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OB OJHOM KJIACCE OIITUMM3AIIMOHHBIX
3A0AY, HE MMEIOIINX O5PPEKTUBHO
BBIYNCJIUMBIX ONTUMAJIbHBIX PEIIEHUN

§1. BBEIEHUE

Kaxk m3BecTHO, MAKPOCKONMIECKUE CBOUCTBRA OOJIBINNX CIYIANHBIX 005~
€KTOB MOL'YT OBITH HE CIyYAUHBIMU, 3TO TAK HA3BIBAEMBIN 3PQPEKT KOH-
nerTparuu Mepbl. [IpocTermuM TpuMepoM ABJAAETCSI 3aKOH GOMBIINX TH-
cem: cyMMa, OOJBIIOrO YUCAA HE3ABUCUMBIX OMMHAKOBO PACIPEIETeHHBIX
CIYYIauHBIX BEIUYUH OJIM3Ka KO BIIOJHE ONPENEJEHHOMY 3HAYEHUIO MOYUTH
HaBepHaka. Duswaeckun mpuMep JOCTABIAIT CBOUCTBA T'a3a: JABICHUE
U TeMIepaTypa rasa 3aBUCAT OT CPENHEN DHEPLUU MOJEKYJ, a He OT WX
CKOPOCTEN.

B reopuu urp mogobubie 3hdeKTH KOHIEHTPALNNA MePhl HAOM0 [AINCh
B paborax [1-5]. MBI IeMOHCTpPUpYEM ABIEHNE KOHIEHTDALMN MEpHT s
HEKOTOPOT'O CIEIUATHLHOTNO KIACCA, CIYIAUHBIX ONMTUMU3AIAOHHBIX 3304
60JsbIIOr0 pasmepa, He uMermuX 3G (PEKTUBHO BBIYUACIUMBIX ONTHMAIb-
HLIX DeLICHUH.

Ha mepsom »Tame MBI yCTaHABIMBAEM, 9TO “pABHOMEPHASA” CMEIIAH-
Hag cTpaTerua (MCIOIb30BAHKE C OIMHAKOBOM BEPOATHOCTHIO BCEX IUCTHIX
CTPaTErui) MpU AOCTATOIHO GOJBIIOM pPa3Mepe 3a1a4d OGJAM3KA K ONTH-
MAJBHOMY PEIIeHUI0 C BEPOATHOCTHIO OIM3KON K eAuHuIe. BaxxHo oTMe-
TUTH, YTO HTA HOYTHA ONTUMAJILHASI CTPATEr U HE 3aBUCUT OT IaPAMETPOB
330290 X TEM CAMBIM MOXET MCIOIB30BATHCS [IPUA OTCYTCTBUAN MHPOPMA-
1YW O 3ajade.

Ha BTOpOM DTame MBI MOKA3LIBAEM, YTO B CIyYae, KOT'A OMMCAHHAA
CTPATErusa He ABIACTCA YIOBJIETBOPUTEILHON, HE CYIECTRBYET 3O HEKTUR-
HO BBIMUCJAUMOU CTPATErUM, CYNIECTBEHHO JIYUIIEU M BCEX 3134 pac-
CMATPUBAEMOI'O KJIACCA.

Katouesbie c406a: ONTHMU3ANUA, KOHIIEHTPAIUA MEPBI, BEDOATHOCTHO IIPOBEpAe-
MBIEe OKa3aTelbCTBA.

VccaenoBanme npoBOAMIOCH mpu mojgaepxke Poccuuckoro dpouga GyHAAMEHTAIb-
HBIX HCCIeNOBaHUU, IpoekT 13-01-00348-a.
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§2. BABOBBIE ITOHATUA U TOCTAHOBKA 3A/TAYNA

BremeM moHATUA, HEOOXOAUMEIE A OMUCAHUA KJIACCA 3a7a9, O KOTO-
PLIX [IOUJET pedb.

IIycts Cn i, K > N, — nepeonpepeéHnas He IMEOMIAsS DEUIeHus CH-
crema w3 K nunenubix ypapHenuu oT N HemsBecTHBIX. KoadduimenTs
cucteMsl Cy g — BeLIECTBEHHBIE YUCIA. KOMOMHATOPHO-BEIMUCIUTEILHAL
mpobaema MAX FLS™ GopMyaupyeTca CIeAyOIUM o0pasoM: Halimu
maxcumasproe wucao M = M(Cn k) oonospemento ydosaemeopaembiz
ypasnenut cucmemvt C = Cn g U 3HGUENUA NEPEMEHHBIT, NPU KOMOPHIT
docmuzaemea amom maxcumym. N3sectuo, aro npobaema MAX FLS=
NP-tpyana (cMm., Hampumep, [6]), To ecTs miobas 3amada n3 kaacca NP
CBOIUTCA K HEeW 33 MOJNHOMUATLHOE BPEMS.

Mer 6yxem paccmarpuBarh nogcemencrso cucrem C' = Cy i ciaenyio-
wero Buga (x): nepemennsie npunuMaioT 3uadenus 0 u 1; B kax goe ypas-
HEHUE BXOIAT TPU HNEPEMEHHbBIE, U OHO UMEET BUI Xy + Ts + Tt = Gy 5,¢ TO
MOAYJIIO 2, The Gr s PaBHO Ommm 1, 1 <r < s <t < N.

Jlerko BUIETH, 9TO YUCIO DA3IAIHLIX YPABHEHUN B CUCTEMe BUIAA (%)
VIOBIETBOPAET HEPABEHCTBY

N(N-1)(N-2)

K<2- .
6

PaceMoTpuM caydanHBIn HAGOD 3HAYEHUN TIEPEMEHHBIX, e KawkKIas Te-
PEMEHHAA HE3aBUCUMO 1 PABHOBEPOATHO MTPUHUMAET 008 BO3MOXKHEBIX 3HA-
YEHUS.

