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II. II. Kymum

CRPYUNBAHUWNE KBAHTOBLIX I'PYIIII 1
HEKOMMYTATNUBHASI TEOPWI IIOJIA

1. BBEAEHUE

OvH M3 MOAX0A0B K MCCIEI0BAHUIO CTPYKTYPbl MPOCTpaHCTBA-
BpEMEHM Ha IIaHKOBCKMX MacmTabaX CBA3aH C BO3MOMKHOW HEKOM-
MYTaTUBHOCTBIO MPOCTPAHCTBa—BPEMEHM W, CIeI0BaTelbHO, C He-
KOMMYTaTUBHO# reomerpueii (cM. cewliku B [1, 2]). B e1o0ii paGore
MBI XO0TeNnn Obl 06paTUTh BHUMAHWE Ha BO3MOMKHDLIE CBA3M HEKOMMY-
TATUBHOW KBAHTOBOW TeOpUM TOJIA ¢ KBAHTOBBIMU rpynnavu [3]. B
IocleHeEe BPEeMSA MPOBO AATCA aKTUBHLIE MCCJIIeM0BAHUA 110 HEKOMMY -
TaTUBHOW TEOPUM IOJIsA, CBA3AHHEIE C HEKOMMY TATUBHOM Te€OMeT preit
(cM. 0630pHI [4, 5] M mpuBemeHHbIE TaM CCHITEM). VIcTOUHMKOM TpH-
MepOB HEKOMMYTaTHUBHOW IeoMeTpUM ABJIAIOTCA KBAHTOBBIE T'PYIIIBI
[6, 7, 8]. OcHOBO# mild ®TOro ABIAETCA TOT (GAKT, YTO MOCIEMHUE,
rpy6o rosops, ABisroTca aedopmaimeid rpymnn Jlu, KoTopble npeno-
CTaBJIAIOT MHOTOUMCJIEHHBIE TEOMETPUYECKME CTPYKTYphl. CooTBeT-
CTBYIOIIE CTPYKTYPHI BO3HMKAIOT M B KBaHTOBEIX rpymmax (KI'),
KOT/la KOMMYyTaTWBHafA anrebpa ¢yurmmii F(G) Ha rpymme Jin G
TepopMUpyeTCs B II0AXOIANIYI0 HEKOMMYTATUBHYIo anrebpy Fy(G),
KOTOpas OIpemesAeTca, HallpUMep, 06pasyIoNMMy U COOTHOIEHMU -
mu [7]. OpHopoaHBIE IPOCTPAHCTBA TakkKe AePOPMUPYIOTCH, HATIPU-
Mep, SL(2) — SL,(2) nmu SU(2) — SU,(2) u aByMepHas IIOCKOCTD
(z,y) — B “KBaAHTOBYIO ILIOCKOCTL” (&,Y),, WIKM OByMepHasa cdepa
B ¢-cpepy Honnema (z,y,7) — (2,y,2),. Panom aBropos 6blio oT-
MedeHo (cM. HampwMmep, [3, 9, 10, 11]), uro TeopwA cKpy4dMBaHUA
KBaHTOBLIX T'PYTII IMPEeJ0CTaBIAeT 0o4eHb yA00HEIA CIIocob mocTpoe-
HUA HEKOMMY TATUBHOM FeOMeTpUY MPOCTpaHCTBa-BpeMeHN, BKIIOYas
BEKTOPHBIE PACCIIOEHNs, MEDDI, Y PABHEHNS ABUAKEHUA W WX PEITeHNA.

