beckyono, \p — uucao udeaios nopmvl b 8 Koavye Z[w]. Tozda
Cap =TaMVh  u || < d(a)d(b)VDb (52)

crq uz (36), (37).

MoxkasareascTso. [Ipexcrasrenue (51) caegyer HEMOCPEACTBEHHO U3 OIpe-
nenenus (3), a TOT GaKT, ITO BCE ¢y, BEUIECTBEHHEL, creayer u3 (16). 3ameTum,
9TO Kaxaoe m € Z, m > 1, mpencraBuMo eIUHCTBEHHBIM 00Pa30M KaK IPO-
mBegenne ab® ¢ b € Z, b > 1, u ¢ 6ecky6ubM a € Z, a > 1. Cpasrus (51) c
pasnoxenueM (44) 3 TeopeMbl 6, MBI HAXO UM

35— s 35 — 1/2)B(s) (53)

mS
m
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¢ cymmupoBanueM mo m € Z, m > 1. [Manee, cm. (39), (38), nmeem

E(s) =Y |ra| <d(a), (54)

)
as
a

¢ cymmupoBaHueM Mo 6ecky6uBIM o € Z, a > 1. BmecTe ¢ Tem
b
Cory—3)(3s —1/2) = Z bgs\f Xy < d(b), (55)

rje CyMMUpOBaHUe pacupocrpaneno Ha b € Z, b > 1. llepemuoxus (54) u (55)
u cpasHuB ¢ (53), moxyIaem (52). O

8§4. O nynax L(7;-)

B sToMm maparpade MBI JOKaxXeM HECKOILKO YTBEPXKACHWU O HyIaX (PyHK-
nmu L(7;-). Haaaem ¢ 1oKa3aTersCTBa TEOPEMbI, OTPAHTIMBAIOMEN 00IACTh
B KOTOPOU MOT'YT PACIOJAraThCA HYJIH.

Teopema 8. Fcau L(1;s) =0, mo Res < 1.2.

MoxkaszareascTBo. Paccmorpum Bmecto L(7;-) dymkumio F, koTopasa co-
raacHo Teopeme 6 umeer B obractu Res > 1/2 e xe Hynu, 9T0 1 DyHKIMA
L(7;-). Bynem caurars, uto Res > 1. Mer nmeem

9=1+Y % (56)

e CyMMUPOBAHUE PACIPOCTPAHEHO HA N = 2, n € Z. Ecan aia xkakoro-mu6o
BEIECTBEHHOT'O YUCIA 0 UMEET MECTO HEPABEHCTBO

Z ’Tn‘ (57)

¢ cymMMEpoOBaHZeM, Kak B (56), To ¢pyHknusa E He UMeeT Hylen B MOJLYILIOCKO-
ctu Res > 0. BorunciaeHns mokas3sBaloOT, ITO HEPABEHCTBO (57) MMeeT MecTo
npu o = 1.26, 5o He ipu 0 = 1.25. YTO6HI NOAYIUTE AyUIIUKA PE3YIALTAT, PAC-
CMOTpHUM Tpou3BefeHue paga (56) HA CyMMy HECKOIBKUX MEPBBIX CAATAEMBIX
pazga, obpatHoro k paxgy (56) (cm. eemre (40), (41), (42) u (43)) u pasaoxum
»T0 npomssenerue B pan Jupuxiae. C wekoropweimu hy € C nmeem

{1+;%}{1+;%}=1+;’;—§ (58)

C CYMMUPOBaHUEM TI0 M, N, k € Z non ycnosuamu Q > m > 2, n > 2, k > Q.
31ech () — cBOOOAHBIN MapaMeTP, KOTOPBIM MBI MOXEM PACIOPAAUTLCA. Ecan
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OIS KAKOrO-TOO BEIeCTBEHHOTO UHUCIA 0 MMEIOT MeCTO HEPABEHCTBA
b
E M <1, E u <1 (59)
me ko
m k

¢ cymMmmmpoBanmeM, Kak B (58), To ¢hyuknua F He mMmeeT Hymen B MOLYILIOCKO-
cru Res > 0. Bossmem () = 18. M1 umeem

rg =1, 77 =17919064..., 79 =2.5320888..., ri3=0.5052408...

