3aInCKU HayTHBIX
cemuuapos [TOMU
Tom 432, 2015 T.

B. E. Akcenos, K. II. Koxacs

YOAJIEHWUE YIUITIOB. URBAN RENEWAL REVISITED

1. Beegenue. Ilycte G — NpOU3BOJILHBIN CBA3HBIN (HEOPUEHTHUPOBAH-
uem) rpad, u nycts A(G) — ero marpuna cmexuoctu. I'padp G moxer
UMEeTH TIETJIN U B3BeleHHbIe pebpa, B ToM caydae A(G) — npousBoabHas
CUMMETPUYIHAS MATPUIA.

B srou 3amerke MBI npepaaraeM KOMOMHATOPHYIO TEXHUKY [Js BLIYH-
caenus oupenenurens det A(G), koropas o6obmaer Tpok “Urban Renew-
al” Kymep6epra u [Ipormma, TpUMEHAEMBIN TPYU MOACIETE MTapOCOIeTAHUN
rpada. U To, u 1pyroe — 5TO BCETO JUIIL BAPUAINY HA, TEMY TIPUBEICHUA
MATPUIBL K OJOYHO- TUACOHATILHOMY BUAILY, IIPABIA, UMEIOIIUE IIPO3PATHBIE
KOMOMHATOPHBIE UCTOJKOBAHMUS.

st Boraucaenus oupegenuress det A(G) MbL BBO UM CHEHUAILHYIO OLe-
panmio — ydasenue wuna. llon wunom H MBI mOgpasyMeBaeM MPAKTUICCKT
TIPOM3BONBHEIN MHAYIVPOBAHHLIN moATpad rpada G. Bepimunbt uuma, us
KOTODHIX BeleT pebpo Hapy Ky (B OCTANIbHYIO 9acTh rpada (), u caMu 5Th
pebpa 6yaeM Ha3BIBATH HaPYHCHbILMU, 8 BTOPBIE KOHIIBI DTUX pebep — KoH-
maxmamu (Ha KOTOPBIE KPEIUTCS 9UIl). He boxee 0gHOr0 pebpa. Yiaaus
u3 rpada G uun H u Bce ero HapyKHBIE pedpa, MBI CPA3y KE BBITOTHAECM
“peMoHT” ocTaBmeroca rpada, T00aBIAA TMepeMbuku (T.e. pebpa ¢ Be-
caMm) MeXIy KOHTaKTaMu. PaCIOT0KeHne 1 BeC MePEMBIYeK 3ABUCAT OT
auna. O603raum vepes G’ rpad, moayaeHHbIz y naneanem u3 rpada G am-
na H u nocrepyiomero pemorTa. OCHOBHOE CBOUCTBO ONEPAIUY Y IATCHUS
YUa, PaIU KOTOPOrO OHA MPUMEHSAETCSI, COCTOUT B TOM, YTO

det A(G) = det A(H) det A(G").

Bo BTopom maparpade Mer Mmoguduiupyem omeparuio Urban Renewal,
Jesiasd ee MPUTOAHON JJA MOJCIETOR OnpeaennTeten. B TpeTbeM maparpa-
(e MBI omuCHEBaEM OOIIYI0 CXeMY yIAJeHNs IUIa, a B 9€TBEPTOM U3y IaeM

Kuawouesbie ca06a: OUpemernTenb MATPUILI CMEXHOCTH, 49UCI0 napocoderanun, “Ur-
ban renewal”, ndadduran, KOMOMHATOPHAA TUHEUHAA AIredpa.

5



6 B. E. AKCEHOB, K. II. KOXACbH

TOAPOOHOCTY YAATEHUS TMPAMOYTOJBHBIX UMMOB. Bce mpuBOamMMBIE KOH-
CTPYKIINM COTIPOBOXK MAIOTCA mpuMepaMu. B maTom maparpade MBI Tpu-
MEHSIEM 3Ty TeXHUKY K IIOCYETy IapOCOYeTaHUN U, B YACTHOCTHU, TOKA-
3BIBAaEM TeopeMy 00 yIaJIeHUN YeTHIPEXKOHTAKTHOI'O YU, 0000IIAIOTY 0
ugen Merona rpadudeckon kougencamuu Kyo.

2. Omnepanus Urban Renewal s onpegemurenen. Ilycts nan (me-
OpUEHTHUPOBAHHBIN) Tpad G, A KaxkaIoro pebpa KOTOPOro 3aJaH BEC —
POM3BOJIBHOE BemecTBennoe uucao. Ilapocouemanue — 310 Habop pebep
rpada, pa3buBAOIIMA €r0 MHOXECTBO BEPIIUH HA TAPHI, 6€C NAPOCOUEM -
HUA — DTO MpousBeeHue BecoB ero pedep. CyMMy BECOB BCEX HapoOCOUe-
rauun rpada G obosrauuMm depes M (G).

Jlemma. ITyems epad G codepacum nodepad H, uzobparcenmuvils na puc. 1

caesa, npuuem 8 epagdie moeym Obimv pedpa, He NOKAZAHHBIE KA PUCYHKE,

HO 6CE UEPHbIE BEPUUHBL UMEN, CMENEHD 3, M.€. 6CE UL PEOPG YKA3AHbL.

3amenum amom nodepad na nodepad H', uzobpancennviii na puc. 1 cnpa-

6a, 2de noevie 6eca 3adamca Gopmysamu ' = Iy}iwz,y’ = myfwz,z’
Yy w' = —2—. [oayuwennwdi epad nazosem G'. Tozda

zy+wz rzy+twz
M(G) = (zy + zw) M (G").

Dto yrBepx genue npunapiexut Kynepbepry u [Iponmy [5], npeotpa-
30BaHUe, ONMUCAHHOE B jJeMMe, oun HasBaitu Urban Renewal.

Mer moxeM canTaTh rpad G OPUEHTUPOBAHHBIM, TOJATAA, ITO KAXKI0e
ero (HEOPUEHTUPOBAHHOE) PEOPO MPEICTABIACT COO0U Tapy pebep ¢ mpo-
TUBONOAOKHOU opuenTanuen. [lon 1-gaxmopon rpada G nonumaeTcs ero
OPMEHTUPOBAHHLIA MOATPAd, COMEPKAIMA BCE BEPIIMHLI, Y KOTOPOT'O Ka-
JKAad BEPIIMHA WMEET BBIXOMANIYIO CTETeHb | W BXOAAMYIO CTerneHb 1.
Xopormo msBecTHA (CM., HampuMep, [1]) KOMOMHATOpPHAS MHTEPIPETAIIMS
ompeneantens det A(G), Korjga oH BEIIUCAAETCA IO HOPMYJIE

det A(G) = > (-1’ W (m),

iy
O,
N
—0 o)
X/
o H'

Puc. 1. Urban renewal.
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rie CyMMHUDOBaHUE BeIeTca mo BeeM l-gakTopam rpada G, gepes W (w)
obosHaveH Bec 1-pakTopa 7, a 4epes o (7) — KOAMIeCTBO YETHRIX IUKIOB
B T.

Jlemma 2.1. Iycmb epad G codeprcum nodepad H, uzobpaxrcennvlii na
puc. 1 caesa, npuuem 6 epade mozym 6vimb pebpa, He NOKGIGHHbIE HG
PUCYNKE, MO 6CE YEPHbIE BEPULUHLL UMEIOM CMENEHL 3, M.€. 6CE UT Pebpa
yKazanbl. Jamenum 2mom nodepad ma nodepad H', uzobpascennbiii na
puc. 1 cnpasa, 2de noswvie seca 2adaromces Hopmysami
x w z
= — Y , y/: ) Z = 3 w' = . (1)
wz — xyY wz — xyY TY — wz TY — wz
Tozoa
det A(G) = (zy — wz)* det A(G'). (2)

MokazaTeancTBo. Pazobbem Bee 1-paxTopsl rpados G n G’ wa Tpym-
LI, ¥ KOTOPBIX OJWHAKOBO YCTPOEHO mepecedenue ¢ moarpadavu H n H'
COOTBeTCTBEHHO. [locie »TOro MpeabABUM B3AWMHO OTHO3HAYHOE COOT-
BETCTBUE MEXIY DTUMU IPyNIaMy (& MHOIAA AakKe MEXKAY OTACNLHLIMU
1-axTopaMu), COXpPAHSIOLIEE CyMMAPHBIN BEC.