Haunbomnee BaKHEIM MTPOCTPAHCTBOM PEIATUBUCTCKON TEOPUM ABJIA-
eTcs 4eThIpexMepHoe MpOoCTpaHCcTBo-BpemMsa MuHKoBCcKoro M, ¢ Ko-
opauHaTamMu x* u peiicTByroneii Ha x anrebpoii [lyankape. [lasa mo-

This research was supported in part by the grants RFBR 05-01-00922 and CRDF
RUM-1-2622-ST-04.
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CTPOEHNA HEKOMMYTATUBHOW TEOPUM MOJA KOMMYTaTHUBHAA airebpa
¢yurmmit C(M) Ha M gepopmupyercsa B HerommyTatusHyoo (HE)
accormaTuHyto anre6py Cp(M). Dra anarebpa mopoxnaerca HK ko-
opauHaTaMu ¥, yIOBIETBOPAIONIMMA, BO3MOMKHO, TIPOCTERITUM CO-
OTHOITEHUAM

[2H,2"] = etz — ¥ 2! = 6" (1)

¢ MOCTOAHHON aHTUCUMMeTpuuHOi Marpuiei f (cm. [4, 5]).
NmeeTcss MHOTO JIOMYyCTUMBIX KOMMYTAIIMOHHBIX COOTHOIIEHUIA
(KC) mna z*, ¢V ¢ npaBoii 9acThio JUHERHON MM KBAADATUYHOMA 10
z# (cem. [12, 13]). Omnrako Hamucansble himte KC monyvanoTcesa npu
CIENMANbHOM Ipejese U3 Teopuu cTpyHbl [14] ¥ npusieknau Hau-

GoJbINNUi MUHTEpEC.

YT06BI MOCTPOUTH TEOPUIO MOJA HA HEKOMMYTATUBHOM ITPOCTPaH-
crBe-BpeMenn ¢ KC (1) ana koopaunaaT, He06X0AMMO 3aMEHUTH KOM-
MyTaTUBHYIO anrebpy moneii (QpyHrimed Ha M) HEKOMMYTaTHBHOMN
anrebpoit Cp. B nmamewm caygae KC (1) cymectByer cooTBeTCTBHE
Beitna—Moiiana stux anrebp mocpeacrBoM npeobpaszoBanusa Pypoe.
Ono orobpaskaer raankue Gpyurmmn o(x) € C(M) Ha sIeMeHTH He-
KOMMYyTaTuBHOW aarebpor Cy

X 1 4y _—
o) = g [ AEERexplita), &

rae $(k) — ®ypbe npeobpaszopanne pyurimu () u ki = k"

o) = [ dtp()ei

TOFﬂa HEKOMMYTAaTUBHOE TIPONU3BECACHUE B anre6pe 09 MOMHO 3alli-
CaTb TakK

elouts) = | % % Bk ) (ka)ehi® kst

dky  dk! . PN s
- [ G i — ke
rle BBejaeHo obosHauenne (k,p) := %Huykup,, JIIA AHTUCUMMET pIY-
HOM KBaApaTUYHONH (OpPMHIL.

DTo TMO3BOJIAET UHTEPIPETUPOBATE CBEPTKY mpeobpasoBanuii Py-
pbe @(k1) n §(ka) ¢ Becopoii pynrimeii exp(—if(k1, k2)) kak mpeobpa-
3oBaHre Pypbe HOBOIO MPOM3BEIEHUA *-TIPOU3BEIEHNUA) DIIEMEHTOB
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p(x), g(xr) € C(M)

p(z)*g(x) = / (;7/1634 (;li/§4g5(k1)§(k’2 — k1) Z %(—lﬂ(/ﬁ,ké))"eik;x,
n (@

HeTpyano mpoBepuThb, UTO »TO MpOU3BeAeHWE ACCOIMATUBHO, XOTA

¥ HEKOMMY TQTUBHO . DKCIOHEHIMANbHAA QYHRIMA exp(ikE) moposkma-
eT CMMMeTpU30BaHHbIE TIPOU3BENEHNA ¥ MM CUMMETPU30BAHHBIE *-
pousBeaeHnsa £”, KoTopble COBIMAaNaloT C OOBIYHLIMU MPOU3EeIeHI-
MU KOMMYyTUpyIomux ¢”. CleayeT OTMETUTh, 9TO “k-IIpon3BeaeHne”
ABJAETCA CTAHAAPTHBIM MOHATHUEM Ae(OpPMAIMOHHOI0 KBAHTOBAHUS
(eM. 0630p [15]).