u r, =0 gua Bcex apyrux n B npegenax 2 < n < 18. U3 (41) BuiBoguMm

2
fa=—ra, fr=-r7, fo=-r9, fiz=-r13, fie=-Tafs=7]
u f, = 0 gma Bcex apyrmx n B npegenax 2 < n < 18. KoodppunuenTsr 7,
6bLm onpegeneHst gaa n > 1, n € Z, B (36) u (37). Jonoarum onpenenenue
cormamenueM 1, = 0 qua n € Z. C 3TuM coramnennem

hg =1+ fargja + frreyr + forkjo + fisme/i3 + fie7k )16 (60)
s Bcex k € Z, k > 18. Hamm BuIvucieHns MOKAa3BIBAIOT, ITO HEPABEHCTBA
(59) umeror MecTo mpu 0 = 1.2, 9T0 u TpeGyerca. [liA BLIYMCICHUS CyMMBI
no k B (59) MBI, KOHEYHO, OPDAHUYIMBAEMCA BLIYUACICHUEM CIATAEMBIX COOT-
BercTByOIUX k < X ¢ HEKOTOPBHIM AOCTATOYHO OoabmimM X . [losacHuMm, kak
MOXHO KOHTPOJUPOBATEH MOTPEIIHOCTD, T.6. CYMMY

[ Fe |
> (61)
k
no k € Z nopx ycaosuem k > X. TlocpeacrBom (60) omenka cymmsr (61) cBo-

rZ(I/ITC}I K OII€HKE CyMM
|7k |
> (62)

k
no k € Z nox ycaosuem k >Y = X/q ¢ g = 1,4,7,9,13,16. Ilocpeacrsom
(36) u (37) onenka cymmbr (62) CBOAUTCA K ONEHKE CyMMBI

G(c
Z ||’C||O('+)1’/2 (63)

o GeckBagparabM ¢ = 1 (mod 3) u3 Z [w] nog ycaosuem || c¢|| > Y. Hakownen,
cMm. (10) u (21), cymma (63) pasHa

Cs(o) . 1
o) 2 el (64

rje CyMMUPOBaHUE PACIPOCTPaHAETCA Ha GeckBaaparabie ¢ = 1 (mod 3) wu3
Z|w] mox ycrosuem |lc|]| < Y. 3gech cymMma 1O ¢ KOHEYHA, & BBIMUCICHUE
suavennn pyakumu (, csogurca, cm. (20) m (19), K BEMUCIEHUIO 3HAYEHUN

c
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meta-pyakmun Pumana n L-gpysknum [Tupuxae L(-, ) ¢ KBaAPATHIHBIM Xa-
pakTepom ¥ mod 3. Mber mmeem, Takum 06pa3om, MeTO KBaIU(DUIIAPOBAH-
HOU OIIEHKU TOTPEIHOCTHU. [leTaiu MBI OIyCKaeM paaud KPATKOCTH. O

PaccmoTpum GpyHKITIO En coorsercTByomun en pag lupuxie, cm. (40) u
(43). Ecau psag (43) aGcomoTHO cxoquTea B moaymiockoctu Re s > 1, To F ue
UMeeT HyJen B 5Tou noxymiockoctu. Torga (mo Teopeme 6) u dyukuusa L(T;-)
He mmeeT Hyqen p ¢ Rep > 1, kak u yrBepxkgaerca B runorese (I). IIpeamomno-
xerue 06 abcomoTHOU cxoaqumocTn paga (43) mpum Res > 1 kaxerca Becbma
npasaono06HbM. [Ipamere Berancaenus o popmyae (41) He 06HAPYKUBAIOT
6uicTporo pocra | f,| ¢ pocrom n. He c1oxHO ABHO BEIMMCIUTH f,, B crydae,
korga n = p* — cremens mpocroro wncna p, k > 0, k € Z. BEcm p = 2
(mod 3), To f,, = 0 npu HeueTnOoM k u f,, = (—1)¥/2 mpm wernom k. Ecan xe
p =1 (mod 3), To f, = x’;—i—x’;”—l—...—l—x;k czp=—2/(rp+Vri—4). lpn
oToM |zp| = 1 u, smaumr, |f,| < (K + 1) = d(n). Jna p = 3 umeem f, = 0
npu mewerHoM k u fp, = (—r9)¥/? mpm wernom k (rg = 2.53...). He Bugo,
ONHAKO, KaK OIEHUTSD | fy,| mna scex n > 1, n € Z.

s Bemectsernoro T > 0 onpegeaum N (T') xak wmcao Hyten p GyHKIAAL
L(7;+), ¢ yaerom kparuocren, mog ycaosueM 0 < Imp < T. Cregyromas
teopeMa gocrtasiasgeT mias N(T) acumanroTuaeckyoo GopMyry TUIa GOPMYIbI
Pumana—Mauroabara. B gokasaTeascTse Mbl cregyem meTony bekaynna [20].