1) Kaxnomy 1-pakropy rpabda G, IMERIMIEMY MUKILL, TPOXOIAIIAE IO
pebpam x u y B moarpade H, mocTaBuM B cOOTBeTCTBUE 1-hakTOp Tpa-
dba G', B KOTOPOM >TM PparMeHTH IMKJIOB 3aMEHCHBl Ha pebpa ', iy’
(puc. 2 creBa). Ykasauusle (pparMenThl UUKIOB B noarpade H raBaiu
BKJIAXI Y B Bec 1-paxTopa. ITocae saMensl MbI mMeeM Bec 'y’ = W,
a Taxxke MHOXUTeTh (wz — xy)? B TpaBow wacTm papercTsa (2). B uTo-
re BeC He M3MEHWICA. AHAJIOTUYIHO MOCTYTIUM, €CJAU UKLl TPOXOIAT IO
pebpam w, 2.

2) Kaxnomy l-dakropy rpada G, uMenmemMy LJIMHHBIA QUKI, [IPOXO-
IAIMN o pebpaM x, w B moarpade H, w 1MUKI IIUHBL 2, TPOXOIAININN
[0 BEPTUKAIBLHOMY pebpy (puc. 2 crmpasa), MOCTABUM B COOTBETCTBUE 1-
daxTop rpada G, B KOTOPOM 2-IIMKJI OTCYTCTBYET, & (PPArMEHT TIMHHOTO
IUK/IA 3aMEHEH Ha mapy pebep 2, y'. Amamormano noctynuMm nia KOH(H-
rypaiu, coaepKammux 2-1MuKI, IPOXOIALMEA 10 PeOPY ¥, U ABa, 2-IUKJIA,
IPUMBIKAIOWUX K pedpy x (puc. 2 CHU3Y), a TakkKe M MOXOXKUX KOH-
durypanuu. CoxpaHeHnne Beca TPOBEPACTCA TAK XKe, KaK B MPEIBIIYIIEM
MIYHKTE.

3) Cobepem B oxuy rpyuiy l-gpakrops rpada (G, KOTOPLIE COBIAIAIOT
Bre rpadga H u npu sToMm cogepxar Jub0O MUKJ, IPOXOLAIIAN 10 peGpaM
z, y, w (maroomun Bkaan yzw B Bec l-paxropa), mubo 2-uukia no pebpy
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|
|

Puc. 2. IlepectpanBaem 1-paxkTophI.

Y W IIMHHBIN UK, TPOXOASAN depe3 x (u garommi praag ry>). Cre-
IyeT MMETh B BUIY, UTO DT ABE KOH(PUTYPAINU MMEIOT Pa3HBIC 3HAKWH,
OCKOMBLKY KOJIMYIECTBA MUKIOB B HUX OTAndaroTcsa Ha 1. Kaxmon rpym-
ne conocraBuM 1-pakrop B G, kKoropei BHe rpada H ycrpoeHn Tak xe
(1 moPTOMY BKJAAJ BHEILIHEM YaCTU OLUH U TOT XK€ M BCEX YIOMSAHYTHIX
1-paxTOPOB) U IPU BTOM COAEPKUT pedpo x’ (puc. 3 ceepxy). OmATL MOITY-
JaeM PaBEHCTBO BECOB, MOCKOMBKY yzw —xy> = (wz —xy)?z’. Amatornaro
pasbupaerca “IBOMCTBEHHBIN CIydan (puc. 3 cHu3y).

4) Anasoruduno pasbuparorcs ocrasmmecs BapuadTel (puc. 4). OrTme-
TUM TOJBKO, YTO IPABLIA MUK, MOKA3AHHLEIA Ha pUC. 4 CBEPXY, U JIEBLIN

Puc. 3. IlepecrpauBaem rpymnmsl 1-gpaxTopos.
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Puc. 4. OcranbHuble 0TOX JeCTBICHNA.

OUKJI Ha PHUC. 4 CHU3Y MOOJIZXKHBI PAaCCMATPUBATHCA C 00eMI BO3MOXKHBI-
MU OPUEHTAIMAMHA, ITO VIBAUBAET UX BKJIaI. PaBeHCTBO BecoB Ha puc. 4
o6ecnemBaeTcea Toxaectsamn 1 = (wz —ay)2 (2 y> +w'?2'* — 22’y w' ')
u 22y? + w?2? — 2zywz = (wz — xy)?. O

3ameuanme. [Ipeobpazosanue (z,y,z,w) — (2',y, 2", w’), sagannoe
dopmyaon (1), naBoaoTuHO. MHOXUTEIN U3 GOPMYILL (2) yIOBIETBO-
psoT cooTHomenmo (Y — wz)?(2'y’ — w'2')? = 1.

Jemma 2.2. ITycmov 6 epade G umeemesa 8epuiuna v, CMENCHA[ € 6ECPULL-
namu mroncecmea Vy = {v1,...,vn}. Pazobvem mmoxncecmeo V, na déa
HENEPeCeroUWUTCS nodmuoxcecmea Va u Ve u 3aMenum 6epuwuny v Ha
wempiperszeenuviti nymv AC1CoC3B (2de C; — noewvie dobasaennvie sep-
wunbl, pebpa smozo nymu umerom eec 1), npuuem A coedunum pebpamu
co ecemu sepuwunamu uz Vi, a B — co ecemu sepwunamu uz Vg (8eca
pebep makue dce, Kax Obiau y sepwunet v). Hoayuwennwrii epad 0603na-
wum G'. Toeda det A(G) = det A(G).

MokazaTeabcTBo. [locTpoum Guekumio mexay 1-pakropamu rpada G
un l-gaxropamu rpada G, coxpamsoonyio 3nHak l-pakropa. Haa sToro
DOCTATOYHO HAYYIUTHCA HAIEKAIIAM OOPA3OM MEPECTPAUBATDH UKL
...p— U — ¢ — ..., TPOXOIANINE IEPE3 BEPUIMHY U (P U ¢ — IBE BEPIIUHLI
rpada (G, BO3MOXKHO, OTUHAKOBLIE).

Eciu p € V4 u ¢ € V4, TO 3aMEHUM 3TOT UMUK HA AHAJOIMYHBIN UK
B G', mpoxogsamun depes A, v; u v;. Kpome Toro, ro6aBuM gBa HOBBIX
aBysBennnix mukiaa C; — Cy — C) u O3 — B — (5. KoauyecTBo 4eTHBIX
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IIUKJIOB YBEIUYIUIOCH Ha 2, 3HAYUT, OMPEIeINTeNs He uaMenmica. Ciaydan
p € Vg, q € Vp ananorudes.

Ecim xe p € V4 mw ¢ € Vp, 3aMeHEM 3TOT UMAKI HA LOHAKI
o.p—mA—-C, —-Cy, —-C3— B —q— ... Bec nukia u 9eTHOCTL ero
IJIAHLI HE TOMEHAINCE, & 3HAYNAT, OOPEACIATENb HE N3MECHIIC. O

OrMeTuM eme mapy yTBEpKIEHHU O MPeobpPa3OBaHUAX, COXPAHAIOIMINX
onpeneurens [6, reopemsr 2, 3.

Jlemma 2.3. ITycmov 6 epade umeemes pebpo u3 u 6 v seca w. Tozda
ECAlU 3AMENUMD IMO Pebpo wa nymsb daunbt b ¢ secamu pedep 1, 1, w, 1,
1, mo onpedeaumens mampuyvl cmercrocmu 2pada we UBMEHUMCA.

[loka3aTeasCTBO AaHAJIOIUYHO [IPEIBLIYIIEMY .