CrenoBatenbHo, Teopuio nond Ha HEK npocrpancTBe-Bpemenn (1)
MOMKHO CTPOUTH MCIOIb3yA obbIuHbIe oA ¢(x) € C(M), Ho ¢ yMHO-
MKEHMEM, OlpefelifeMbIM *-iponsBeneHneM (4). UTobbl 3a1aTh aeii-
CTBUE, HYKHO MMEeTh JUHENHbIA QyHKImoHad Ha Cy, KOTOPBIA Hpe-
cTaBisferca oObIYHBIM mMHTerpasioM Ha C(M), HO comepsammmM *-
NIpoM3BeaeHNs, HaIlpUMep

St = [ del5(0ue@)? = 5@ = Tl )

OTMeTnM, YTO MHTErpadl *-IPOU3BEAeHU HECKOIbKUX (YHKIMA WH-
BapMaHTEH TOJNBKO OTHOCHUTEJIbHO HMKJIMYECKON IlepeCcTaHOBKM, I10-
no6HO cleny ommepaTopoB,

/ defi(z)* fa(x)*...x fo(x) = /dxfz(x) * .ok fo(x) * fi(2).

ITpu BEIGpaHHOM *-TIpou3BedeHnn (4) BepHO Takke PaBEHCTBO

/dxfl(x) x fo(z) = /dxfl(x) - fo(2),

u HRK Teopusa mona coBmazaeT ¢ KOMMYTATWBHOW Teopuell oA
JULA cBOGOHBIX Toleil (AeficTBUE COMEPHNT TONBKO KBaApaTUIHBIE
crnaraeMble). OnHAKO YileH B3aWMOIEHCTBUA, 3alMCAHHBIA Kak *-
Ipomn3BeeHne, ONMCHIBAaET HEJOKAaJbHOE B3auMo JeficTBUe ojeli, Ha-
IpuMep, A @o-Teopun

/dx /H( G(kq) )exp iy 0(ks, k) Zk

b<e

= [ TLdrs plonptez)ota) expiler = 22)0 o = 22)),
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cumTad, uyTo Marpuna f obparuma (MM OrpaHMYMBAA WHAEKCH Ha
te z/, nna kotopix 09 mmeer o6paTHYyIO).

KpaHToBaHMe crajApHoro mons ¢ mpeiictBueM S[p] (5) mocpen-
CTBOM KOHTMHYAJbHOT'O MHTETPAIA AAeT CTAHAAPTHYI TEODPUIO BO3-
MYTIeHU, HO BEPIIWHBI B3aWMOJCHCTBAA MMEIOT JOTIOJIHUATEIhHbINA
OCIMIIIMPYIOIIHA MHOKUTEIh

Az 7 M v
Viky,. .. ki) = FS(Z ko) [T e 20 Hoke.

b<e

ODTOT MHOKUTEE 06/1a0aeT TOIBKO MKINYECKOH cuMMeTpueii (Gia-
rofaps AenbTa-QYHKIANA) W JaeT OTAWYHBIE OoT JokaiabHoi KTTI
BKJIAJBI, U AaxKe PasziNdYHYIO CTPYKTYPY (QelAHMaHOBCKUAX AuarpaMm
(mimaHapHble U HelaHapHBIE). JMarpaMMHBIA aHAIN3 YHATAPHOCTH
IPUBOIUT K yciaoBuio Ha 0*7: % = (. Taxum 06pa3oM BpeMeHHAA KO-
OpAMHATA KOMMYTHUPYET C IPOCTPAHCTBEHHBIMU U MOXKHO ITPUMEHUTH
raMUJIbTOHOB (opMasn3M K AeiicTBuio (5).

Hepedopmynuposas Teoputo noisa Ha HE mpocTtpancTBe-BpeMeHn
Kak OOBIUHYIO TEOPUIO ¢ HENOKAJbHBIM B3alMOIeHCTBUEM (D), MOMKHO
KUCITOIh30BaTh CTAHAAPTHYIO TEXHUKY A ee kBaHToBaHMA. OueBUI-
HBIM HEAOCTATKOM CTAHOBUTCH HAJMYMe MOCTOAHHBIX 617 Hapyria-
romux Jlopentn muBapuanTHoCcTh: ¥ — AR 2¥, 0% — AF A% g8 =
grvy £ 6* . Nlna yecrpaHeHusa »Tol TpobIeMbl MIPeIIaraeTCa UCTIOTh-
30BaTh METOJBI TEOPUHA KBAHTOBBIX T'DYIIM.

