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Abstract. We give conditions ensuring the boundedness of Hausdor� operators on Morrey-
type spaces. Sharpness of the obtained results is studied, and classes of the Hausdor� operators
are described for which the necessary and su�cient conditions coincide.

1 Introduction

The Hausdor� means are known long ago in connection with summability of number series. It
is also worth mentioning that many classical operators are particular cases of the Hausdor�
ones, the Ces�aro means (the Hardy operator) among them. However, modern theory of these
operators has begun to develop quite recently, [14] is a recognized base point.

In the previous episodic works Hausdor� operators were considered mostly on Lebesgue
spaces. The main feature of today study is a variety of spaces on which the boundedness of the
Hausdor� operators is proved.

The main step in [14] as compared with preceding works was involving the real Hardy space
in place of the Lebesgue spaces. Further results are surveyed in detail in [13] and [6].

In the present paper the Morrey-type spaces are the main �eld on which the game is played.
These spaces have already come to light in line with Hausdor� operators (see, e.g., [10] or [8])
but surprisingly not in straightforward estimates of the norms of operators.

Originally, the Morrey space was introduced by Morrey in [16] while studying some quasi-
linear elliptic partial di�erential equations. More general Morrey-type spaces are de�ned as
follows. Let 0 < p, θ ≤ ∞.

The local Morrey-type space LMλ
pθ, where

λ > 0 if θ <∞ and λ ≥ 0 if θ =∞, (1.1)

is the set of all functions Lploc(Rn) for which



‖f‖LMλ
pθ

=

(∫ ∞
0

(
‖f‖Lp(B(0,r))

rλ

)θ
dr

r

) 1
θ

<∞

if θ <∞ and

‖f‖LMλ
p∞

= sup
r>0

‖f‖Lp(B(0,r))

rλ
<∞.

The global Morrey-type space GMλ
pθ, where

0 < λ <
n

p
if θ <∞ and 0 ≤ λ ≤ n

p
if θ =∞, (1.2)

is the set of all functions Lploc(Rn) for which

‖f‖GMλ
pθ

= sup
x∈Rn

(∫ ∞
0

(
‖f‖Lp(B(x,r))

rλ

)θ
dr

r

) 1
θ

<∞

if θ <∞ and

‖f‖GMλ
p∞

= sup
x∈Rn

sup
r>0

‖f‖Lp(B(x,r))

rλ
<∞.

If θ =∞, then GMλ
p∞ ≡Mλ

p is the classical Morrey space.

If λ = 0, then LM0
p∞ = GM0

p∞ = Lp(Rn). Also, in the limiting case λ = n
p
, GM

n
p
p∞ =

L∞(Rn). If conditions (1.1) and (1.2) are not satis�ed for the local Morrey-type space LMλ
pθ,

the global Morrey-type space GMλ
pθ respectively, then these spaces are trivial (consist only of

functions equivalent to 0 on Rn).
As for the Hausdor� operators, we consider them in one of their most general forms

(Hf)(x) = (HΦf)(x) = (HΦ,Af)(x) =

∫
Rn

Φ(u)f
(
xA(u)

)
du, (1.3)

where Φ is an averaging function and A = A(u) = (aij)
n
i,j=1 =

(
aij(u)

)n
i,j=1

is an n× n matrix

with the entries aij(u) being measurable functions of u. This matrix may be degenerate at most
on a set of measure zero; xA(u) is the row n-vector obtained by multiplying the row n-vector
x by the matrix A.

In the last three decades there is a lot of interest in studying boundedness of various opera-
tors of real analysis (maximal operator, fractional maximal operator, Riesz potential, singular
integrals, etc) in Morrey-type spaces and general Morrey-type spaces. For references, see the
recent surveys [4], [5] and monograph [1].