Tak Kak 11 Kax 00 OTIEJBHOIO YPABHEHUA MATEMATAICCKOE 0K 1A~
HUE TOrO, YTO OHO YAOBJETBOPEHO TAKUM CIyIaNHBIM HAGOPOM 3HAYMEHUN,
paBHO 1/2, MaTeMaTHIECKOE OXUJAHNE YUCJIa BHIIOIHEHHBIX YDABHEHWUN
cucremsl C' = Cn i pasao K/2. Takum 06pasoM, A1 MaKCHMAIBHOTO
aucaa M = M(Cn k) OLHOBPEMEHHO yIOBICTBOPAEMBIX YDABHEHUN CH-
creMbl C = U,k BBIIOIHEHO CJAEIYIOMIEE HEPABEHCTBO:

M(Cnx)/K > 1/2. (1)

CeMmencTBo cucTeM BUAA (%) PACCMATPHUBAIOCH B paboTe [7], Te qokasaHo,
uto NP-Tpygua u 3agada amnpoxcnMarmy qucita M (Cy, k), & UIMEHHO, 1JI
npou3BOAbHOro € > (0 N P-TpyIHO OTBETUTEH HA BONPOC, BHIIOJIHAECTCA JU
HEPABEHCTBO

M/K >1/2 +e. 2)
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PaccmoTpuM cregyonyo ONTUMA3ANMOHHYO 33,1849y, CBA3AHHYIO C He-
BEIpOK feHHON cucteMou Cn x BHAA (%), B KOTOPOU BCE YPABHEHU pas-
auaasl. Cucremy ypaBuenun Cy,x MBI HA3BIBAEM 6bipodcdennoti, ecin y
JI060T0 YPABHEHUS €CTh MPOTUBONOJOXKHOE — YPABHEHUE C TOU XK€ JEeBOU
YaCTBIO U IPOTHUBOIOJOKHON [IPABOK YaCTLIO.

AreHT X0YeT MOCTPOUTEL MOM, MAKCAMAIBHO B3ANTUIIEHHEIN OT BO3MOXK-
HBIX CTUXUUHBIX OeACTBUU. [[JA 3aIUTHI OT HUX B PACTOPSXKeHuu AreH-
Ta umeercss N mapamMeTpoB, npuHUMarOmuxX 3uadenus 0 wim 1, u X =
(z1,...,2N) — aucras crparerus Arenrta. UuUCA0 TAKUX CTPATErUll PaB-
H0 2. AreHT MOXKeT PaHIOMHU3UPOBATEL CBOM YHUCTHIC CTPATEIHH.

Boamoxusr K pazanvaex cruxunabx oegcrsun, K > N. Mer paccMa-
TPUBAEM CIYYIAUN OJHOKPATHOTO CTUXUUHOTO OENCTBUA, KOTOPOE BLIGUPA-
erca [Ipupogon caydanmHo, B COOTBETCTBUN C U3BECTHHIM ATEHTY pacmpe-
gexenuneM p = (p1,...,pk) Ha muoxectse {1,...,K}, rge p; — pamnumo-
HAJBHBIE TOJIOKUTEILHBIE TUCIA.

[loM BammImeH OT PeaTM30BABIIErOCA CTUXUMHOTO OEnCTBUA j, T/
1 < j < K, ecim ipu Ha3BAHHLIX ATEHTOM 3HAMEHUAX TEPEMEHHBIX L1,
...,ZN BBHINOJHEHO j-e ypaBHeHUe u3BecTHOU Arenty cucremel Cn k. B
DTOM CJIy4ae BRIUCPHIN ArenTa paBeH +1, a B IPOTUBHOM CIyYae ero Bbi-
urpoin paBed 0. APeHT CTPEMUTCS MAKCUMU3UPOBATH CBOU OXKUIAEMBIN
Beivrpeir. Crpareruio AreHTa, Pealu3yIomyl0 MAKCAMYM OXUIAEMOI0
BREINTPHINIA, Gy1eM HA3BIBATH ONMTUMAILHOMN.

[las Takoro Kiacca ONTUMMU3AIMOHHBIX 33039, OOO3HATAEMBIX
I['(Cn,x,P), MBEL IOLyUaeM CIELYIOLIEe.

(1) IIpw onTuMasbHOM IOBeZeHUE AreHTa MaTEeMaTUIeCKOE OXKUIa-
HU€ er0 BBIUIPHILA GObIle Wid paBao 1/2.

(2) He cymecTtByeT “>(pPeKTUBHO BHIYACAUMBIX” ONTUMAIBHBIX CTPA~
Teruu ATEeHTa, TO eCTh He CYIIECTBYET PafOTAOIIEro 34 TOJINHO-
MUAMBLHOE BPEMS AJITOPUTMA, PEATUIYIOMIEr0 ONTUMAIBHYIO CTPa-
Teruio ArenTa I KaxK 10U 3343491 BBIIIEOMUCAHHOIO BUIA.

(3) Ilpu mobom pacupegesenuu Boibopa [Ipupogsl cmemanuas crpa-
Terus AreHra, B KOTOPOU OH PABHOBEPOATHO UCIIOJIL3YET BCE TU-
CTBIE CTPATErNH, JAeT eMy BuMrphim 1/2.

(4) TIpu HEKOTOPOU €CTECTBEHHON MEPE Ha PACCMATPUBAEMOM MHOKE-
crBe onTuMusanuronHbx 3a1a4 ['(Cn i, p) ora crparerus Arenra
upu N — oo u K/N — 00 sBAAETCA €r0 £-OMTUMAIBLHOU CTPATe-
IUeR 33 UCKIIYEHUEM MHOXKECTBA 33129 MAJIOU MEPHI.
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(5) He cymectByeT “>pdpeKTUBHO BHIYUCIMMON’ CMEIIAHHOU CTPATE-
ruu AreHTa, TAOIen BREIUTDHIT 1 /2+4-¢ 11 BCex 3a,1a, B KOTOPHIX
ONTUMAJBHAS CTPATEr WA AT BRIMIPHIMI He MeHblre 1 — €.