2. CKPYUMBAHUE KBAHTOBBIX TI'PYIIII

[Tpu sTOoM McHoOAb30BAHUEU HAM MMOHALO0ATCA TaAKWE TTOHATUA TEO-
pYM KBAHTOBBIX I'pyIN Kak anrebpa Xomnda H, ee H-moayib anrebpa
A, H-monynp u A-monymu V,W (nuneiinble npoctpancTtBa H- u A-
npeactaBiennii). OMHOBPEMEHHO, 9TH MOHATUA UMEIOT PUINIECKYIO
WHTepHpeTalmio: H — 3To anrebpa CUMMeTPUN UCCIleIyeMo# cucTe-
™Mbl A — anrebpa Hab 0 1aeMBIX, a UX TPOCTPAHCTBO TMpeACTaBIIEHUA
— TPOCTPAHCTBO cocTosAHWA cuctembl. [loHamo6ATCA TakxKe TOTOI-
HUTeJbHbIE CTPYKTYPHI TaKWe Kak #-ollepalmd (MHBOJIOIWA, Belle-
CTBeHHBIE POPMBI), CKAIAPHOE TPOU3BENEHNAE U T./., KOTOPbIe Gy Iy T
OTIpeleIeHEI Jallee.

CuMMeTpUsa PeJATUBUCTCKON TEOPUN TIOJA OMUCHIBAETCA YHUBED-
casibHOM obeprhiBatolieii anrebpoii U(P) anre6psor JIn rpymmer Tly-
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ankape P c renepaTopamu Tpancisauuii P, u Bpamenuii M,
[Pua Pu] =0,
[M/wa Maﬁ] = _i(ﬁuaMVﬁ = NusMya — yaMpup + UVﬁMua)a (6)
[MNIM Py] = —i(n,mP,, - UuaPu)~

CymecTBeHHasa 4acTh CTPYKTYPHBIX OToGpaskenwii anrebpbl Xor-
pa H(m,A,v,¢) (cMm. onpenenenus B [6, 7]) 3amaeTca acconnaTUB-
HBIM Tipou3sBeneHreM m: H ® H — H (¢ KOMMYTAIMOHHBIMA COOT-
HorreHuamMu (6) mua U(P) B HallleM ciydae) M KOIPOU3BEIEHUEM
A H — H ®H, onpenensionum jeiictBre aiarebpel Xonda H B
TEH30PHOM TIpOM3BeAeHNN ABYX (uam Gonee) mpeacrasiiennii. Jleii-
cTBUe TeHepaTopoB Y € P B TeH30pHOM npousBenenun V @ W 3ana-
eTCA CUMMETPUYHBIM 0TOGparKkeHneM (KOTIPOU3BEAEHNEM ), TOMOMOP-
pusmom: A(Y) =Y @141V, niu

AV vow)=(Yv)@w+ve (Yw), (7)

rjle HIJIANKa o3HAYaeT AeficTBue pieMeHTa anrebprl Xonda B cooT-
BETCTBYIOIIEM TIPOCTPAHCTBE MpeAcTaBienus. ViMmeerca aBa Apyrux
oToGparkeHUs B olipeneseHnn airebpol Xomda: koeaununa € : H — C
(omHOMepHOE TIpeacTaBiieHne H) m aHtunon y : H — H, ABIAIO-
muiica aHTAUTOMOMOpP(U3IMOM aarebpel. KoHeuHO, 5T 0TOLpakeHUA
YAOBIETBODAIOT TleoMy pAny akcuoMm [6, 7]. Ha reneparopax U(P)
aHTUION 1 KoeanHmita TakoBhl: ¥(Y) = =Y, ¢(Y) =0, (1) = 1.