Jlemma 2.4. ITycmov 6 2pade G umeemea 6epuuna v, CMENCHAA C 6EPULU-
HaMu MuodNcecmea Vi, U 6ePUIUHG W, CMENCHAA C BEPULUNAMYU MHONCECTNEA
Vi U Va. Ydaaum us epada G ece pebpa, sedywue uz w 6 Vi. Onpedeau-
meab MAMPUYbL CMEHCHOCTIY, HE UIMEHUINCA.

W3 »Tom JeMMEL cpa3y ClefyeT, HampuMep, 9TO MpU yIATCHUN BUCATEN
BEPILINHLL U €e pebpa ONpeneIuTeNb MATPUIL CMEXKHOCTH CAeLyeT IIOge-
JUTH HA BEC YIATCHHOrO pebpa. JT0o, BOPOUEM, OUEBUIHO ¢ TOYKK 3PEHUs
1-paxkTOpOB.

Puc. 5. Duamaurer D, u D, .
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Ipumep 2.1. Ilycts D,, — 5TO anTeKCKUN AUAMAHT C BecaMu pedep ,
Y, W U 2z, KaK MOKa3aHo Ha puc. 5 caena. [Jokaxem, 1To

det A(Dy,) = (zy — wz)"" Y

st 5TOr0 MPOAYOGAMpYeM Kaaccudeckoe paccyxaerne IIporma [5], mons-
3yAck JeMmMamu 2.1, 2.2.

Puc. 6. Pazguraem pomoOwI.

IMpuvenum gemmy 2.2 K KaxXI0U BepinHe rpada U packKpacuMm POM-
6l B mwaxMaTHoM nopsixe (puc. 6). B xaxgom uépuom pombe nposeném
Tpu pasa omnepannto Urban Renewal, a B kaxgoMm 6emoMm pombe poBeaém
omepammio Urban Renewal oama pas. [ockoasky mpasmiao (1) mepecde-
Ta BECOB MHBOTIOTUBHO, Ha pebpax Temepsb OyAyT CTOATHL Beca z’, y', w'
u z’ (puc. 7). B pesyabrare BCex omepauuyl OINPEIEAUTENb JOMHOXKUTCS
Ha (ry — wz)2”2, TaK KaK KOIMTECTBO POMOOB PABHO n’. YIATUM OJHO-
¥ TPeX3BEeHHBIE (hPArMEHTHI HA Kpato auamManTa. OT DTOro onpeneinTens
HE U3MEHUTCS, TaK KaK yIalddeMble pebpa UMEeIOT e[UHUIHBIN Bec. Bmecte
¢ yaaneHueM >Tux pparMeHToB 6y 1y T yOpaHbl KPANHIE BEPIIUHBL TXAMAH-
Ta, B PE3yJbTATE OCTAHETCS TUAMAHT, Pa3Mep KOTOPoro Ha 1 MeHbiue, a
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PACCTAHOBKA BECOB AHAJOTUIHA UCXOAHOU (puc. 5 cmpasa). ITO NaeT HAM
UHIYKIIMOHHBIN TTEPEXO.

Puc. 7. IIpumensem Urban renewal.

Ipumep 2.2. Boruucaum onpeIesuTens MATPUAIEL CMEXKHOCTH IUAITHIPA
Cy X Py, 1. A uMeHHO, OOKaxKeM, ITO

m?, ecau m HEeYeTHO,

det A(C4 X mel) =

0, €CJIU 1M 9eTHO.

IMoabsysace aemmon 2.1, GyxeM MOCIEIOBATEILHO YIALATE 4-IUKILL HA,
kpato umuaapa (puc. 8). UTobel u3bexarh IpU BEIMUCICHUAAX HyJIeH B 3HA-
MeHaTeqIX, Oy IeM CInTaTh, ITo pedpa nukia Hy Ha Kparo IMUInHIpa nMe-
0T Beca Ty = a, 2o = 1, Yo = a, wy = 1, a Bce ocTanbHbIE pebpa B Tpade
uMeror Bec 1. Ilociae mpumeHenus ogHOUM ONepanuy KPAUHUHA MUAKI UCIe-
3aeT, U Telepb Ha Kpalo HoaBIseTca HoBLin uuka Hp. Beca ero pebep
paBHEI cymMMe BecOB pebep, KOTOPHIE €Ille M0 ONEPALNK IIPICY TCTBOBAIN
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14 2

1—a?

a
1—a?

1
1 1+ a2—1

Puc. 8. Ynansem muka Ha Kparo HUIAHIPA.

B rpade — a B rpade 66110 yeThIpe pebpa Beca 1 — u HOBBIX pebep, Beca
KOTODBIX PABHBI -7, a21 B cuny opmyast (1). Uraxk,

a 1
—1° 1—a2? a2—1

w; =1+

_ a _ 1 _ a 1
nElttTe At ettt 71

Teneps 10 MHAYKIWKA IPOBEPAETCA, ITO IOCIE 21, IOBTOPEHUN STOU Ollepa-
e (MEAYKOWA ¢ WaroM 2 ya06Ha, OCKOAbKY (GOPMYJIbL HOCJE YeTHOIO U
HEYETHOrO YUCIA ONEPALUI HEMHOI'O OTINIAIOTCA) BECA B KDANHEM LUKJIE
OyLyT paBHEI

na’+a _ _1+2na—na2
2na+1’ F2n = Won = 2na + 1

a TIPOM3BEIEHNE OTIPEIETUTENEN BCEX YOPAHHBIX IIUKJIOB PABHO
det A(Hp) det A(Hy)...det A(Hz, 1) = (2na + 1)

B pesyapTaTe ecmim m weTHO, ckaxemM m — 1 = 2n + 1, To mocme 2n
OTIEpAIINU OT MCXOMHOTO Tpada OCTAHETCA JUIL ONUH 4-TUKI ¢ BECaMu
pebep, ykazauubsiMu Beie. OnpeneanTens MaTPUIBL TAKOTO UK PABEH

(2n+ 1)a + 1)2( iy
2na + 1 “ ’
U, 3HAYAT, UCKOMBIN OMPEICIUTENh DABEH

Ton = Yon = )

(w2ny2n - ZQnU)Qn)z = (

det A(Ho) det A(Hl) ...det A(Hgn)(l‘gnygn — 22nw2n)2
= (2n+1a+1)*(a—1b)>

IIpu @ = b = 1 »T0 BRIpakenne pasuo 0. Eciau xe m HeIeTHO, AHATOTUIHO

TTOJIyYaeM, YTO ONPeNeJnTeNb PABEH ((m —la+ 1)2, unpu ¢ = b =15T0

BBLIPAXKCHUE PABHO M2,
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3. O6mas cxema ypganenus umna. llyctes gam rpad G. Jun H — 510

MPOM3BOJBHBIN HHIYyIAPOBAHHE TOATpad rpada G. Bepmuusr uuma, us

KOTODLIX BegeT pebpo Hapyxky (B ocraibHyoo dacTb rpada G), Gymem

HA3BLIBATE HAPYHCHbLMU BEPIIMHAME, & BTOPBIE KOHIIBI 3TUX PE6Ep — Kok-

maxmamu (HA KOTOPBIE KPEIUTCA UIL).