MMoscauM moHATHE >PHEKTUBHO BEUUCIUMOU CMEITAHHON CTPATErWN
Arenra ans HekoToporo kaacca urp C. PaccMoTpuM npon3BOILHBIR BEPO-
SITHOCTHBIY aJrOPUTM, KOTOPBIN Kax 01 urpe kiacca C (1o ee onucanuio)
BBLLIAET TY WIU UHYIO YUCTYIO CTPATEruio ArenTa ¢ TOU WA UHOU BEPOAT-
HOCTBIO. TakuM 00pPasoOM, MBI CYUTAEM, UTO DTOT AJITOPUTM “BBIYUCAAET”
CMEIIAHHY0 CTPATEruio A NPOu3BoaLHON urpkl kKaacca C. Ecim sroT an-
rOpUTM paboTaeT 34 MOJUHOMUATILHOE BPEMA OT IIUHBI OMUCAHUA UTPHI,
MBI "OBOPUM, YTO OH peaan3yer 3(PpGHEKTUBHO BEIYUCIUMYIO CTPATErHIO.

§3. [IPEABAPUTEJILHLIE PE3YJILTATHI

Jemma 1. M(Cn k)/K =1/2 moada u moavko moeda, xoeda cucmema
Cn, ik sbiposcdena.

HMokazaTeabcTBo. OYeBMAHO, UTO NI BEIPOXK JEHHBIX CUCTEM BBITIOTHA-
ercsa paserctso M/K =1/2.

IIycrs Bomonueno pasercreo M (Cy x)/K = 1/2. 310 o3HaugaeT, 410
MAKCHMYM 9HCIA yAIOBIETBOPEHHLIX YPABHEHUU CUCTEMBI PABEH WX CPE-
HeMy (II0 OIpeIeeHHON BhIIIe DABHOMEDHOU Mepe) 3HAMEHUIO, TO €CTh [IPU
M06OM HABOPE 3HAMEHUN TEPEMEHHBIX BHITIOJIHEHO POBHO K /2 ypaBHeHU.
HokaskeM, uro cucrema C'n, x BEIpOXK geHA. [[11 5TOr0 MBI IOCMOTPIM, KaK
MEHACTCA IACAO YIOBICTBOPEHHBIX YPABHCHUN TP U3MCHEHUY 3HAMCHUN
CHAYAIA OMHOU MEPEMEHHOU, MOTOM OBYX WM, HAKOHEI, TPEX IePEMEHHBIX.

3adukcupyeMm HAOOD 3HAYEHUU MEPEMEHHBIX T1 = C1,...,LN = CN.
Pacemorpum muORKecTBa X;(C1,...,¢N), 1 < i < N, ypaBHEHUN, BHIIOJ-
HEHHBIX DTUM HAOOPOM L1 = C1, ..., TN = CN ¥ CONEPKAIIUX TIEPEMEHHYIO
x;. Amanoruano pacemorpum X/(ci,. .., CN) HEBEIIOJHEHHBIX yPABHEHNH,
COOepKAMUX NEPEMEHHYIO ;.

PaccmarpuBas Ha60p MEPEMEHHBIX ¢ M3MEHEHHLIMA 3HAMEHUAME OTHOW
MIEPEMEHHON T; = ¢; + 1, HETPYAHO 3aMETHUTDH, ITO

Xiler, o sciyeoyen) = Xi(er, .. oyei+ 1,000, en)

!/
Xiler, .o sCiyooyon) = Xilen, oo, + 1,000 en).
Ananoruvyso paccMoTpuM HAGOp € M3MEHEHHBIMU 3HAMEHUSAME IBYX Iepe-
MEHHBIX 2, = ¢+ 1, s = cs+ 1. [Ipu Takom m3amenenunr Habopa mepecTaIn
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OBLITH BBITIOJTHEHHBIMU CIeqyInne YPaBHCHNUA, PaHEC BBLITTOJTHABIIACCA:
Xo(ery.oooyCiyeoyeny) U Xgler, oo y¢,.00,N)
\(XT(Cla"'acia"'acN) mXS(Cla"'ucia"'ucN))'

AnanoruyusiM 06pa3oM, CTAMM BBLINOJHEHHBIMU CJICIAYIONIAE YPABHEHUS,
paHee He BBIIOIHABIIAECH:

X1y oo vy en)UX ety o ych, .o en)
\ (X, (et oy Ciyeryen) N XL(C1y ooy CiyenayON))-

ITo npennonoXeHNUO MOCAEIHNE ABA MHOXKECTBA MMEIOT OIUHAKOBOE Hh-
CJI0 DIeMEHTOB. JT0 uuciao pasHo | X, | + | X;| — | X, N X;|. B garpHenmumx
dopmynax GyaeM OMyCKaTh apryMeHTHI (€1, ...,¢,...,cN). lo dopmyre
BKJTIOUEHUS-UCK/IIOUEHNS TUCIO DIEMEHTOB DACCMATPUBAEMEIX MHOXKECTB
pasuo | X, |+ | Xs| — | X, NX| u | X | +|X] — | XN X]| coorBercrenno. 3
roro, uro | X, | = |X|,|Xs| = |X}|, noxygaewm, uro | X, N X,| = | X/ NX]|.
Ananormano | X, N Xy = | X. N X]|, | X: N X, = |X. N X]|.