CyrmecTByeT Hoile3Hoe IpeobpasoBaHnne (CKPyUYMBaHNE WK TBHCT)
CTPYKTYPHBIX 0ToOpaskeHNH anare6psl Xomnda, KoTopoe 3a1aeT COoT-
HOIIleHNE KBMBAJIEHTHOCTH cpeau ajrebp Xorda, coxpaHsas KaTero-
pUIO WX TpeAcTaBieHnid. DTo nmpeobpasoBanue H — H,; olpenenser-
cA 0BpaTUMBIM DIIEMEHTOM CKpyuuBanus [16]

F=> fioficHoH.
CrpyurBaHVe He MeHAET YMHOXKeHUA B H, HO TIpeobpasyeT KOIPOU3-
BedeHune CJiely M O6pa3OM
A(R) — Ay(h) = FAR)F™Y, heH.

IIpeo6pazoBanue momo6MA CoXpaHAeT KOACCOIMATUBHOCTD KOTIPOM3-
BejeHusA, eci F yA0oBIeTBOPAET YPAaBHEHUIO TBHCTA (yCIOBUA JBa-

rotmkina) B H @ H @ H [16]
flz(A ® id)]: = fzg(id ® A)f, (6 ® id)f =1®1, (8)
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rae Faz osHavaer y, 1@ fie fi € HO3 a (A@id)F =3, A(fH)ofi €
HEO3.

CkpyumBaHMe He MeHAET TOMOMOpP(M3Ma KOeAMHUIIA, HO M0 406HO
npeobpasyeT aHTHUIION:

YY) = %(Y)=uy(Y)u™!, rae u= Zﬁ () EH.  (9)

Kak mpaBumo saeMenT TBucta F HE CUMMETPUYEH OTHOCHUTEILHO
[epECTAHOBKM €0 TEH30PHBIX MHOMwuTeneid F # Fao1 = y . fo @ f1.
CrenmoBaTenbHo, ckpydenHoe kKompousBenenne A(h) := > h1) @ hey)
ToKe, BOOOIIe TOBOPA, He CUMMETPUYHO

A(h) # AF(h) = by ® ha).

Omrako, B cilydae KBAaHTOBBIX T'PYII KonpousBegerne Ay(h) u mpo-
0

TUBoTONOMkHOe KompousBenenue A;¥(h) cBA3aHbI MpeobpazoBaHUeM

monobusa ¢ R-matpulieit

RA =ATR, R=> R1@Rs€HOH.

B Hamem ciydae, HauWHAA ¢ CUMMeTpPUYHOTO Kollpomssenaenns (7) ¢
eAVHNYHON R-MaTpumeii, a1a A; momydaem R = Fp F 1.

B Teopum KBaHTOBBIX TPYII MMEETCA P XOPOIIO M3BECTHBLIX
yTBEP:KAEHUA, KOTOpEIE BYAyT MCIOJNb30BaHbl B HAIEM ONMWCAHUNI
KOHKPETHOTO MpoCcTpaHcTBa-BpeMenn. I1pu 3agannom aeiicteum H Ha
accomMaTUBHON anrebpe A ¢ yciaoBrMeM COriacoBaHUs KOTPOU3BeIe-
A H u npousBenenuns A (npapumno JleiiGHuia),

il(a b) = Z(il(l)a) ’ (ﬁ(z)b),

yMHOKeHUE B A 10KHO GBITH TpeobpasoBano mocie TBucta H — Hy
94TOOBLI COXPAHUTL COTIIACOBAHHOCTD.
Hosoe mpousBeaenue B A; paBHO

~d ~d
axb=> (f1a)-(fsb), abe A, (10)
rie BBeleHo obosHadeHme F ! = Zﬁ ® fé I3 o6paTHOTO Bile-
MeHTa, a AeficTBue sieMeHToB H Ha »jeMeHTH A To ke, UTO U 10