IIyctes wun H cogepxut h Bepiint u k KOHTAKTOB; PACCMOTPUM B 610~
HOM Bue MaTpuny cmexuocTn A(G):

A(H) K

AG = KT L

0 *

rae K — 6mok h X k, oTBeYalOmnN 3a TMPUCOSIUHEHNE UUMa K OCTABIIE-
myca rpady, L — 610k k x k, sagaromun pebpa rpada G, coequHAOmIe
KOHTAKTHI (OH MOXeT OBITH HYJEBLIM), & 3BE3I0UKAMU OOO3HAUEHLI 3Je-
MEHTEI, OTBEYAIOIINE 38 OCTAILHLIE pebpa BHe duia. JOMHOXKUB CaeBa Ha,

0
| (3)

AH)™ 00
vatpuiy D = o Eo0 |, MBI 100bEMCS TOrO, 9YTO B TTPABOM BEPXHEM
0 O0E
" E AH)'Ko0
yruy 6yIeT pacloIoKeH e TMHIIHLIN OM0K h X h: | gt I « |- Temepn
0 * *

BBLIYTEM IIOAXOIAMNE CTPOKU, ITOOBI IOJHOCTLIO 3aHyIUTEL 60K K T, mpu
DTOM M3MEHUTCA TakxkKe u OJoK L, moryduTes MaTpuia

E AH)'K 0

0 L |, rne L=L-KTAH)'K. (4

0 * *

Haxomer, gomuoxus ciesa #Ha D~!) Mbr “Beprem o6patro” 6aokx A(H) u
A(H) K 0
IOIYIUM MATDPHUILY 0o T x |- VI3MeHeHMsa, KOTOpBIE IPOU3ONLIN C HJIO-

0 * ok
KOM L, MBI HCTOJKOBLIBAEM KaK “PEeMOHT” mau “yCTAHOBKY MEPEMBITEK’,

T.e. IPOBENEHNE NOMOJIHATENLHEIX PEOEp MEeX Iy KOHTaKTaMu. Beca »Tux
pebep ykaszannr B maTpune —KTA(H) LK. T'pad, momryvIenHLi B pesy.ib-
Tare peMOHTa, 0603HaMM (', OYeBUIHO, ONPEACINTETL MATPUIILT HE 13-
MEHWJICA B Pe3yabTaTe HANMWX ACUCTRUAU, a MATPUIA (E I) — TO B TOY-
HOCTU MaTPULA CMEXKHOCTH oTpeMOHTHpoBanHOro rpada A(G'). Takum
obpazom,
det A(G) = det A(H) - det A(G').

Kax HeTpyHO BUAETH, OCHOBHOE IPENATCTBUE NI KOMOMHATOPHOU WH-

TEPIPETAINN STUX ANre6pamTecCKnX MPeo6pPa30BaHNT — CAOKHBIA BAI Ma-

tpuner A(H) L.
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IIpumep 3.1. Yxanenue rpada K3 3. [lycts aun H — 5T0 meCTUBEPIITIH-
B Tpad “MeCTUYTOTBHUK ¢ TPEMs TVIABHLIMU AUATOHATIAMU , U3 BCEX
BEPIIMH KOTOPOrO BEIXOAUT HAPYXKY 110 OMHOMY pebpy, Beca pebep, Jexa-
IIUX HA CTOPOHAX IIECTUYTOJBHUKA, PABHBI b, & Beca AUATOHAJIEH PABHLI
¢ (puc. 9).

O6osnaaum gepes S(b, ¢) BecoBy maTpuily cmexkHocTu unmna H. 3a-
MEYIATEIBHO, 9TO (DTO PE3YIbTAT MPAMOTO BHIYUCICHIA)

—1 / / / b / b + c

S(b,e)”' =S, ), rme b_2b27bcfcz’c__2b2fbcfcz'
Taxum 0GpaszoM, MOCIe YIAICHUA UM CIEAYET TMOCTABUTL HA KOHTAKTHI
MEPEMBIMKY, ITOOBI MOJYyUIWICA rpad TOrO XKe BUAA, U HABHAYUTHL BECA

CTOPOH PABHBIMU — 5p7—j——5 U BECA IUATOHATCH DABHBIME %ﬂ%

IIpumep 3.2. llpuMeHsa omepamnnio M3 TPEILIIVIIETO TPUMepa, BBITH-
caum ompeneantens det A(Cs X Pp,_1) nmiueapa, a UMEHHO, IPOBEPUM,
qTO

det A(Cy x Py 1) = (—=1)™"tm?2, ecmm m me memmTCA Ha 3,

0, ec/In M IeJUTCA HA 3.

[nst 5TOTO GymeM TMOCACTOBATENLHO BLITOMHATE MATH, KAXK BN 13 KOTO-
PBIX — DTO yAaJeHne (-BepIIMHHOTO Tpada Ha Kpar MTUIMHAPA (7 mocie-
OYIOUMA PEMOHT ).

IIycrs C = S(1,0) — marpuna cvexnoctu 6-nukiaa, a Ay — marpuna
cMeXHOCTH G-BepIMHHOrO rpada, KOTOPBEIN HAXOAUTCA HA KPAK UINH-
Ipa TMOCJe BHIMOJIHEHUA k maros, B Yactaoctu, Ag = C. B cuny (4)

Ak+1 = C - A;l

o) o]
b/
—b

b/ / b/ b/ —

¢ 2b2 — be — 2
o] o]

% % oo bFe
2b2 — be — 2

Puc. 9. I'pad K3 3 u pe3yabTar ero yIaleHUs:.
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Permmas 5To pexyppeHTHOe COOTHOIIEHNE, HAX0 UM, ITO
Ap = Up(C/2)Ur—1(C/2) 7,
rae Uy — monuuaoMbl YebbimeBa BTroporo poga. Takum obpasom,
det A(Cs X Pp—q1) =det Ag-det Ay - ... -det A,y = det Up,—1(C/2).

OnpegenuTens MATPUIBI — DTO NMPOU3BEIEHUE COOCTBEHHBIX UUCENT, COO-
cTBeHHBIE Yncia MaTpuisl C' — 3TO cos 56@, 7 =1,...,6. Ilo onpenereHuto

__ sinméb

nomuoMa Jebrnmena Up, —1(cosf) = *02%. SuauuT,

6 gin imx
detA(06 X mel) = H 4?;_
L sin X
j=1 3
(Hexoppekrubie apobu mpu m = 3, 6 ciegyer HOHUMATDL 110 HEIPEPHIB-
wvocru.) Ilpu m, geramemMca Ha 3, CIUIIKOM MHOT'O CUHYCOB paBHbL (), mpn
m, He MeNAMEMCA HA 3, BCE KDOMEe HEKOPPEKTHHIX APOOEN COKPAIAETCA,
U MBI TTOTyIaeM OTBET.

IIpumep 3.3. I'pad K44 ¢ Becamu dersipex Tunos (puc. 10) Toxe yga-
JAETCA JOCTATOYHO 5KOHOMHO. O6o3radauM depes S(a, b, ¢, d) BecoByo Ma-
Tpunoy CMEXHOCTH TaKOI'O YTHUIIA. HpHMOG BBIIUC/IEHUE I[IOKA3bIBAE€T, ITO

S(a7 b7 c? d)_l = S(a/’ b/7 0/7 d)7

rie
1 . . 1 .
a = Z(a?’ —2adb—ca+d*c+b*c), b = Z(dzbfdaz-i-QCba*CZd*bS),
o o
| o |
b ;; b
d d
o— ¢ —O0
a c c a
o— ¢ —O0
d d
b b
¢
(¢} (¢}

Puc. 10. T'pad K4 4 Hemnoxo ynansercs.
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1 . . 1 .
d = Z(dzafca2+b2a+c3720db), d = fz(db27a2b+2dca7d3702b),

A =det S(a,b,c,d) = (a+b+c+d)(a—b+c—d)(b°—2db—2ca+d*+a’+c?).

Takum 06pazom, mocse yanenus rpada Ky 4 ClegyeT coeuHuTh KOHTAK-
THI HEPEMBIYKAME TaK, ITOOBL OHU OOpaszoBbBam rpad Ky 4 ¢ Becamm
—a', =V, -, —d'.

4. BrIpezaeM NpaAMOYTOJbHUK.

Onpepgenenne. llpamoyromsaeiM unnoMm H, ,, B rpade G Ha30BEéM ero
MHIYIUpOBaHHLIM moarpad suga Py, X Pp,. Ha nimocrpanusax Mbl pacioJia-
raeM 9uIl M0 JUHUAM CeTKU. [Ipr 3TOM MBI TOMOIHUTENBHO NPEIIOIAraeM,
YTO € OCTABIIEUCS YACTHIO Ipada UUIl CBA3BIBAIOT 21 HAPYKHBIX pedep —
7 TOPU3OHTAJIBHBEIX OTPE3KOB, UAYIIAX BJIEBO, U 7l TOPU3OHTAJIBLHBIX OT-
PE3KOB, UAYIIUX BIPABO OT HTONO MPAMOYTOIbHUKA (puc. 11).

IIpnmep ygamenns ma rpada yuma Hy » peanmsoras B onepannu Urban
Renewal.