Teopema 9. Iycms A = 2/7 u B = —(2+log(4n?/27)) /. Hpu T > 2 umeen
N(T)=ATlogT+ BT+ S(T) ¢ S(T) < logT.

MoxkasareascTBo. Kak u B Teopeme 1, momoxum A(s) = Q(s)L(7;s) ¢ Q(s)
u3 (23) u c s € C. Mbr numeem

L(r;s) = (2/V3)27°D(s) pguna Bcex s e C,

D(s)zl-l—Z% s s ¢ Res>1, (65)
m

Z@a (66)

¢ ¢m € R u3 Teopemsr 7 u ¢ cymMMupoBaHUeM 1o m = 2, m € 7. [las BuiBoga
HepaseHcTBa (66) crenyer zamerwTh, 9T0 ¢ =3 =0, ¢4 =1,¢c5 =cg =0, 1
BOCIIOIB30BATHCA HEPABEHCTBOM (H2) U3 TeOpeMbl 7 [l OUEHKH |Cp, | ¢ m > 7.
TexHUYIECKNE NETATN MBI OITYCKAEM DA KPATKOCTH.

[Ipeamonoxum, 9To cpean mynen dbyaknun L(T;-) HET HE OJHOTO C MHUMOK
gacThio, pasaou 1. Paccmorpum savMkuyThII KOHTYP C, COCTOAIMU U3 OT-
pe3Ka mpAMOu 0T TOYKM 2 10 TOYKu 2 + i1, oTpeska mpamoun oT ToIku 2 + i1
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10 Touku —1+4T, orpeska npamon oT Todkum —1 +41T" 1o Toukm —1 u HEKOTO-
POU KPUBOU, IPOXOIAIIEN OT TOUYKM — | K TOYKE 2 9yTh BHIIIE BEIECTBEHHON
OCH TaK, YTO MEXIY dTOU KPUBOU U BEIIECTBEHHOU OCHIO HET HYJeUW (DyHKIUU
L(7;-). Cormacuo Teopeme 1 pynkuma A romomopdHa BCIOAY, HCKIIOYAA TOY-
ku 5/6 u 1/6, rexamue e C' u BHe o6racTu, orpanndeHHon koHTypom C.
3aMeTuM ere, YTO HeBEeMeCTBEeHHbIE Hyau PYHKIUU A Te Xe U Tex ke KpaT-
HOCTeR, 9T0 u Hyan GyHKnunu L(T;-), 1 COrIacHo Teopeme 8 JexaT B IMOJIOCE,
ompenensemon HepaseucTeamu —0.2 < Res < 1.2. CornacHo mpuHmumy ap-
rymenTa npupamenue Ac arg A(s) aprymenra dyuakouu A Baons koaTypa C
pasuo 2 N (T'). Ilycts P — 1acTb kKoHTYpa C, COCTOAMWAS M3 OTPE3Ka MPAMON
OT TOYKHU 2 10 TOYKHU 2 + T m oTpeska mpaMou ot Touku 2 + i1 10 TOUKH
1/2+iT, a P' — gactb kouTypa C, COCTOAMAL U3 OTPE3KA MPAMOU OT TOUKA
1/2 44T mo Touku —1 + iT u orpeska mpamou oT To4uku —1 + 3T 10 TOUKM
—1. Mot umeem Aprarg A(s) = Aparg A(s), mockoasky A(s) = A(1 — §) pua
Beex s € C, cMm. Teopemy 1. [lanee, mpupaimeHue apryMenTa BIOJL HUXKHEN Ta-
CTH KOHTYPA, T.€. BAOJb KPUBOU, TPOXOAAIIEN OT TOYKA —1 K TOYKe 2, eCThb
HEKOTOpas KOHCTaHTa, He 3aBucammas oT 1. Mbr Takum 06pa3zoM HAXOIUM

7N(T) = Aparg A(s) + O(1)

¢ abcomoraou mocrosuuou O. [Ipupamenue aprymenTa A paBHO cymMme Tpu-
paenuin aprymenTos dyrkian D, bysknmi s — (2m) 2% u s — 27° u dynk-
it s — ['(s41/6), cm. (23). lpupamenus aprymenTor dyaKmmn s — (27) 2
u s — 27° Bgons KouTypa P pasubl coorBercTenno —27 log(27) u T log(27).
Mns dyskumit s — I'(s £ 1/6) npupamenus aprymeHTOB BOab P paBHBI
Im logI'((1/2+44T) £ 1/6) n Beraucaatorces no dopmyne Crupamara, [17]. Tak
MBI HAXO UM

7N(T)=n(ATlogT + BT)+ Aparg D(s) + O(1).