Temeps paccMOTpUM HAGOP BHAYCHUN C M3MEHEHHBIMI 3HAYCHUSIME TPEX
TMEPEMEHHBIX T, = ¢+ 1, Z5 = ¢+ 1 1 2; = ¢; + 1. AHaIOrnIHO moayInM,
49T0 10 POPMYJIEe BKIIOICHUA-UCKIIOICHNS

| X, N X N Xy = | X+ | X+ | Xe| — [ Xs N Xy — [ X N Xy ] — | X N XY
n

X N XN X = [X0] + (X + X = XG0 X = 100 XG] = X N X)L

Creposarensro, | X, N X, N X = | X, N X, N X]|, u rem campiv >Tn
MHOXKeCTBa 1160 06a IIycThl, Au60 068 0THOJIEMEHTHEL.
Temeps ocraeTcs 3aMeTnThb, 9To |X, N X; N X;| = 1 Torga n ToabKo

TOr'Ja, KOr1a B CUCTEMY BXOJAUT YPABHEHUE T, + Lg + Lt = Cp + Cs + Ct, &
| X, NX.N X/ =1 Torga TOIbKO TOTaa, KOMa B CUCTEMY BXOJUT IIPO-
TUBOIIOJIOXKHOE YPABHEHUE T, + Ts + Tp = Cr + s + ¢ + 1. Anamormanoe
paccyXkaeHue IPOXOIUT, eCau 00a DTU MHOXKECTBA IMyCTHEL. A DTO U O3Ha-
JaeT, YTO CUCTEMa BHIPOXKIEHA. (I

YrBepxkaenue 1. a) Azewm umeem wucmyrw onmuMGIbHYIO CMPAME2UI0
x* =x*(Cn,k,P)-

b) IIpu onmumasbnom nosedenuu Azewma mamemamuuecrkoe oxcuda-
nue e2o svuepuiwa Val(I'(Cn ik, p)) 6oavuwe uau pasno 1/2. Pasencmso
docmuzaemes moavko 6 cayuae 8bIPOACICHHOCTIY CUCTNEMDE.
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¢) He cywecmeyem “afPexmueno ebiuucaumbir” onmumaibHbls Cmpa-
mezauti Aeewma, mo ecmb we cywecmsyem pabomaoue2o 36 NOAUHOMU-
amvnoe (om K) epemsa aszopumma, peaiudyiowezo onmumasbnyio cmpa-
meeuto Aeewma das xaxcdod s3adavu I'(Cn i, p) sviweonucarnozo suda.

MokazaTeancTrBo. CHavana pacCMOTPUM CIy9al PABHOMEDHOT'O PACTIPE-
gexenus p: p; = 1/K, j = 1,...,K. Jlerko BuZeTb, YTO B BTOM CIy-
9ae ATeHT MMeeT YUCTYI ONTUMAMLHYIO CTPATErHI0 — HA3BATHL 3HAYE-
HUA [IEPEMEHHEBIX, IIPU KOTOPLIX YAOBIETBOPAETCA MAKCUMAILHOE THCIO
M (Cn k) ypasrenun. Hepasencrso (1) ¢ yueToM memMMer 1 BIedeT BBIIOI-
HEeHHe MyHKTa b), a yTBepKIAeHue MyHKTa ¢) caenyeT us NP-TpynHOCcTH
sagaun Haxox gerns qucia M (Cn k).

O6mni crysan: p = (p1,...,Pk), °e p; > 0 — panuoHAJIBbHOE Un-
cmo, j = 1,..., K. Haumensiuee obiee kpaTHOE 3HAMEHATENEH “THCET Pj,
j=1,...,K, obosrauum D = D(p). Takum obpasom, p; = d;/D, rze

K

> d;j = D. OrmernM, ¥yto D > K 3a UCKIIOUEHEEM CIyUasd PABHOMEPHO-
=1

i“o pacmpenerenus, korga D = K.

CocraBuMm cucremy D JuHEUHBIX ypaBHeHUU OT N HEU3BECTHBIX CJe-
OYIOMZM O0pa3oM: j-e ypaBHEHHe IOBTOPHM d; pa3 AId KaxkIOoro j =
1,..., K. O603Ha491M DTy MEPEONPEICIEHHYIO CUCTEMY C~’N7D.

HUcxoxuon ontummsanmonton 3agate I'(Cn x, p) COOTBETCTBYET aHAIO-
rudHas 3aga49a ¢ napamerpamu Cy p 7 ¢, TA€  — PABHOMEDHOE PACIIpe-
gexenne Ha MOXecTse {1,...,D}, ¢; = 1/D. O4eBunno, 9TO MHOXKECTBA
omTuMaTEEEX cTpaTermii ArenTa B 3agadtax ['(Cy i, p) u ['(Cn.p,q) co-
Brnagator. Takum oGpasom, B 3agade ['(Cn g, p) AreHT umMeeT 4UCTYIO
ONTUMANBLHYK) CTPATErWI0 — HA3BATHL 3HAYEHWA MEPEMEHHBIX, IIPU KOTO-
PBIX YIOBIETBOPAETCA MAKCUMAIbHOE 9ucaio M (CN, D) YDABHEHUI CHCTE-
MBI C~'N7D, passepryTOR 13 cucreMbl U x B COOTBETCTBHHE C PacIpenene-
HHUEM P. O

Yreepxaeraue 2. [Ipu 41060M pacnpedeienuy P CMEWAHHAA CINPATNE2UA
Aeenma, 6 kxomopoti on pasnosepoamuo (¢ eepoammuocmovio 1/2N) ucnoan-
ayem éce wucmuie cmpamezuu, daem emy sviuepbiws 1/2. Ima cmpamezus
Aeenma onmumasvna moada v moavko moeda, xKoeda cucmema Cn g 6bl-
poscdena.