IIycre A — marpuna cmexuoctu nytu P,. Torma marpuna cvmexno-
CTHU IPAMOYTOJBHOrO unna H, ,, uMeeT B 6JOIHON MATPUIEL H3 GJIOKOB
pasmepa n X n

A E 0 ... 0
E A E ... 0
A(Hn,m) - . . . . . ; rae A= A(Pm)

0 0 E A
(6] o (? 77777777777777777777 (?
o o - ;
o o - ;
o o Onmmmm e o

Puc. 11. IIpamoyroapupiu qun 4 X 8 u pe3yabTaT ero yIaJeHns.
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Jlemma 4.1. ITyemo Uy (y) — nosunom Tebvruwesa emopozo poda, uucio
2a € R ne asasemes e2o kopuem u B(a) — mampuya n X n éuda

a 1 0 ... 0 O

1 a 1 ... 0 O
Bla)=1|: © .

0 0 ... 1 a 1

00 ... 0 1 a

Tozda evinoanenvl cACOYIOUUE YMBEPHCOCHUA.
1) Hmeem mecmo pasencmso det B(a) = Uy(a/2). B uacmuocmu, ma-
mpuya B(a) obpamuma.

2) O6osnawum B(a)™' = (xi;). Toeda x11 = Tpy = %’ Tip =
_ =yt
Tl = T (a/2)
3) IIyemv B = %B(O), E - edunuunas mampuya pazmepa n X n u
{=2km —2, e2dem =n+1. Toeda
Uea(B)(Ue(B)) ™' =2B,  —(U(B))™" = E. (5)

[JokaszaTeabcTBO. YTBepxkieHue 1) ABIIETCI LIMPOKO U3BECTHLIM (hak-
rom. PopMyabl yTBEPK JeHUsA 2) MIHOBEHHO 0Ty 4aioTcs u3 gpopmya Kpa-
Mepa, A DIEMEHTOB OOPATHON MATPUIIHL.

ToxkmecTBa 3) mpoBepuM B coOCTBeHHOM Oasuce marpunbl B. CnekTp
marpunst B(0) cocTouT u3 cOGCTBEHHBIX UCel 2 cos %, j=1,...,m—1.
ITo oupegenenuto nomuaomos Tedsimesa Uy(cos ) = W. Torga co-
orHowenus (5) CIeAyIOT U3 TPUMOHOMETPUIECKUX TOXKIECTB

2 — N7g ] 2 — nyg
sin G =275 _ o (T g, Bhm = D7)
m m m
2km — 1wy ]
g 2hm—Vmj T O
m m

B wacTHOCTH, U3 JIEMMEBI CI€IyeT, ITO
1
det Hi, = det U, (EA). (6)

ITpumep 4.1. PaccMoTpnM B KadecTBe MPUMepa, yAATeHNe TPAMOYTOIb-
soro uuna (2km — 2) x (m — 1) (puc. 11, nas wunocTpanuyu MbL OUDaHU-
YUIKMCH IpUMepoM pasmepa 8 X 4, r.e. m =5, k = 2)

Urak, nycts rpad G cogepxut wun H = Hopp_2) (m—1), TPACOCTH-
HeHHbII K (m — 1) “korTakram”. O6osnauum pid kparkocru { = 2km — 2.
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Matpunia A(G) B 6109HOM BHIE UMEET BUL .

A FE 0 0| FE 0 0
E A E 0 0 0 0
0 FE A E | O 0 0
0 O E A 0 E 0
E 0 0 0 L11 L12 *
0 0 0 E L21 L22 *
0 0 0 0 * * ok

3Be3noukaMu 0603HaUeHb! 610KU MaTpuisl A(G), cOOTBETCTRYIOMINE pe-
6pam Mex Iy BepumHamu rpada G\ H. Bee 610Kn 3a UCKII0MeHNEM GJIOKOB
IPABOro CTOI0LA U HUXKHEHI CTPOKK uMeroT pasmepsl (m — 1) x (m — 1).
Marpuna cvexsocTu A(H) oTdepkHyTa BCIOMOIQTE/IBHBIMY JUHUAME B
JIEBOM BEPXHEM yIVIy.

B cuny samedanus (6) m BTOporo cootHomenus (5) marpuma A(H)
obpaTtuma n

det A(H zkm—2),(m-1)) = (=1)™ "

IMycre A(H)™! = (X;;) — 6aounas marpuna pazmepa ¢ X { ¢ 6ioxamu
pasmepa (m — 1) x (m — 1). Torga mo memme 4.1

X1 = Xoo = U1 (A/2)Ug(A/2)7" = A,

Xie = Xo = ~Up(A/2) " = ()
10=Xpn=-Uy(A/2)"" =E.

Teneps, caenys oOmen cxemMe y JaJIeHns IUIIa, HaM OCTAIOCH JUIIb YKA3ATh,
KaK IOMeHaICT 6ok L = (f; f;i), OIUCHIBAIOIINNA COCIUMHCHNE KOHTAK-

roB. B cuny (4) ero snemMenThl M3MEHUIUCEH COMVIACHO (GOPMyIaM

T Lll 7X11 L12 7X1[
L= . 8
(L21 “Xn L XM) ®

Takum 06pasoMm, B cuiay (7) PEeMOHT TOCTE YAAJICHUA GUMA, YIUBATEIb-
HO TIPOCT: (JIEAYeT MPOBECTH COBCEM HEOOMBINOE KOJIAIECTBO MEPEMBITEK
Mexay konrakramu (puc. 11), Beca HOBBIX nepembrdek paBubl —1 (B ciy-
9ae, KOrjIa MepeMerdKa IyOIupyeT yKe uMerommeeca pedpo, ee BeC IPoCTo
npobaBiseTcsa K Becy pebpa).
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IIpumep 4.2. B mpumepax 2.2, 3.2 MBI yXe BBIYUCTAIN OMPENSTUTETN
IUINHAPOB. BLrumeanm Temepb onpeneanTensb MATPUIIEI CMEXKHOCTH TTPO-
u3BOALHOTO nmwmmHApa C) X Pp,_1, a UMEHHO, IPOBEPUM, UTO

m, ecau n weverno u HOd(m,n) = 1,
det A(Cy, X Pp—1) = ¢ (=1)™"'m?,  ecam n werno u HO/A(m,n/2) = 1,
0 B OCTATBHBIX CIYYaAX.

STOT pe3yIbTaT U3BECTEH; CM. PABOTY [2], Tle DTO BEIYNUCIEHNE TPOBETEHO
YUCTO aaredpandecKu.

Bripexem 13 nuinH 1pa npsaMoyroabHBIE Ul pasmepoM (n—1) x (m—1).
[Mocae BEIpe3aHUa OCTAHETCA OAUH CTOIOEI U3 BEPIINH, TPABIA, TOABATCA
HOBbIe pé6pa. Marpuua cvexnocru numuagpa A(Cy, X P,,—1) B 61o4noM
BUIE 3ATMCHLIBACTCA KK

A E 0 0| F

E A FE 010
A(CnXPm_l): :

0 0 E A|E

E 0 0 E|L

B seBoM BepxHEM yIily OTYEPKHYTA MATPHUIA CMEKHOCTHU BBIPE3aEMOTrO
anna Hy,—1,m—1, a MaTpuna L B IpaBOM HMKHEM yINIy — 9TO MaTPUIA
CMEKHOCTH OCTAIOUIEr0cs CTOI0NA, O3TOMY Ha camoM jgerne L = A.
Monoxum mas xparkocru fn(z) = Un(x/2), gn(z) = Th(x/2), rae
Ty, U, — muorouwrens: Ye6wmésa nepBoro u BToporo ponaa. O6o3nadnm
A(Hp—1 m-1)"" = (X;;), Torna anatornaso popmyaam (7) (B Hamewm ciry-
qae £ = n— 1 u paboTaeT TOILKO BTOPOE YTBEPXK AeHue JeMmbl 4.1) nveem

Xig=Xpntn-1= faolA) - f, 11 (A),
Xipo1=Xpo11 = (=1)"f, 4 (4).