CKPYUMBAHUA.
IIpousBeeHre KBAHTOBLIX IToJIeii ¢ He3aBUCUMBIMM apryMeHTaMMU
o(a)) * p(2}) npUHANIERAT TEH30PHOMY IIPOU3BENEHUIO ABYX KOIUIA
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anrebpel Cp(M). M3BecTHO, 4TO TOCIe CKpyunMBaHuUA H 9ileMeHTH
Pas3IMYHBIX MHOMRUTENe TeHzopHoro npousBeaenusa A @ A, Boobie
roBOPsA, HE KOMMY TUPYIOT:

(a1 @ 1)(1 ® a2) = (a1 ® ag), HO

(1®a2)(a1®1) = (7%2&1)@(7%1&2) ;é (a1®a2), Val,az E.A (11)

(HamoMHMM, UTO MIIANKA O3HAYAET HEHCTBUE BIEMEHTOB aJrelphl
Xomnpa Ha 3amaHHBIX MpoCTpaHCTBax npeactabiennii H). Ecmau mo-
IOJTHUTENBHO K 3TOMY MBI MMeeM H-KoBapMaHTHOe IIpe/cTaBlleHUE
anre6pel A Ha BeKTOpHOM TIpocTpaHcTBe V| Toraa meiicTBUe »iieMeH-
1oB A Ha BekTOpHI V mocie ckpyuuBanusa H Takke OyZeT U3MEHEHO:

a~v—>a*vIZ(}ia>'(}iv)'

BaxHo, uT06EI BelllecTBEHHBIE (OPMBI COXPAHAINCH U ITocie CKPY-
unBaHnA. HamoMHNM, UTo *-olepanud Ha aiarebpe Xomda, ompene-
JIAOIMAaA BellleCTBEHHYIO (opMy, ABIAETCA aHTUIWHEHHBIM MHBO JIIO-
TUBHBIM aHTMaBTOMOP(HU3IMOM ajrebOpel M aBTOMOP(QU3IMOM KoaJjre-
6pel. B cuny enwHCTBeHHOCTM aHTUIOAA BCErJa BEePHO PaBeHCTBO
Yo =+07~1 U MOM¥KHO TIepeoTpeelIUTh BelleCTBeHHYIO QOoPMY Kak
2" o x gna mo6oro memoro n. MoHO Takske paccMaTIpUBaTh To-
MoMoOpQHBIE M aHTU-KOTOMOMODPQHEIe aHTUINHEHHBIe olepalliil BUAA
f = "yzn-l—l O *,

UTo68I 6BlITA COTJIACOBAHHOCTD MEKY BellleCTBEHHBIMU (OpMaMU
u gefictBuem H Ha maHHOUW A ¢ aHTU-WHBOJIONMENR ¢ — G, HYKHO IT0-
TpeboaTh paBeHcTBa (ha) = y(h*)a nnah € H uwa € A. Tem cambim
IJA BellleCTBEHHOM (pOopMBI KBAHTOBOI aire6pel MBI HydeM CUNTATH

roMOMOP(HYIO U AHTU-KOIOMOMODP(PHYIO aHTUIMHERHYIO MHBOJIIONNIO
E=7vox*.

Hocne ckpyumBanusa anrebpsl Xonda H — H; Ta Ke camas *-
oTlepalnA olipeleiieHa Ha Hy, eciid TBUCT F yIOBIEeTBOPAET YCIOBUIO

Fr=Y ffeff=F"=) hof (12)

,H.Hﬂ MHBOJJIOIINN g aHaJOI'MYHBIM €CTeCTBE€HHBIM Tpe6OBaHI/IeM 6yﬂeT
[9]
EQOF =7(F)=Fn=)Y [0 f, (13)