This paper is devoted to the study of the boundedness of Hausdor� operator (1.3) in the
local and global Morrey-type spaces LMλ

pθ, GM
λ
pθ respectively. We present the obtained results

but omit details concerning the proofs, which will appear elsewhere.
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2 Boundedness of Hausdor� operators

In fact, general Hausdor� means of a Fourier-Stieltjes transform were introduced in [7], but
only in L1. In the real Hardy space on R, for the Hausdor� operator de�ned, by means of
ϕ ∈ L1(R), as

(Hf)(x) = (Hϕf)(x) =

∫
R

ϕ(u)

|u|
f
(x
u

)
du (2.1)

the boundedness of this operator taking H1(R) into H1(R) was proved in [14].
Observe that, as in [7], in [2]-[3] and [15] similar problems are considered for the Hausdor�

operators de�ned by suitable measures, while (2.1) is a particular case of absolutely continuous
measures. Here and in what follows we restrict ourselves to the latter case for the sake of
brevity and convenience; we are aiming at a di�erent generality, more transparent in a simpler
setting. Extensions to arbitrary measures go through as in the cited papers.

Since our main goal is the multi-dimensional setting, we shall use a somewhat more advanced
one-dimensional version of the Hausdor� operator, apparently �rst introduced in [10]:

(Hf)(x) = (Hϕ,gf)(x) =

∫
R

ϕ(t)

|t|
f(g(t)x) dt .

It contains (2.1) as a particular case, while (1.3) is one of the possible general multivariate
extensions.

Theorem 2.1. Let 1 ≤ p, θ ≤ ∞, ϕ be a Lebesgue measurable function on R, g be a Lebesgue
measurable function on R such that g(t) 6= 0 for almost all t ∈ R, and for each set D ⊂ R of
measure 0 the set g−1(D) is also of measure 0.

If (1.1) is valid, then the condition

A(ϕ, g, λ, p) =

∫
R

|ϕ(t)|
|t|
|g(t)|λ−

1
pdt <∞ (2.2)

is su�cient for the boundedness of Hϕ,g on LM
λ
pθ and

‖Hϕ,g‖LMλ
pθ→LM

λ
pθ
≤ A(ϕ, g, λ, p).

Moreover, if ϕ(t) ≥ 0, t ∈ R, and ϕ is not equivalent to zero on R, then condition (2.2) is
necessary and su�cient for the boundedness of Hϕ,g on LM

λ
pθ and

‖Hϕ,g‖LMλ
pθ→LM

λ
pθ

= A(ϕ, g, λ, p).

If (1.2) is satis�ed, then the above statement holds with the space LMλ
pθ being replaced by the

space GMλ
pθ.

In the multidimensional case the situation is, as usual, more complicated. As is mentioned,
we consider the Hausdor� operators (like in, say, [11] and similar to [3] and [15]) to be of one
of the most general forms (1.3).

Let ‖B‖2 = max|x|=1 |BxT |, where | · | denotes the Euclidean norm and B is an n×n matrix.
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Theorem 2.2. Let 1 ≤ p, θ ≤ ∞, Φ be a Lebesgue measurable function on Rn, all the entries
aij(u) of the matrix A(u) be Lebesgue measurable functions on Rn, and for each set D ⊂ Rn of
measure 0 the set a−1

ij (D) be also of measure 0 for all i, j, 1 ≤ i, j ≤ n.
If (1.1) is valid, then

‖HΦ,A‖LMλ
pθ→LM

λ
pθ
≤
∫
Rn
|Φ(u)| | detA(u)|−

1
p‖A(u)‖λ2 du. (2.3)

Moreover, if Φ(u) ≥ 0 for almost all u ∈ Rn, then

‖HΦ,A‖LMλ
pθ→LM

λ
pθ
≥ C

∫
Rn

Φ(u)| detA(u)−1| ‖A(u)−1‖
−λ− n

p′
2 du, (2.4)

where C > 0 depends only on n, p, θ, λ.
If (1.2) is satis�ed, then the above statement holds with the space LMλ

pθ being replaced by

the space GMλ
pθ.