[Tocse yaamenus 4una u peMOHTA IOy YaeM

AG)Y=L=A—X11 —Xin1—Xn11—Xim1-
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OcTatoch TOCIATATE OTMPeJeTHTeTh 10 KOHIA:
det A(C,, X Pp—1)
=det Hp—1m—1 -det(A — X113 — X1 o1 — X110 — Xi 1)
= det(fn—1(A)) - det(A =2 fro(A) - f1,(A) =2 (=1)" - f,2,(A))
= det(A - foi(A) — 2+ fuo(d) 2. (1))
= det(fn(A) = fn2(4) —2-(-1)"- E)
= det(2g,(A4) —2-(-1)" - E) = 2™ " det(gn-1(4) — (-1)" - E).

3,[[6(}]) MBI BOCIOJB30BaJUCH DEKYPPEHTHBIM COOTHOIIICHUECM MAJd MHOT'O-

wreHoB Yebormesa u popmyaon U, — Up—o = 2T,.

Cob6crBennsie qncia Marpuist A = A(P,,_;) — 10 Habop {2 cos 1& =
1,...,m — 1}. Tax xak g,(2cos(d)) = cos(n - 0), a OHpe,Z[eJII/ITeJIb - 3T0

IPOM3BeeHe COOCTBEHHBIX YHCEN, TTOIyIaeM, ITO

m—1

det (g1 (A) — (-1)" - E) = 1:[ <cos(%) - (1)”>.

n

Ecm n 4éruno, n' = § u HO(%,m) = 1, moxy1aem

€y Py =2 ] (eo(25) - o)

m—1
= (1™ ' ] sin ("”) = (=)™ 'm?.
m
i=1

Ecau n wewérro u HOM(n,m) = 1, To

det A(Cp, X Ppy_y) =2m71 H (cos( ) +1)

—4m1Hs1n 2m—z) —)

2m—1
=4m1 H sm(nm) =m
2m

B ocranpHBIX Cry4dasx IpOM3BEIeHUE PABHO HY.JIIO.
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IMpumep 4.3. BoruaucanM onpenennTens MATPUITEL CMeXHOCTH Topa C), X
Cyn, & UIMEHHO, TIPOBEPUM, ITO

4HOA(m:n) * ecnm m w0 N HEYETHHL,
det A(C,, x Cpp) =
0 B OCTATBHBIX CIyYaaX.
DTOT pe3yabTaT TaKkKe HOAydeH B [2].
Ilo amamornm ¢ TpPeILIIYIINM TPUMEPOM BEIPEKEM U3 TOPa IAINHIPA-
geckunn qun P,_1 X Cy,. Kak u B popmyne (9),
det A(Cp, X Pr—q) = 2™ det(gn—1(4) — (-1)" - E),

rae A — 5To MaTpUNa CMEXHOCTHU ITUKAA AJuHBL m. [[aa maTpusr A Tak-

2m
K€ M3BECTHEI COOCTBEHHBIE “MCIa — 5TO Habop {2cos =%, j =1,...,m}.
CaemoBaTenbHo,

det A(Cp, X Py_1) = 2mﬁ<cos(2:ﬁ) - (1)n>.

Ecau n win m w€THO, mpou3BeneHme paBHO Hy 0. B mpoTuBHOM cayuae
nycts d = HO(n,m), n' = & um' = 2. Torma nocrennee npoussenenue
paBHO
m . m .
2m H (cos(Qnm) + 1) =4™m H cos? (@)
m m

i=1 i=1

2

/

md n'im

=4™ H cos(—,)
J m
Pt

=1

d
1 d
=4m<4m—/_1) =47

5. IIpumenenue k ndadduanam. PaccMOTpuM CIeIyIONIYIO MO Tu(DU-
xanuio JeMMbl 2.4. [lycts gan rpad G, nmetomun ndadhoBy OpUEHTAINIO,
U, ¥ I W — TPHU €r0 BEPIINHLI, IpUYIeM B I'pade UMEITCA pebpa uw 1 vw.
Byzem roeoputs 9To BepuivHa w cyuecmeenta (IO OTHOMIEHUIO K [Iape U,
v), €CAM YIOPATOYEHHBIE TAPHL (U, w), (v, w) 06€ YyIOPALOIEHB IPABUILHO
nim 00e YIOpAJOUEHBI HEMPABIIBHO B CMBICAE ThahdHOBON OPUEHTAINN,
B IPDOTUBHOM CJIydae BepUIHY w OyIeM Ha3BIBATBH HECYU,LCm6enHHot.

Jlemma 5.1. ITycmw epad G umeem naddosy opuenmayuwio. [lycmp eep-
UWUHG U CMENCHA C BEPULUNHAMU MHONCECTNEA V1, 4 8EPULUNG W CMENCHA C
sepuwunamu muoxrcecmsa Vi UVa, npuuem seca pebep, sedyuus uz v 4w 6
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necywecmeennvie 6epuiunbl, paswuvs 1. Iyems G’ — epad, noayuenmvit ua
epaia G ydasenuem écex pebep, 6edYWUT U3 W 8 HECYULECMEENHbIE Bep-
wunbl mHoxcecmsa Vi, u yeesunenuem wa 1 secos scex pebep, sedyuyur
uz W 6 cywecmeenubie sepuiunbt mroxcecmsa Vi. Toeda M(G) = M(G').

[okazaTeabCcTBO. 3amuuieM KOCOCAMMETPUYECKYIO MATPUIY CMEXKHO-
cru rpada G, coorBercTByIOmyIo ndaddosou opuentanuu. IlycTs nepsas
CTPOKA M CTOJIGEI ATOU MATPHUILI COOTBETCTBYIOT BEPIIMHE U, & BTOPAd
CTPOKa U BTOPOU CTOJIOEIT — BEPITUHE v. BLIauTas u3 BTOPOU CTPOKY TIep-
BYIO, & MOTOM U3 BTOPOT'O CTOJIOIA MEPBLIN, OIYIaeM TpedyeMoe. O

Temepb MOCMOTPUM, UTO MPOUCXOIUT C OTMEPAINEU BHIPE3AHUA YUTIA,
€CJIN TOTIBITATHCA TTPUCTIOCOOUTE €€ K MOACIETY TapOCOIeTAHUN.

IIpumep 5.1. Brupesanne yuna 2 x 3. PaccMoTpuM Ha KI€TIaTON ILIOC-
xoctu rpad G. 3adukcupyem mdaddoy opuenTaruio rpada G. Bymzem
cauTaTh, 9T0 rpad G cogepxur unn Hs 3, m300pakeHHBIN HA puc. 12.
Kpome Toro, IomomHUTEILHO TIPEATON0XKUM, 9TO B rpade G HeT pebep,
COeNUHSIOMNX KOHTAKTHL.

O _ec
‘>Z<
©]

L}L o)

S)

N @— 00—
U

>~ +—Oo0w
RS

S @— 0

Puc. 12. Yun 2 X 3 u peMOHT TIOCJ€e €ro yIaTeHU.

Paccmorpum marpuny A(G) — KOCOCUMMETPUIECKYH) MATPHUILY CMEXK-
woctu rpada G, COOTBETCTBYIOILYIO DTOU opueHTanuu. Toraa

A = det A(Hs 3)

— TO KBaJpaT 4UNCIa B3BEIIEHHBIX Iapocoderanui B uuie Hj 3. Taxwmm
o6pazom, A = (agd + gcb + afe)?. Bumoaany omeparmio yIaTeHAs Tuma,
B IPUMEHEHUN K BBITUCICHUIO DTOT'O OMpeneInTeNsd; 61aroaapsa KOCOCUM-
METPUYHOCTH OTJAUYUSA OT OOIIEU CXeMBI OyIyT COBCEM HE3HAYUTEILHBIE.
[Ipsvon moacYeT MOKA3BIBAET, YTO MOCIE yIAJICHUSA YUIIA, cAenyeT noba-
BUTDL [IEPEMBIYKH, TOKa3aHHBIE HA puc. 12 cupasa. O603HaYasg NOLY YCHHBINA
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moce peMorTa rpad depes G, momydaeM COOTHONTCHUE
det A(G) = det A(Hy3) - det A(G).
W, m3Baekas KOpeHb,
PfA(G) = PfA(Ha ) - PEA(G').