Temeps pacecmorpum Ap arg D(s). Hamomuum, ato P cocTOMT #3 OTpe3Ka
IpAMOU OT TOYKU 2 A0 TOYKHU 2 + i1 m OTpeska mpAMOu OT TOIKHU 2 + 1T
no touku 1/2 + iT. Beugy (65), (66), npupamenune aprymenta dbyukuun D
BJIOJIb TIEPBOT'O OTPE3KA 3AKIIOUEHO Mexay —m/2 u w/2. [lanee, mycts () —
YUCI0 TOYEK 8, JEKAIIAX HA BTOPOM OTPE3Ke, B KOTOPBIX 00PAIIAeTCA B HYIb
Re D(s). Ipupamenune aprymenTa ¢yHkmun D BAOIL 3TOMO OTPE3KA 3aKII0Te-
HO Mexay —(Q + 1)m u (Q + 1)m, — 5T0 XOpOUIO U3BECTHBIU 06U (DAKT.
Yucno () MOXHO MHTEPIPETUPOBATL KAK IUCIO HyJer (PyHKIIAN

Fr(s) = D(s+iT)+ D(s —iT)
Ha oTpeske | BemecTBeHHON NpAMOU OT To4uku 2 10 Touku 1/2. Mycrs K, =

{s € C||s—2| < r} — xpyr pagmyca r C UEHTPOM B TOYKe 2 W WyCTh
n(r) — umcno mynen (¢ yaerom kpatrocren) byuaknun Fr B K. OueBugHo,
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I C K35, Q < n(3/2), m nns noxa3aTembcTBa TEOPEMbI JOCTATOTHO MOKA-
3aTh, 9T0 n(3/2) < logT. Bosbmem BemecTBeHHOE “4mca0 R ayTh 66mbmmM,
dem 3/2, u TakuMm, uTo pyHKIUA Fr He mmeer Hysnen Ha rpaHune kpyra Kpg.
s onenkm n(3/2) mbr Bocnoabsyemcs dopmynon Nencena —

r

R 2

1 .
/”(T) dr = %/log|FT(2+Rem)|dﬂ—10g|FT(2)|. (67)
0 0

3amerum, aro Fr(2) = 2Re D(2 +iT). U3 (65) cregyer Fr(2) # 0 u ouenka
log |Fr(2)| < 1 ¢ abcomorrou nocrosaaOoN B <. C HEKOTOPHIM BelIeCTBEeH-
HEIM h > () mveem

|Fr(2 + Re™)| < |D(@2 4+ Re” +iT)| 4+ |D(2 + Re™” —iT)| < T",
u, CIeIOBATENLHO, 1A nHTEerpana B (67) mMeeT MecTo HEPABEHCTBO
log |Fr(2 4+ Re™)| < hlogT.

Taxum o6paszom, umeem

R
/ ”Tr) dr < logT. (68)
0
C apyrou cTOpOHBEIL,
R R R .
/Mdr > / ") g > n(3/2) / L (69)
r r r
0 3/2 3/2

3 (68) u (69) crenyer n(3/2) < log T, 94T0 u 3aBepIaeT 10Ka3aTEALCTBO. [

s Bemectennsix o u T onpeneaum N (o, T) Kak 9uciao Hyaen p GyHKIAX
L(7;+), ¢ yaerom kpaTHOCTen, moj ycaosuamu Rep > om0 < Imp < T.
Nmeerca mekoropas cias3b mexay N (o,T) u nosegenueM B cpegHeM HyHKIAN
t — |L(r;0 + it)|?. B ofmeM KOHTeKCTe — TPUMEHUTETBHO K (DYHKITAIM
KOHEYHOT'O TMOPALKA, 3aJaHHLIM pagamu [upuxie, — BOIPOC PACCMOTPEH,
manpumep, B [18]. Creayromasn Teopema ,,m3Brekaerca® u3 [18, 6.2.3].