rae T — IMepecTaHoBKa MHoxkuUTedeir B H @ H.
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ITpenmomnoxum Tenepnb, uro A obiamaer Mepoi p, T.e. JVHEHHBIM
(G YHRIIMOHAITOM, TIOIIOKUTEIHHBIM Ha, DIeMEHTAaX BUAA 44 (KaK HAllpy-
Mep, anrefpa (YHKIMA Ha JTOKaIHHO KOMIIAKTHOM TOITOJIOTUUECKOM
npoctpancTie). Ta ke camasd Mepa BepHa U M Ay, TOCKOIBKY 9TH
‘H-moayan anrebper A n A; coBmanaloT Kak JUHEHHbIE POCTPaHCcTBa
[9]. JleiicTBUTenbHO, MBI UMeeM a* @ = fia- f2d = fia - (£(f2)a). Ecau
BepHO TodkAecTBO (13), To MMeeT MecTo M paBeHCTBO fi ® £(f2) =
&(f2) ® fi, u, caenosatenbHo, fi @ &(f2) MOMHO MpeACTaBUTL Kak
CyMMY Y. @; @ ;. llanee, uMmeeM a *a =y @;a - $;a, TAKUM 06pa3oM
pla*xa) > 0. B cayuae BreimosnHerna (12) MoKHO pacimmpuTh aarebpy
Xomda, mo6aBidsa KBa ApaTHLIA KOPeHb 2JIEMEHTa U, ONPeIelleHHOTO B
(9). Jlerko npoBepUTD, YTO KOMIOSMIMA KOTPAHUYHOTO TBHCTA BUIA
A(u_%)(u% ® u%) U TOCIEAYIONIEro TBUCTA (u_% ® u_%)}"_l(u% ® u%)
yaosierpopset (13). Do apoiiHoe mpeobpasoBaHmne OCYIIECTBIAET-
CA TOCPEACTBOM 2-KOTIMKIIA A(u_%)}"_l(u% ®u%), u Tpebyemoe cBOTi-
crBo (13) nerko caenyer us (12) u cpoiicta (u @ u)T(y @) (F~1) =
FA(u), BepHOTO A5 M10GOTO pelieHnsa ypapHeHusa Teucta [16] (sme-
MEHT % TOT e, YTO U B olpeeieHnu anTumona(9)).

Taxum o6pa30M MBI MOMKEM HMCITOJB30BaThL BCE MpeAbLAyIIIUE pacC-
Cy®RIEHU C 9TUM COCTABHBIM TBUCTOM, KOTOprﬁ OTIINYaeTCsA OT UC-
XO0JHOT'O TOJIBKO Ha BHyTpeHHI/Iﬁ aBTOMOp(bH3M.

3. CKPYUYMBAHMWE AJTEBPBHI [IYAHKAPE

IIpoxedpopMupyeM yHUBepCaNbHYIO obeprhBatonlyo U(P) anre-
6psl JIn P rpynne! [lyarkape kak anre6py Xomnda mocpeacTBOM Ipo-
CTOTO DJIEMEHTA CKPYYMBAHUA, 3aBUCAIIETO JIUIL OT TEHEPATOPOB
capura P, (abemeBa momanreGpa P) [3]:

F = exp (%HNVPM ® Py) (14)

C MOCTOAHHOW MaTpuiei §** (Mbl cuMTaeM ee BEIECTBEHHOW M aH-
TucuMMerpudHoii). Kak accommarmsraa aarebpa Uy (P) He meHseT-
cA, T.e. MBI UMeeM Te sKe KOMMYTAIMOHHBIE COOTHOIIEHUA IJIA Ie-
HepatopoB My,, u P,) (6), He MeHsdeTcs M KoIpousBeldeHue Pp:
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Ay(Py) = A(P,) (7). Omnako, MeHseTC KopousBedenue My,

Af(M,,) = Ad (exp (%WPQ ® P@)) A(M,,)

1 (a4
= A) = 0 (s = Pa) © Py P (b =Py,

Yike yIOMHHAIOChH, UTO KOIpPOW3BeAeHHe ollpeielideT AeiicTBUe
anrebpel Xonda Ha npousBeneHUu siaeMeHToB U3 A, U 9T0 NpoU3-
BeseHre B A TakEe COOTBETCTBEHHO MEHAETCA, 0CTaBaACh COTJIACO-
BaHHBIM ¢ Ay, Anrebpa C(M) noposknaerca siementTaMu £# 1 mocie
ckpyumBanna C(M) — C;(M) ¢ HOBBIM NpOM3BeAEHUEM

k=0 j=1
i
= zhz¥ + 6% (16)
2
CremoBaTebHO,
[z#, 2" ], = 2" x 2¥ — ¥ * 2H = 06", (17)
uro gaer Ci(M) = Cg. MokHO TPOBEPUTH, UTO OTHOCHTENBHO e-

popmupoBanHoro Konpoussegenns (15) stu KC nHBapraHTHE K Heii-
crButo M, [3].