Hoka3zaTenbcTBo. HanomurM, 9TO MBI BCIOAY HPEAIOIAraeM, 9TO BCE
KOMITOHEHTHI PACIpEIeIeHus P notokuTelbuel. [Ipu Beibope Arenrom
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DPABHOBEPOATHON CMEIIAHHON CTPATETMA DABEHCTBO €r'0 BHIUTDHIMIA 1/2
YCTAHABIMBAECTCA AHAJOTMIHO OG0CHOBAHNIO HepaBeHCTBa (1): MaTeMaTu-
9eCKOoe OXKWJIAHUE TOr0, 9TO KaXJ0e OTIEeJbLHOE YPABHEHNUE yIOBJIETBOPSI-
eTcst HabOPOM 3HAYEHUU NMEPEMEHHBIX, BHIOPAHHLIM COTVIACHO TAKOU CTPa-
reruu, pasuo 1/2. Takum 06pa3oM, U OKKUAAHKE BHIATPHIIA PABHO 1/2.
IIpuarMas BO BHUMaHHUE TYHKT b) yTBepxkaeaua 1 u semmy 1, moayaaem
BTOPYIO YaCTh YTBEDXKICHUA 2. (I

§4. e-ONTUMAJILHOCTb PABHOBEPOSATHOUW CTPATEIMU ATEHTA

B sToM maparpade MBI paccMaTpUBaEM BEPOATHOCTHBIE MEPHI HA Ce-
MEUCTBAaX CUCTeM (ONTUMU3ANMOHHBIX 3a1ad) U [OKa3bIBAeM, YTO IIPU
N — oo u K/N — oo paBHOMepHas CTPATErus £-ONTUMAIBHA C BEPO-
ATHOCTBIO, CTPeMAIIencs K 1.

B mmxecaenymwoien TeopeMe 1 MBI MPEATIONATAaEM, ITO PACTIPEICTCHIE
P PaBHOMEpHO, B AaJbHEUNEM OyAeM ero 0003HAYATH Puyni, & COOTBET-
CTBYIOLIYIO ONTUMU3ALUOHHYO 3a1a1y 0603Ha4aTh ['(Cn i, Puni)- Takxe
MEL 6y €M IPeAnonaraTsb, 1To cucreMel Oy i HE COLEPKAT Iap B3AKMHO
[IPOTUBOPEIUBEIX yPABHEHUN.

PaccmoTpuM paBHOMEPHYO BEDOATHOCTHYIO MEPY HA CEMENCTBE CUCTEM
Buga (x) u3 K pasauuserx ypasHerun. O603HAUNM 5Ty Mepy Un k. [t
CEMENCTBA ONMTUMU3AIMOHHBIX 331049, COOTBETCTBYIOIINX CAYIANHBIM (B
CMBICJIE BBEJEHHOU MEPHL i, i) CUCTeMaM B 1A (*) 6e3 IPOTUBOIOIOKHBIX
YPaBHEHNUN, MBI IIOKA3LIBAEM, YTO CTpaTerua Arenra, B KOTOPOU OH paB-
HOBEPOATHO MCIOML3YET BCE UUCTHIE CTPATETWM, ACUMITOTUIECKU SABJSA-
eTCsA ero £-ONTUMAJBLHON CTPATErMEN 33 MCKIIOIEHNEM MHOXKECTBA 33134
MAJIOR f4N, K -MEPHIL.

Ionoxum a(Cy k) pasabiM pasHoctu M (Cn i)/ K — 1/2. Qukcupyem
¢ > 0. Pacemorpum muOX)ecTBO cucrem UN Iy i (€),

UNInk(e) ={Cnk : a(Cn,k) <€}

Ecmu Cn g € UNINn k(€), TO u3 yTBep)aeHUs 2 CIeAYET, ITO CMELIaH-
Hag cTpaTerus ArenTa, B KOTOPOU OH PABHOBEPOATHO (C BEPOATHOCTHIO
1/2V) mcmomeayer Bce GMCTLIE CTPATErHH, ABIACTCA €r'O £-OMTUMATBHON
crpareruen B 3agade I'(Cn i, Puni)-

Teopema 1. Quxcupyeme > 0. Mepa pun ik cucmen Cn i, 044 KOMOPLIL
pasnoseposmnbll ebibop Azenmom 6cer wuCMbIT cmpameull ABALEMCA
e20 e-onmumasbrol cmpamezuet 8 3adave I'(Cn i, Puni), cmpemumesn «
1npu N — 00 u K/N — oo.
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A umenno, mepa N K MAKULT CUCTNEM YIOBALTEOPACT HEPAEEHCTILEAM
K
D 1-5F(1,(1/2-8)K,(1/2 K+1,-1)-2V K.
0 1AL A2~ K 12+ K +1,-1) (e 1)
<pn,k(UNIy k(€))

<1—oFi (1, (1/2 - o)K, (1/2+e)K+1,-1)- 27 . ((s +i{/2>K)’

ede o F1(a,b,c,d) — cunepecomempuueckas Pynryus (cu. [8]).
Las nexomopoti xKonemanmbt ¢ > 0 8epHO HeEPABEHCNBO

(o)
(I) 1-— 2N/e_t2dt cexp(2e’K +¢)) < un xk(UNIy k(2))
K
<1- /e_tzdt exp(2e’K — ¢)).
K

3amerum, uro ouerka (II) rpybee, HO BeInHMCcaHa B Golee ABHOM BHIE,
gem onenka (I).

HokazaTenscTBo. IlockoabKy Mepa (i, x PABHOMEDPHA, HaM JOCTaTOIHO
HAUTHU OLEHKY CBEDPXY MU T0JU (Cpenu BCEX CUCTEM) TeX CUCTEM yDaBHE-
Huit, 115 KoToperx M/K > (4 4 ¢€), TO eCTh Tex CuCTeM, B KOTOPBIX JOMA
YPABHEHUN, BLIIOJIHEHHBIX HA 3aJaHHOM HAa0Ope 3HAYEHUU, GOIbIIe % +e.
[lna 5TOr0 JOCTATOYHO ONEHUTL YUCJI0 CUCTEM YPABHEHUU C 3a(pUKCUPO-
BAHHBIMU JEBLIMU YACTAMU, B KOTOPBHIX J0JA YPABHEHWUU, BHITOTHEHHBIX
Ha 33JaHHOM HAa0Ope 3HAYEHUM, OOJIbIIE % +e.