Teopema 10. /Jas sewecmeennozo o = 0, ecau
T
/|L(T;J+it)|2dt<<T, mo N(o,T) < T npu T — oo (70)
1

(nocmosannbie 8 K 3a8uUcam MoAbKO om o).
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Ecau ¢ HEKOTOPBEIM 0 mMeeT MecTO omeHka w3 mpason gactu (70), To 5Ta
OIIEHKA UMEET MEeCTO | C JIo0bIM 60abmmM 0. KakoBa TOYHAA HUXHAA TPAHB
MHOXECTBA, BCEX O, I KOTOPBIX UMET MecTO onenku (70), MBI HE 3HAEM.

Teopema 11. Ecau o > 3/4, mo N(o,T) < T npu T — oo.

JokasaTensbcTBo. /JocTaTOMHO MOKA3aTh YTBEPKJAEHUE TEOPEMBI Ml 0 <
1. Mbr HaMepeHbl BOCHOAB30BaThHCA TeopeMon 10. C »TON Leablo MOKAXKEM,
9TO UMEET MECTO OLIEHKA,

T
/ |L(t;0 +it)|>dt < T (71)
T/2

C MOCTOAHHOU B <, 3ABUCAILIEN TOIBLKO OT O NpH ycaosum 1 > o > 3/4,
T > 4. HonsatHo, uTo, croxus ouenku suga (71), coorsercreyommue T, T/2,
T/4,..., vbl nonryaum onenky < T mis maTerpana B aesou dactu (70) u,
3HAYUT, yTBEPXK AeHue Hamen Teopembl. Ocraercsa gokazats (71).

YenoBumesa caMTATH B ATHHEUIIAX BBIYUCTEHUAX, 9T0 1 > 0 > 1/2, ¢ > 2.
[To ¢popmyne Crupaunra [17] mHaxogum

Q1 — o —it) g
‘W‘<<t2 4 (72)

¢ abcomoTHON mocToAHHON B K. Ilycts ¢ > 0. U3 Teopemsr 3 u onenku (72)
HEMEIEHHO CIELyeT

)

2 ) 12, 48 24042
‘L(T;U‘F'Lt)’ <<‘Zw‘ +1 d +t ot2e (73)
v

T(Vv 2

v

¢ cymmmposamueM 1o v, Kak B (1) u (3), mox yerosmewm |v| < (2/72)#2 m ¢
MOCTOAHHOU B <&, BABUCAIINEN TOJLKO OT £. ClemoBaTelbHO,

T
/ |L(r;0 +it) > dt < A4 T4 8B 4 T340+% (74)
T/2

rae IOCTOAHHAA B <K 3aBUCUT TOJBKO OT € U T'Je

T T
_ T(v) |2 _ 7(v)
A_/‘Z,,:IIVII”” . B_/‘Zyznunl—g—”

T/2 T/2

2
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¢ CyMMUpOBaHUEM 110 TeM ke v, aTo u B (73). Paccmorpum maTerpar A. U3
TeopeMbl 7 CleayeT

= (2/V3)21° / ‘Z b;"jﬂt dt, (75)

T/2 Wb

rje CyMMUPOBAHUE PACIPOCTPAHEHO HA MOJOXUTEIbHBIE GecKyOHbIe ¢ € 7, 1
nonoxurersubie b € 7 mon ycaosuem ab® <z = (54/72)t2. Mycrs n € R.
Nurerpana B (75) mepenmimem Kak

1 1 e\ |2
‘ ; b_n (b30+3it777 Z acaj)j't) ‘ (76)
a

1/3

C CyMMUPOBAHMEM IO HETBIM MOTOXATENbHEIM b < 2,'” 1 IeTbIM TOM0XITeTb-
HBIM GeckyGubIM a < z;/b%. [lanee, mpuverur mepasercTso Komm, maxommm,

aro (76)
1 1 2
<(§b: W)(;bﬁff——%‘; ) (77)

rje CyMMUDPOBAHWE PACOPOCTPaHEHO Ha Te ke a m b, aro m B (76). IycTs
n > 1/2. Torga nepsas cymma no b B (77) orpanudeHa cBepxy HEKOTOPOU
KOHCTAHTOU, 3aBUCAIIEN TOJBKO OT 1), HO HE OT 2. TaK MBI HAXOAUM, ITO