B 5Tux paBeHCTBAX CIeIyeT UMETh B BULY, 9TO Teneps Beruanda det A(G')
He paBHA KBAJPATy UMCIa B3BEIICHHBIX MapocodeTanunn rpada G’ mo-
CKOJIbKY HOBBHIE ([ImaroHajibHble) pebpa HapymaioT ndad@oBoCTs OpUeH-
Tanuu, u3-3a 4ero B rpadge G’ He Bce mapOCOUETAHUA UMEIOT OJUHAKOBBII
3HAK.

HenpusarrocTen Takoro poga He IPOX3OUAET, €CIU PACCMATPUBATE TU-
LI, IMEIMME JUIL 4 KOHTAKTA, MPUIEM TAKUe, UTO MPHU MAaXMATHOU
pacKpacke BEPIIVH OHA Mapa KOHTAKTOB, PACIOIOKEHHBIX [0 MUATrOHA-
JIW, OKPAIIIEHA, B OEJIBIN IBET, & APYyrad — B YePHBIN.

Kpome ucnonszosanus oOsranoro obosuadenus M (G) Gynem o6osHa-
94Th KOAUIECTBO MAPOCOIETAHNN rPpada CUMBOIOM #, 38 KOTOPBIM CIeIy-
er cxeMarudeckoe uzobpaxkenue >roro rpada. Claemyomas JeMMa KT
B OCHOBE MeTO[a rpadudeckon KoHaeHcamnn Kyo.

Jlemma 5.2 ([4, reopema 2.1]). Koauuwecmeo napocouemanut wuna 2n X
2m u Pueyp, nosYyuOWUTCA YoaseHUeM US HE20 06YT UAU UEMBIPET Y2A0-
BLIT 6EPULUH, CBAZAHBL COOTNHOULEHUEM

REEEE - #EEE = #fEH

+ # - # .

Teopewma 5.3. I[Iycmv npamoyeosvnviii wun 2n X 2m npucoedunen K 2papy
C MOMOWDIO AUULL UEMBIPET KOHMAKMOB, KOMOPble COCOUNHEHbL C Y2406l
mu eepuunamy yuna. Oboznauum uepes G' epad, noayuarowuiica uz G 6
pesyabmame YOaAEHUA IMO20 YUNG U COCOUNEHUA KOHMAKMOSE NO YUKAY
(cm. puc. 13), ¢ secamu pebep

R AR AR

= THEEE (10

A AE AE A

M(G) = #%. M(G"). (11)

x

Toz0a
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[e)
Dy D cC 1

Puc. 13. Ynganeume 4eTHIPEXKOHTAKTHOTO UM 21 X 2m
TIPU TMOJCIETE MAPOCOICTAHUN.

HokxazaTenscrBo. O6o3uauum unn vepes H. [locTpoum Guekiuio B cTu-
JI& TOKa3aTembCTRa JeMMH 2.1 Mex 1y napocoderanuamu rpados G u G,
O6o3uaduM yraosbie BepunHer auna depes A, B, C', D, a COOTBETCTBYIO-
mue uM KOHTaKkThL — depe3 Ay, By, C1, D1 (puc. 13). ITockoabky pasmepst
YU IETHBIE, IPU PACKPACKE BEPIIUH UWUIA B IIAXMATHOM IOPAIKE BEp-
munsl A u C' okaxyrces ogaoro usera (ckaxeM, Oeinie), Bepumunsl B u D —
Ipyroro (YepHBIe), BCEro XKe B Iume OyAeT NOPOBHY YePHBIX U OEJIBIX BEP-
mme. OTciona ciaegyer, 9To awboe mapocoderanue rpada G ComepkuT
geTHOe 4ucio pebep u3 Habopa AA;, BBy, CCy, DD;. Bonee Toro, ecan
[ApOCOYETAHUE COAEPKUT ABA pedpa U3 YKAZAHHBIX, TO 3TO MOIYT ObITH
JIMIIB TApBl pedep, COAEPKAIIME COCEHUE IO CTOPOHE BEPIINHBL TUIIA.

Pasbepem atu cryuan.

1) Paccmorpum Bee mapocoderanusa rpadga (G, KOTOPBIE COMEPKAT Pe-
opa AAy u DDy n me comepxat pedep BBy, CCy. 3apukcupyem Kakoe-
aubo pacmonoxkenue pebep MapOCOYETAHUSA BHE HUHUIA, T.e. (PaKTUIECKU
saduxcupyem napocoderanue rpada G’ \ {41, D1} — o6ozuasum ero [e-
pes i/, a ero Bec — uepes w(y'). Kondurypanurwo, cocroamyio u3z pedep
AA1, DD1 n BCex pebep MHOXKECTBA i/, MOXKHO JOCTPOUTH A0 TOJHOTO
mapocodeTanusa rpada G, TOTOIHUB €€ TPOU3BOILHEIM MaPOCOICTAHTEM
rpada H\{A, D}. Muoxecrso napocoderanut rpada G, HOLyIeHHBIX Ta-
KAM CIOCOOOM, 0G03HAYMUM [i; B3BEIIEHHAS CYMMa TAKUX MAPOCOYETAHUN
paBHa, #%~ w(p').

ComocTaBuM MHOXKECTBY MapocodeTanun 4 B rpade G 0THO mapocotde-
ranue B rpade G', a uMeHHO, mapocoIeTaHNe, COCTOAIEe U3 Pebep MHO-
xkecrBa p' (¢ npexnumu Becamu) u pebpa A D; ¢ Becom x’ (cm. popmy-
asl (10)). OueBugno, Bec »roro mapocoderanus pased z'w(p'), u mocie
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TOMHOMKEHUA Ha MHOXKUTENb U3 MPaBon dactu ¢popMmyast (11) Mer moaywa-
€M PABEHCTBO BECOB.

Ananornano pazbuparTca caydan, KOraa mapocoderanne rpada G co-
OEPKUT OPYTrUe BO3ZMOXKHLIE TAPHL pedep.

2) Paccmorpum Bce mapocoderanus rpada G, KOTOpbIe He COLepKaT
uu oxuoro us pebep AAy, BBy, CCy, DD;. 3adpuxucupyem Kakoe-1ndoo
pacmoJoxkenue pebep mapocoIeTaHusa BHE YUIIA, T.€. Ha 3TOT Pa3 3aduKu-
cupyem mapocoderanue rpapa G' — obozmadum ero uepes p’, a ero sec
— gepe3 w(y'). Kondurypauuio, cocrosuiyio u3 Bcex peGep MHOKECTBA
1/, MOXKHO TOCTPOUTH IO MOJIHOTO mapocoderanus rpada GG, 1OmoIHAB ee
IPOM3BOJBHBIM MapocodeTanueMm rpada H. MuoxecTBO mapocodeTanun
rpada G, TOIYIEHHEIX TAKUM CIIOCOO0M, OOO3HAMUM [i; B3BEIICHHAA CYM-
Ma TAKWUX [NapOCOYEeTAHUN DABHA #% ~w(y'). ComocTaBuM MHOKECTBY

napocoderanun p B rpadge G omgno mapocoderanme B rpade G’, cocTo-
smee u3 pebep muoxkecrsa i (¢ npexuumu Becamu). OueBuAHO, cOHO-
CTaBJCHHBLIC OOBEKTHI JAIOT OMUHAKOBBEIN BKJIAJ B TIPABYIO U JEBYIO IACTH
dbopmyaer (11).

