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AN EXPLICIT FORMULA FOR WITTEN’S
2-CORRELATORS

ABSTRACT. An explicit closed-form expression for the 2-correlators
of Witten’s two-dimensional topological gravity is derived in arbi-
trary genus.

Let Mg,n be the Deligne-Mumford moduli space of genus g complex
stable algebraic curves with n > 0 distinct marked points. Consider the
tautological line bundles £; — M, ,,, i = 1,...,n. Recall that £; is defined
fiberwise by the formula £; |c z,,... 2, = Ty C, where C is a genus g curve
with marked points x1, ..., Zy.

Put ¢¥; = c1(L;), 1 =1,...,n, and, following Witten [4], define

(Tdy - - Ta,) = / it
ﬂgm,

where dy + ...+ d, = 3g — 3+ n (we assume that (74, ...74,) = 0 if any
of d; is negative). The intersection numbers (74, ... 7q4,) are called correla-
tors of Witten’s two-dimensional topological gravity. The famous Witten’s
conjecture [4] (Kontsevich’s theorem [2]) claims that the generating func-
tion of these numbers (free energy of two-dimensional topological gravity)
satisfies the KdV (Korteveg—de Vries) hierarchy.

The computability of the intersection numbers (74, ... 74, ) is an impor-
tant problem. For g = 0, by a result of Kontsevich [2],
(n—3)!
dq!...dy!
(i.e., this is a multinomial coefficient). For g = 1, closed-form expressions
for the intersection numbers as sums of multinomial coefficients were ob-
tained, e.g., in [1]. However, no general explicit formulas for the numbers
(Tdy - .. Ta,) are known for g > 1.

The objective of this note is to derive an explicit closed formula for the
2-correlators, i.e., the numbers (7;734—1-1), for arbitrary g (in this case,

<Td1 . --Tdn> =
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n = 2 and k ranges from 0 to 3g — 1). We start with the formula of [3] just
above Proposition 2.6:

(29 = 1+ n) (7 [ rar) = (2 +3)(romis [T 7a)

i=1 i=1

(1)) EORD SRR | (RIS | E5Y

TUJ={1,...,n} i€l j€J
Adapted for n = 1 (the case of 2-correlators), it reads

29(TiT3g—1—k)

1
= (2k +3)(romk173g-1-k) = £ (70 Tk T3g-1-k) = (T0Tk) (T3 T3g-1-k) - (1)
We will use the string equation
<T0 HTdi> = Z<H Tdi*5ij> (2)
i=1 j=1 i=1

and the dilaton equation
(m [ [7a) = 29— n)(][7a) (3)
i=1 i=1

for Witten’s correlators, see [4]. Applying the string equation (2) to (1),
we easily get that

(2k 4 3)(Tht173g—2-k) = (29 — 3 — 2k)(TkT3g-1-k)

1
+ 5 (( k—3T3g—1—k) + 3(Th—2T3g—2—k) + 3(Th—1T3g—3—k) + <7_k7_39747k>>

+ <Tk*1><7—39737k>-

(4)
From here, using (2), (3), and the fact from [4] that

1

<73972> = m )

one can recursively compute the 2-correlators (74734—1_) for any g > 2
and k=0,...,3g— 1.
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For convenience, let us put

(2]17 + 1)”(6g —1- 2k)”<7—k7—39717k>

Aok = (69 — 1)”<TQT39_1> (5)
(2k+1)N(6g —1—2k)1
= (69— 1)” 24 g~<7—k7_39717k>-

Then in terms of a4, we can rewrite (4) as follows:

(69 —1—=2k)ag k1 = (29 — 3 —2k) agx
ROE 1)(6943 269 —5) (2 T D@k~ D(2k —3)ay1
+3(2k +1)(2k —1)(6g — 1 — 2k) ag—1,5—2
+3(2k + 1) (69 — 1 — 2k) (69 — 3 — 2k) ag_ 151
+(6g — 1 — 2k)(6g — 3 — 2k)(6g — 5 — 2k) ag_1.x)
k=3j—1,

g (2k+D)N(6g—1—2k)!!

Tg—)! 6g—1)1 3
Ll (9—7) (69—1) (6)
0 otherwise.
Using (2) and (3), it is elementary to show that
1 6g — 3
Qg0 = g1 = )
9,0 ) g,1 6g 1
Consider now the differences by, = ag r+1—agr, K=0,..., [%] —1.

Below we derive simple explicit formulas for these numbers. Actually, we
have the following result.

Lemma. The numbers by, are explicitly given by the formulas
—1)N" —1)! . .
OEDR = (g - 2j), k=3j—1,
(65 — 3 —2k)!! (641! (g—1)! .
= 25 Gt k=3 (7)

b . =
ok (65 — 1)
p (ot Aol =35+ 1.

Proof. Consider the difference

(69 — 3 — 2k) agrr2 — (69 — 1 — 2k) ag k41
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and apply formula (6) to both of its terms. A straightforward computation
yields the following recursion for bg r41 = Ggk+2 — Qg k+1:

(69 — 3 — 2k) by 11 = (29 — 3 — 2k) by 1,
4g

2k +1)(2k — 1)(2k — 3) by—1.4—
* (6g —1)(6g — 3)(6g — 5) ((2k +1)( I )bg—1,k-3
+3(2k + 1)(2k — 1)(6g — 3 — 2K) by_1,5—2
+3(2k + 1)(6g — 3 — 2k)(6g — 5 — 2k) bg—1 51
+(6g — 3 — 2k) (69 — 5 — 2k)(6g — 7 — 2k) by_1.x)
g (2k+3)!1(6g—3—2k)!! e
Jg—i! (6g—1)1! , k=35-2,
! (2k+1)!1(6g—1—2k)!! Iy
M Rie=n) Gy » k=3j-1, (8)

Take the values of by, given by (7) and substitute them into (8). After a
lengthy but elementary computation, we see that the numbers b ;. satisfy
the recursion (8). This completes the proof, since the recursion (8) has a
unique solution with given initial values. O

By the definition of the numbers by ., we have

= 3g—1
agyk:agleergyi, k2,...,|: 5 :|].

i=1

Together with (5) this readily implies the following theorem.

Theorem. The following closed-form expression is valid for the 2-corre-
lators:

k—1
_ (69— 1)1 4 208
<’rk7'3gf17k> = 2499!(2k3 T 1)”(69 1 _ Zk')” ;bgﬂ + 6g —1 .

Here the numbers by ; are given by (7) and k=2, ..., [39—2_1}71,

Remark. From a careful analysis of the numbers b, , performed in [5], it
follows that for any g > 1 and kK =2,...,3g — 3 one has

6g — 3
6g — 1

A detailed proof of this two-sided estimate will appear elsewhere.

<agr <1l
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