2
ab3
1< Y / P (79
T/2
rje CyMMHpPOBAHWE PACIPOCTPAHEHO HA IEIBIE MONOXATEIbHBEE b < ;/ *u
IeThIe TTONOKUTeTbHbIe GeckyOubie a < z;/b3. Murerpart B (78) paren
T
Cab Ca'b? a’\ it
3 7,/(—> dt, (79)
< (aa')? a
a,a a.al
ITb

rae ’)/Tb = max{w\/ab3/54 m/a'b3/54,T/2} < T n cymmmposanme pacnpo-
crpareno Ha a,a’ € 7 B mpegerax ot 1 go zr/b®. Beraucius mmTerparsr u
npuMenuB oneHky (52) u3 Teopembr 7, Haxogum, aTo (79)

Cab? Carp3 |
< T ab3 ’ab b
2 Z (ad’)” | Tog(a'fa)

d(a)d(a’
< d(b)*b { T Ea: (aa’)f’(! Zoagf(az/a)! }

(80)
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¢ cymMMupoBaHueM 1o a,a’ € Z B npegenax ot 1 go zp /b3, a’ # a, n ¢ abcomor-
HOU oCTOAHHON B <. B mpason gactu (80) mepsas cymma (10 @) omeHMBaeTCA
kaK < 1, mockoabky 20 > 1 m, ¢ m006bIM BemecTBeHHBIM 0 > 0, d(m) < m’
npu m — 00. [l ONeHKE BTOPOU CyMMEI (10 ¢ 1 @) CIeayeT BOCTIOMb30BAThCA
CTAHJAPTHOM OIIEHKON’

d(m)d(n
S togta <7 2
1<m<n<e &
KOTOpAas MMeeT MeCTO A BCEX BEIIEeCTBEHHBIX T, ¥ u § mox ycaosuama 9 < 1,
§ > 0. Bocromeayemcss (81) ¢ ¥ = o m x = 2zr/b3. Hamommmwm, w10 277 =
(54/7%)T?. Mot nomyaaem maa (80) u, smasuT, aia waTerpata B (78) omeHKy

< db)*b{T + (T%/b*)?~2 ], (82)

[Mogcrasus (82) B (78), moxyaaem
d(b)?b 2731220+
A Y oy U+ (T1) 2740}
b

— <Zb: bﬁgg%) T4 <Zb: bi(i;)j?,a) pA—40+2

1/3

C CyMMMPOBaHHMEM IO IeIbIM MOJOXKHUTeIbHBIM b <z~ 1 ¢ JMOOBIM Belle-
crBeHHbIM § > (. Bribpas mapameTp 7 > 1/2 10CTATOYHO MAJBIM, TOLYIAM
60 —1—2n>1,5—2n+ 36 > 1 u, ciegoBaTeasHO, OUEHKN < 1 IId4 CyMM O
b B (83). Mb1, TakuM 06pa3oM, HAXOJUM OKOHIATEALHYIO OIEHKY

(83)

A << T +T4740'+5 (84)
¢ mo6eIM BemecTBeHHBIM § > (. AramormaaeiM o6paszom ma B w3 (74) maxo-
JIM OTCHKY

B < T*7+9 (85)
¢ mo6bM BemecTBeHHBIM § > (. [loscaum, ¥T0 mocTosuubie B < B (84) u (85)

3aBUCAT TOIBKO OT 0 u §, HO He oT 1. [logcrasus (84) u (85) B (74) u B3aB §
U £ JOCTATOYHO MaIbIMu, moiaydaeM (71), 9To u TpeGoBATOCH. O

5Ho;{c1{mv1, aro B (81) cymmmposanune pacnpocrpaneHo Ha m,n € Zcl<m<n <z, n
YTO MOCTOAHHAA B < 3aBUCAT TOIBKO OT ¥ u §, HO He oT z. Om. [19, 20].



254 H. B. IPOCKYPHUH

560
540 | r
520 | M
500
480 |
460 |
440 |
420 |
400 M
380
360
340 |
320 |
300 | m
280 |
260 | -
240 |
220 | M
200 | =
180
160 J I
140 J
120 |
100 |
80 J

40 |
20 | Res

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1.0

mcrorpaMma pacupefereHns TO9eK 01,0, . .., 0g724. OTpesok [0.5, 1] pasbur
Ha 50 orpeskos gauus 0.01. Ecan [a,b] ecTs oguu u3 HuX, BBICOTA CTONOUKA
HAJ HAM PABHA UUCIY TEeX N, IJId KOTOPHIX a < 0p < b.
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