3) Haxomen, paccMoTpuM mapocodetanus rpada (G, KOTOpHE COmep-
xkar Bce uerwipe pebpa AA;, BBy, CCy, DD;. Ouars dukcupyem pac-
OJIOXKEHWE pebep MapoCOYeTaHuA BHE 9UIA, T.e. Imapocoderanume rpada
G'\ {41, B1,C1, D1} — o6o3Haumum ero |depes 1, a ero Bec — qepes w(p').
Konduryparmuto, cocrosmuryto us pedep AAy, BBy, CCy, DD u Bcex pebep
MHOXKECTBA ), MOXKHO JOCTPOUTH 0 TOJHOTO MapocodeTanus rpada G,
[OIIOJHUB €€ HPOM3BOIbHBIM mapocoderanueMm rpaba H \ {A,B,C,D}.
MuoxecTBo napocoderanu rpada G, HOLy YeHHBIX TAKAM CIIOCOO0M, 060-
3HAMEM [4; B3BEIIEHHAS CyMMA, TAKAX MAPOCOIETAHUE PABHA, #@ﬂ)(u’).
ComocTaByM MHOKECTRY MapocodeTannn g B rpade G mapy mapocodeTra-
mun B rpade G', a MMEHHO, TAPOCOYETAHME, COCTOAIIEe U3 pebep MHO-
xkecrBa p (¢ npexuumu Becamu) u pebep A; Dy, B1Cy (c Becamu 2/,
y'), a Takxke mMApOCOYETAHUE, COCTOAMEE U3 pebep MHOKECTBa (i U pe-
6ep A1 By, C1D; (c Becamu 2’, w’). CyMMa BECOB >TUX HapOCOYETAHUN
pasHa (2'y’ + w'2 Yw(y').

B sToM caydae comocTaBaeHHBIE OOBEKTHI JAIOT OJMHAKOBLIM BKJIA
B IpaBYIO U JeBy1o dacTu ¢popmy.nl (11) B cuily yTBepKIEHUS JeMMBL 5.2.

O

3amedaHue. YTBepxKIeHUE, AHAJOIMYHOE JemMe 5.2, noxkaszano B [4] pus
IPOU3BOIBHEIX IIOCKUX ABYIOJBLHLIX TPAdOB. ITO MO3BOAIET 0600MIUTE
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TeopeMy 5.3 Ha YETHIPEXKOHTAKTHBIE UUMHI JHOOOU (POPMBI, ¥ KOTOPHIX
“ IMaroHAJBLHO MPOTUBOIOIOKHEIE” KOHTAKTEL UMEIOT OAMHAKOBEIA IBET
B IIAXMAaTHOU PACKPACKE.

Ecam ke yaanaTs 9ur, y KOTOpOro MPOTHBOTIOIOKHBIE KOHTAKTHL OKPa-
MICHET OMUHAKOBO, CKaxxem A; u By 6ensie, C1 u Dy 9epHEIC, TO MMeEeT Me-
CTO JeMMa, aHAJOIMYIHAs JeMMe 5.2 (orpaHuauMcsa (pOPMYyJIUPOBKON /I
[IPAMOYI'OJIBHOIO UIIA).

Jlemma 5.4 ([4, Teopema 2.3]). Koauuecmso napocouemanud wuna 2n x
(2m + 1) u dueyp, noayuarwurca yoaienuem U3 He2o 06YT U4l YEMbIPET
Yea08blT 6EPULUH, CBABAHBL COOMHOULLHIEM

REEH - MR+ R #ED - #EEH e

B sToM ciyuae moneiTKa AOKA3aTH AHAJOD TEOPEMEL 5.3 IPUBEIET HAC
K SIBIEHUIO, KOTOPOe MBI paccMmorpenu B mpumepe 5.1. Ilompasus pac-
CYXKICHUA U3 MYHKTA 3) TOKA3ATEILCTBA TEOPEMBI, MOTYIUM CJAEIYIONEe
yTBEpK ICHNIE.

Teopema 5.5. IIycmv H — npamoyzoapnerti wun 2n x (2m + 1), npu-
coedunenubltl K 2pady ¢ NOMOWDbI AUULL YEMBIPET KOHMAKMOS, KOMOpPble
coedunenpt ¢ yeaosvimu sepuiunamy wuna. O6oznavum vepes G' epad, no-
ayuwarowutcs us G 6 peayabmame Yoatenus 3Mo20 YUNG U COCOUHEHUA
KowmMaKmos, xax na puc. 14 cnpasa, ¢ eecamu pebep

Kpome mozo, oboznauum wepez G" epad, noayuwarowuiica uz G 6 pesyan-
mame yoasenua wuna H u sepwun Ay, By, C1, Dy. Toeda

_ / M(G")
M(G) = # 'M(G)—QW'# S

ITpuBexem ewre ogus npuMep NPUMEHEHUS TEXHUKY BBIPE3AHUs TUIOB.

IIpumep 5.2. Crenyromiee yTBEPK JEeHNE U3BECTHO, OHO BOCXOMUT K DPe-
syabTatam dyxy [3].

Teopewma 5.6. Fcau N +1 deaumesa nan+1 uw M +1 deaumesa nam—+1,
mo #(Pa x Py) deaumesn nwa #(Ppy, X Pp).
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A1 A B B
(@] (@] (@] (@]
| 2! |
1‘" ) : Y
- :
o o (‘)// ‘\(‘)
Dy D C C1

Puc. 14. Ynanenne deTHIpeXKOHTaKTHOrO umma 2n X (2m + 1)
[IpU IOACYETE IAaPOCOICTAHUN.

MokazaTenscTro. [locraTtouno paccmorpers caydan M = m. Ilycts
N+1=(k+1)(n+1). Bopexem u3z npamoyroasuuka m X (kn + k +n)
cpasy k+ 1 aunos m X n (cM. puc. 15 upu k = 2). B pesyabrare ocranercs
rpad G’, cocroamunu u3 k sk3eMnaapos rpada P, u nepeMberaeK BHyTpU
KK IOT0 DK3EMILTAPA, & TaKKE MEXKIY COCETHUMHI DK3EMILIAPAME.
Bymem paccMaTpuBaTh KOCOCUMMETPUIECKME MATPUILI CMEXKHOCTH,
yaursBatonme ndaddosy opuentanuoo: A(Py,), A(Hp.n), A(Pp X Py)
u A(G"); nonoxum X = A(Hp,p) "t Boraucaaa det A(H,,,,) B 6104HOM
BU e, IoIydaeM, Kak B npumMepe 4.2, aro det A(H,y, ) = det FI(A), rae F
— HEKOTOPBIU TOJIMHOM C TEIBIMEA KOd(DQUIMEHTaMU (HA CAMOM J[eJe DTO
€ TOYHOCTBIO 70 3HaKa onaTh U, (z/2)). Crenoparensro, Mmarpnma F(A)
nenoanciaeHnas. llycts Ay — 6J0YHO- [UATOHATBHAA MATPUIIA, COIEPKAIIAL
no guaronamu k 6noxos F(A). Ouesugno, det Ay = det A(H,p, n)k.
Marpuna A(G’) nmoayuaercs ¢ nmomowpio “pemoHTa” U3 OJOUHO-U-
ArOHAJIBHOU MaTPHULLI, COAepxKalled 1o auaronamu k 6jokoB +A(P,).

Puc. 15. BripexeMm MHOr'O 9umosB.
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[Ipu peMoHTE NOOABIAIOTCA MOMPABOIHEIE OJOKU, 33TPATUBAIOIINAE NIAB-
HYIO IUATOHAJb U IBA COCEIHUX AUATOHATBHBLIX pana. Kax u B (8), oTu mo-
IpaBKH 3agaiorca Marpunamu £X 1, £X; ,, £X,, 1, £X,, ,,. I3 dopmyan
Kpamepa n1a BEIMUCIEHA DIEMEHTOB OOPATHOU MATPUIE ACHO, 9TO MAa-
rpunsl F(A)X, 1, F(A)X1 5, F(A) X1, F(A)X,,, netoduciensse. 3Ha-
qut, n MaTpuna Ag A(G') nerouuciennas.

Takum 06pa3oM, B PE3YIbTATE BHIPE3AHUA MOMYIAEM PABEHCTBO

det A(P,, x Py) = (det A(Hy,.)) " det A(GY)
det A(Hpp.p) det(Ap A(GY)),

KoTopoe nokassiBaet, 4To det A(P, x Py) nenurcs va det A(H,y, »). Ho-
CKOJIBKY MATPUIBI KOCOCUMMETPUAYHEL, TO XK€ BepHO 1 11 ndadPruaHoB.
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