3adukcupyem Jesbie YacTu Bcex K ypaBHenuu cucremsbl. Janee 3aduk-
CUpYEeM MPOU3BOJIBHLIN HAOOD 3HAYEHUU MEepeMeHHBIX. Bcero Ttakmx Ha-
6opos 2V. O6o3ma MM (>KL) YUCA0 TOJAMHOXKECTB MHOXKecTBa u3 K nie-
MEHTOB, B KOTOPBIX 00JbIe L paeMeHToB. CUcTeMa ¢ 33 aHHBIMU JEBHIMUI
YACTAMU YPABHEHUNU OJHO3ZHATHO ONMPEIENACTCA TeM, KAKUEe U3 YPABHEHUN
BEpHBI [UIA 3aTaHHOrO Habopa. Tem caMbiM, (>(%I+(5)K) €CTh 9UCIO CH-
CTeM ypaBHEHUN ¢ 3a(pUKCUPOBAHHBIMY JEBEIMI IACTAMU, B KOTOPBIX A0
YPABHEHUN, BHIMIOJHEHHBIX HA 33, TaHHOM HA0ODEe 3HAUECHUN, OOIBIIE %—I—a. B

K _ 9K
TEeOPEeTUKO-BEPOATHOCTHEIX TEPMUHAX 3TO IUCJIO €CTh (>(%+5)K) =2"F,,

rae P. — BepOATHOCTH TOr0, 9TO B UCIBITAHWAX BDEPHYILIN C CHUMMETPUd-
Hou MoHeTkou mpu K moabpachbIBaHUAX BBIMTAIET GOJBIIE €M (% +e)K
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“opaoB” . 31eCh UCMONB3YETCA OTCYTCTBAE YPABHEHUN C O TUHAKOBBIMY Jie-
BBIMEU YaCTAMHU. DTO YUCIO MOYKHO SIBHO BHIMNMCATL KAK 3HAYEHNE TUTEp-
reoMeTpudecKou pyHKuuy (/s yIpOIIeHUs OO03HAMEHUA IPEIIIOI0KUM,
aro mcio (1 + €)K nenoe):

(> drom)

:2K((% fg)K)zF1 <1, <%+5K) ij <%+5>K+1; 1>.

OTMeTnM, 9TO KaXKIYyIO CHCTEMY MBI MOCIUTAMN, BO3MOXHO, HECKOJIBKO
pas, mO He Gomxee uem 2V pa3z u He MeHee OgHOrO pasa. M3 3TOro Mer
nosxy4gaem Tpedyemsbie onenku (I).

Takxke BepOATHOCTHL . MOXHO ONEHNTHL CBEPXY W CHU3Y, MCTIOMb3YA
onenkn Jlnrrasyaa [9,10]:

P. = /e‘t2dt cexp(2e2K + cK~ Y2+ O(K™Y)).
K

KOHCTaHTa ¢ MOKET OBITH BLITMCAHA ABHO, HO MBI OTDAHIMMHMCA 3aMe-
wanmem, aro ¢ < 0.6. 3 roro, uro Bemmamuasr cK /2 + O(K ') orpa-
HIYEHBl CBEPXY U CHEH3Y KOHCTAHTOH, ciemxyeT, uTo onenku (I) BiekyT

ouenku (II). O

OTmernM, 9TO Mepa [N,k He ABIAETCA ECTECTBEHHOM, B TOM CMBL-
clIe, 9TO OHA He TOPOXKIACTCA €CTECTBEHHBIM CTOXACTUYECKUM IIPOIEC-
COM. DTy MEPY MOXKHO MOPOJUTH TPOIECCOM, KOTOPHIU JOGABIACT HOBOE
YDABHEHHE K MHOXKECTBY YK€ MMEIOIIUXCA, HO MMEHHO TO yCIOBHE, UTO
YPABHEHHUE HE BXOAUT B MHOKECTBO YK€ UMEIOIINXCA, U He ABIACTCA €CTe-
CTBCHHDLIM.

Huke MBI MOKaxeM, 9TO NOKA3ATEILCTBO TEOPEMHI | MpPOXOAUT /A
60JIee MUPOKOr0 KIACCA 3a0a9 U MED HA HEM ¢ HEKOTODPBIMU YCJIOBUAMU
CHMMETPHYIHOCTH, a UMEHHO miA knacca I'y 3azad suga I'(Cy i, p), rae
pacrpeeseHre P ¢ PAIMOHAILHLIMHA ITOJOXKATEILHEIMA KOMIIOHCHTAME 1
aucno ypapaenuni K npoussoabrer. Kimace Mep onpenenseTcs ¢ IOMOMbIO
CJAEIYIOMAX MAPAMETPOB.

Sapuxcupyem Tpu KoHCTaHTH (N), 0 < §(N) < 1, N < Kpin(N) <
Knax(N). Oupenennm ycnoBusa Ha Mepy Vy Ha CIETHOM MHOXKECTBE ONTH-
Mu3anuoHHEX 33434 Buga ['(Cn g, P), rae qucao ypasuenun K mpoms-
BOJIBHO:
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(1) mepa sagaum (Mepa OJHOTOYEIHONO MHOXKECTBA) HE 3ABACAT OT
OPABLIX JACTEN BXOANMAX B HEE YDABHEHUN (CUMMETDHA);
(2) mepa MHOXeCTBa 3a4ad C 4UCIOM ypaBHeHun K, ymgoBreTBops-

oM HepaseHcTBaM Kpin (V) < K < Kyax(N), npesoimaer
1—4§(N).