Corollary 2.1. Let 1 ≤ p, θ ≤ ∞, Φ be a Lebesgue measurable function on Rn, all the entries
aij(u) of the matrix A(u) be Lebesgue measurable functions on Rn, and for each set D ⊂ Rn of
measure 0 the set a−1

ij (D) be also of measure 0 for all i, j, 1 ≤ i, j ≤ n. Assume that for some
c > 0,

‖A(u)−1‖2 ≤ c‖A(u)‖−1
2 (2.5)

for almost all u ∈ Rn, and Φ(u) ≥ 0 for almost all u ∈ Rn.
If (1.1) is valid, then the condition

∫
Rn

Φ(u) | detA(u)|−
1
p‖A(u)‖λ2 du <∞ (2.6)

is necessary and su�cient for the boundedness of HΦ,A on LMλ
pθ.

If (1.2) is satis�ed, then the above statement holds with the space LMλ
pθ being replaced by

the space GMλ
pθ.

Remark 1. Let |λ(u)|min, |λ(u)|max respectively, denote the minimal, the maximal respectively,
of the absolute values of the eigenvalues of the matrix A(u). Since ‖A(u)‖2 = |λ(u)|max, it
follows that condition (2.5) is equivalent to the following one:

|λ(u)|max ≤ c |λ(u)|min (2.7)

for almost all u ∈ Rn.
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3 Examples

Let us start with a multidimensional example where necessary and su�cient conditions coincide
and we thus get a criterion for the boundedness of a Hausdor� operator on the Morrey spaces.
In recent papers, see, e.g., [17], an important particular case of the Hausdor� operator has been
considered:

(H Φ(·)
|u|n ,Ad

f)(x) =

∫
Rn

Φ(u)

|u|n
f
( x
|u|
)
du. (3.1)

Here Ad denotes the diagonal matrix with all the diagonal entries
1
|u| . Since in this case routine

calculations give that the norms on the right-hand sides of (2.3) and (2.4) coincide, Theorem
2.2 reduces to

Corollary 3.1. Let 1 ≤ p, θ ≤ ∞ and Φ(u) ≥ 0. If (1.1) is valid, then the condition∫
Rn

Φ(u) |u|−
n
p′−λdu <∞

is necessary and su�cient for the boundedness of H Φ(·)
|u|n ,Ad

on LMλ
pθ and there exist C1, C2 > 0

depending only on n, p, θ, λ such that

C1

∫
Rn

Φ(u) |u|−
n
p′−λdu ≤ ‖H Φ(·)

|u|n ,Ad
‖LMλ

pθ→LM
λ
pθ
≤ C2

∫
Rn

Φ(u) |u|−
n
p′−λdu.

The same, under assumption (1.2), is true for GMλ
pθ.

Moreover, we can immediately generalize this statement by introducing a somewhat more
general Hausdor� operator than (3.1) by letting the matrix to be diagonal with equal but
arbitrary diagonal entries G(u). We denote this matrix by AG and de�ne the operator by

(H Φ(·)
|u|n ,AG

f)(x) =

∫
Rn

Φ(u)

|u|n
f(G(u)x) du.

Thus, the next corollary is a direct extension of Theorem 2.1.

Corollary 3.2. Let 1 ≤ p, θ ≤ ∞ and Φ(u), G(u) ≥ 0. If (1.1) is valid, then the condition∫
Rn

Φ(u)

|u|n
G(u)λ−

n
p du <∞

is necessary and su�cient for the boundedness of H Φ(·)
|u|n ,AG

on LMλ
pθ and there exist C1, C2 > 0

depending only on n, p, θ, λ such that

C1

∫
Rn

Φ(u)

|u|n
G(u)λ−

n
p du ≤ ‖H Φ(·)

|u|n ,AG
‖LMλ

pθ→LM
λ
pθ

≤ C2

∫
Rn

Φ(u)

|u|n
G(u)λ−

n
p du.

The same, under assumption (1.2), is true for GMλ
pθ.
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