[IpuseneM mpuMep €CTECTBEHHOU BEpOATHOCTHON Mephl Ha Kiaacce [y,
KOTOpas yIOBIETBOPAET yCIoBuio (1) paBHOMEPHOCTH CYKEHHA MEpHI Ha
330391 ¢ (PUKCUPOBAHHLIMHA JEBLIME JacTaME ypasuenun. CocTaBum cu-
cremy m3 HE Goaee ueM K pasaudHbIX ypaBHEHUE caenyomum o6pasom: K
pa3 BEIGUPAEM PABHOMEDHO M HE3ABUCHMO OTHO U3 BO3MOXKHEBIX Y PABHEHW.
OT MoIyYeHHOU TaKUM 00PAZOM CIYIANHON CUCTEMBI 13 K | BOBMOXKHO MO~
BTOPAOIINUXCA, YPABHEHUN MEPEXONUM K ONTUMU3AINOHHON 3aade BUIA,
['(Cn,kx’, ) €O crydamubiM uncaoM ypasHenut K/ < K, rjie BepoATHOCTD
pj, 1 < j < K', nponopiuoHalbHa IUCIy IOBTOPEHNH COOTBETCTBYIOMIEr0
YPABHEHUA PAHEE MOCTPOEHHON CUCTEMEL [I0CKOMBKY HA KAXKIOM IIAre Be-
POATHOCTDL BHIOPATH YPABHEHUE PABHA BEPOATHOCTH BHIOPATH YPABHEHUE
C TOU XKe JCBOU YACTBIO U IPOTUBOIOJIOKHON IIPABOU, TAK ONpEIeJIeHHAA
Mepa yAOBJICTBOPAET yCaoBuio (1) pABHOMEPHOCTH CYKEHUA.

Iokazxkem, aTo 5Ta Mepa ygoBaeTBopsier ycaosuio (2). Buibepem

Koin(N)=(1—6)K 1 Kpax(N) = (1+e)K.

s ouenxu mapamerpa ommOku §(N) OymeM UCIOTB30BATH ONEHKHA XBO-
cToB pacnpenenennin Bepuymin; Hanpumep, Teopema 1.5 us [11] gaet rpy-
6yto onenky 6(N) < K_Twe_52K/6 mpu K < N?/2u 3/K < e < 1/12.

[ popMmyImpoBKE TeopeMsbl 2 BBegeM cuaexyomume obosuaqdenus. [lo-
noxuM a(I'(Cn i, p)) pasusv pasuocru Val (I'(Cn g, p) — 1/2. Dukcu-
pyem € > 0. Paccmorpum MHOXKECTBO cucTeM

UNIy k() = {T(Cn.x,p) : a(T(Cn k,P)) < €}

Teopema 2. Duxcupyem € > 0. ITycmv mepa vy ydosaemeopiem ycao-
suan (1) u (2). IIpu cayuatinom (no mepe vy) svibope 3adauy I'(Cwn x, P)
seposmuocms VN (UN Iy g (€)) mozo, umo pasnosepoamnbiii 6bi60p Azen-
MOM WUCTbIE cmpame2uti A6AKEMCA €20 E-0NMUMGALROT cmpameauel,
empemumesn k€ 1 npu N — 0o u K/N — oo.
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A UMEHHO, MEPA VN TMAKUL CUCTNEM y(?oe,/zemeopﬂem Hepaserncmeam
K .
I) 1— 2N Kuin i
( ) ((5 + 1/2)Kmin)
x o Fi(1,(1/2 — &) Kmin, (1/2 + €) Kpin + 1, —1) — §(N)
<vN(UNIy k(e)),
K,
UN(UNTY () < 1 — 2 Kmax max )
MUN T c(6)) iy
X o F1(1,(1/2 — &) Kmax, (1/2 4 €) Kmax + 1, —1) + §(N).

Laa nexomopot xoncmanmut ¢ > 0 8epro Hepasencmaeo

o0
am 1-2% / e dt - exp(26”Kin + ¢) — 6(N) < vn(UNIy g (€))
Kmin
(o)
<1- / e~ dt - exp (26 Kmax — ¢)) 4+ 6(N).
Kmax

MokazaTeabcTBo. Brioepem uncao K’ m Bmibepem K’ JeBBIX wdacTen
ypasHeHnun. PaccMoTpuM Mepy, HHAYIUPOBAHHYIO MEPOH V' HA CHCTEMAX
¢ BBHIOPAHHBIME JeBEIME dacTAMU. Umcro Taxnx cuereM pasHO 25 | w mo
ycaoBuio (1) MHAyUIMpOBaHHAS HA YTUX CACTEMAX MEPA ABIAETCA DPABHO-
mepuon. Taxum o6pazom, npumenumel ouenku (I), (II) g paBmomepnon
Mephl U3 TOKA3ATeIbCTBA TPEABIIYIICH TeOpeME! 1.

3aMeTuM, 9TO DTH ONEHKN MOHOTOHHO 3aBUCAT OT K/, a coracHo ycio-
Buio (2) HepaBeHCTBA Knin < K < Kyax BRIIOTHAITCA HA TIOIMHOXKECTBE
meper He MeHee 1 — §(INV). Tem cambiM, HUXKHSS OLEHKA B Teopeme 2 110-
JY9IaeTCA W3 HIKHed onenku B Teopeme 1 samenon K ma K, w BerauTa-
uuem ommbku §(N). AnamorudusiM 06pa3oM, BEPXH:A OLEHKA B TEOPEMe
2 moaydaeTca M3 BepxXHenW omeHku B TeopeMme 1 zamenon K mHa K., u
gpobasmenreM ommokn §(N). O

3aMeTHuM, YTO 3TU TEOPEMBI BAEKYT U TEOPETUKO-UT'POBOU PE3YJILTAT.
IMocMoTpuM, 9TO B UTPOBOU 3aade O3HAYAET C TOYKM 3peHus [Ipuporst
TOT (paKT, ITO PABHOBEPOATHAA CTPATErUsA ATeHTa £-ONTUMAILHA, B O TH-
MU3AIUOHHOU 3agade mpu GukcupoBanHou crpareruu [Ipuponsr p. Pas-
HOBEPOSATHAA cTpaTerus AreHTa AaeT eMy BBIArPHIL 1/2) u TeM caMbiM
onTUMaabHAs cTparerus AreHTa mpoTus gaHHOU crpaTeruu [Ipuporbt
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JaeT eMy BHIMTPHINI He Gomee 1/2 4+ €. Jlna urpoBon 3a1a4M 5TO O3HAYA-
eT, 9TO JaHHAs CTPATEruA rapanTupyeT [Ipupoge Tpourpwit e GOIbIe
1/2 + e. Tax xax npourpsun IIpupoas: He Mensmie 1/2, 3Ta paBHOMepHAs
crpaTerus e-onTuManbua u 1 [lpupoasr. Takum 06pasom, mapa paBHO-
MepHBIX cTpaTerui Arenra u IIpupoasr o6pasyeT e-paBHOBeCHE.

§5. HEYJYYIIAEMOCTb PABHOBEPOSATHOM CTPATEIUMN ATEHTA
B KJIACCE D®PEKTUBHO BBIYUCINMBIX CTPATETUN

B srom pasgene mbl onupaemcs Ha pesyabrar Xacrapga [6], koTopbii
YCTAHABAMBAET, 9TO mpu pukcupoBanuoM £ > 0 N P-TpynHo y3HATE, Cy-
IIIECTBYIOT JU 3HAYCHUA MEPEMEHHEIX, A KOTOPBIX CIIPABEINBEI HE MEHEe
(1/2 4 ) K ypaBHeHWN B IPOM3BOJLHON CUCTEME BUAA ().

MMosacuum MoTuBatmio XacTama U METOABI, UM UCHOJb3yeMbIe. Vcmomn-
3ys npeobpasosanue Pypoe, Xacra [6] gan KOHCTPYKIMIO BEPOATHOCTHO-
nposepsiemoro gokasareascrsa (PCP, probabilistically checkable proofs,
cM. yuebuux [12]) ¢ MunmmanbabiMu mapaverpamu. OOBMHO OPOBEDPKA,
TOKA3aTeIbCTRA, MPEATIONAraeT, YTO AMTOPUTMY Ha BXOJ TOTAeTCA BCe M0~
Ka3aTeNLCTBO [MEJIUKOM U AJTOPUTM YATAET BECh TEKCT TOKA3ATETLCTBA.
BepoaTrocTHO-IpOBEPAEMOE TOKABATEALCTBO — BTO TOKA3ATEILCTBO, IIe-
PENMCAHHOE TAKAM 00pPA30M, IYTO MOIADUIUPOBAHHEIN AICOPUTM IIPOBE-
PAET ero, ciyvYauHbM 06pa3oM BHIOpPAB U3 HEro 3 GUTa, HAXOAS OUIMOKY C
BEPOATHOCTBIO Gomble 1/2 — €.

Muuyp [13] mpemnoxuna HOBOe albTEPHATHBHOE MOCTPOEHNE BEPOST-
HOCTHO-TIPOBEPAEMBIX OKA3ATENLCTE, UCIOIL3YIONIEe TDADBI-3KCIIAH e~
PBL.

OrmeTuM, 9TO, XOTA PasMep MOCTPOEHHLIX BEPOATHOCTHO-IIPOBEPS-
eMBIX [I0KA3aTeThCTB orpannmden semmuanmuoit n X (logn)?(M) | rae n — mmu-
HA KJIACCUYIECKOTO TOKA3ATEIbCTBA (B KOHCTpyKumu [[uHyp), KOHCTAHTA,
Bxoaaman B O(1), MOKeT OBITH BECBMA BEIHKA.

MEr nCIonbp3yeM SKBUBAIEHTHYIO EPE(OPMYIUPOBKY PE3YILTATA Xa-
CTa a8, yTBEPK JAIOIIYI0, 9TO I PACCMATPUBAEMOrO HAMU KIACCA ONTH-
MU3AIAOHHEIX 33039 MOCTPOEHUE ONTUMAILHOIO PENIEHUA ACHMIITOTHIE-
CKHM CTOJB e CIOXKHO, KAK U MOCTPOEHUE PEIIEHUS ¢ HEKOTOPOU HAMepe
3aJaHHOM TOYHOCTBIO.

[Manee b mpegnonaraem, 9to Ilpupona BLIbupaeT ypaBHEeHHUA C PABHEI-
Mu BeposTHOCTAME P: p; = 1/K, j =1,..., K. Huxe napamerp 3agaiu
p omyckaercs.
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Paccmorpum mogcemencrso I'i_. = I'_.(Cwn k) 3azau ['(Cy k) Buga
(*), B KOTOPHIX ONTUMAJBHBIN BHIATPEII AreHTa 60JbIne win pases 1 —¢.
IlepedopmyaupoBka peayabTara XacTaga. [lycmv ¢ > 0 durcu-
posano. N P-mpyduo natimu cuewannyro cmpamezuo Azenma, darouwyio
emy sviuepuius we menee 1/2 4+ ¢ 6 w060l zadaue cemeticmea I'y ..

CaeacrBue pesyabTaTta Xacraga. Ilpednoaoscum, umo P # NP.
IIyems € > 0 gurcuposano. He cywecmseyem “sfdexmusno sviuucau-
moti” cmewannol cmpameauu Azenma, daroweti emy sviupbiuL He MeHee
1/2+¢ 6 npoussoavnoti 3adaue I'y_., mo ecmb ne cywecmeyem paboma-
0UE20 36 NOAUHOMUGADHOE BPEMA AAZOPUMMG, PEAAUYIOULE20 CIMPAME-
2w, darowyto Azewmy sviuepviws ne menee 1/2+¢ 6 npouzsoavnoi 3adaue
..

Asroper Gaarogapust Pegopy CaHIOMUPCKOMY 3a IEHHBIE KOMMEHTA~
PUU U JUTEPATYPHBIE CCBLIKU.
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Gavrilovich M. R., Kreps V. L. On a class of optimization problems
with no “effectively computable” solution.

It is well known that large random structures may have nonrandom
macroscopic properties. We give an example of nonrandom properties for a
class of large optimization problems related to the computational problem
MAXFLS= of calculating the maximum number of consistent equations
in a given overdetermined system of linear equations.

For this class we establish the following. There is no “efficiently com-
putable” optimal strategy. When the size of a random instance of the
optimization problem goes to infinity, the probability that the uniform
mixed strategy is e-optimal goes to one. Moreover, there is no “efficiently
computable” strategy that is substantially better for each instance of the
optimization problem.
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