Cremxyer yIoMAaHY Th, YTO MHTEPIIPETAIUA *-IpOon3BeaeHnusa Betnsa—
Moiisama ¢ ucroab3zoBaHueM abesieBa TBUCTAa CPABHUTENHHO OaBHO
M3BeCTHa B AepopMallmoHHOM KBaHToBaHWK (cM. [17, 18] u tmrupo-
BAHHYIO TaM JUTEPATypPy).

MoKHO ABHO 3allMcaTh *-MpoW3BeAeHune zF n pyHEIIM G(2) Co-
raacHo (16)

o'k d(x) = 2" d(x) + %9‘“’8,,(15(1‘), (18)
d(r)* " = 2to(x) — %9‘“’8,,(15(1‘).

CnenoBaTenbHO, *-yMHOMKEHEe Ha T/ MOMKHO IPEACTABUTL Kak i
cTBUe omeparopa rt + £0#”0, B mpocTpanctBe C(M). AHamgoruyro,
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3Be3/I04YKa — NpomsBeaeHne p(x) U ¢(&) MOKHO MpeICTABUTh KaK Ieii-
cTBUE IICeBIOAN(PepeHIaIbHOrO oepaTopa Dy, Ha BTOpOil MHOKU-
TeJb

p(z) * g(x) := Dyg(z)

= W*};(i/ﬁ) L1022 @ Bl O ) o),

MoH0, 0JHAKO, UCIONb30BAaThL BMECTO OOBIVHLIX (YHKIMA Ha Tpo-
cTpaHCTBe-BpeMeHH MUHKOBCKOIO C *-IIpOM3BeAdeHUEM aJarebpy, IIo-
POMKIECHAYI0 HEKOMMY TaTUBHEIMU KOO pAUHATAMU EH.

CootBeTcTBUE Mekay OGasmcamu stmx anare6p (1), (17) maercsa
MOPOMKRAAIONIMMI PYHKIMAMEU Gasucos exp(ikx) u exp(ikz) (cm. (3)).
IIpy »ToM melicTBUE FeHEpPaTOPOB AJTre0phl CUMMETPUM MOMKHO BhbI-
pasuTh M B TepMuHaX ¥ u npomspoaHex (cM. [1, 19]).

HeficTBue TeHepaTOPOB TPAHCIAIMA P, Ha KIacCCHUYeCKUE U KBaH-
TOBbIE TOJIA ¢(&) TPeANoNaraeTca 0AMHAKOBLIM

.0
Pop(x) = ey (z).

OaHaKO B KJIACCUYECKON TEOPUM TIOJA 33,1aI0TCA MIaJAKUMU P yHKIM-
AMM Kak saeMenTH C(M) ¢ pasnoskernem ®ypre (2), a reHepaTophl
P, meficTBYIOT Kak YacTHEIE IpoM3BoaHEle Py = i0/Jz". B KBanTOBOM
Teopun ¢(z) u P, ABIAIOTCA QUKCUPOBAHHLIMU ONEPATOPAME — Dile-
MeHTaMu anre6pel HabmogaeMmblx A. Heficteue P, Ha ¢(r) 3amaercs
KOMMYTaTOpPOM

PN : QD(I) = [Pua gp(l‘)]’
YTO COOTBETCTBYeT H-KoBapMaHTHOMY JelicTBUIO aire6prl Xonda Ha
A (A(h) = hy © hez)):

h-a = hiyay(hea)).

Wcnonb3ya ®yphe pasimoskeHme MoJeBOro omepaTopa () mo onepa-
TopaMm poskuenua u yamwutoxenus a(k), al(p), momydaem

[Py a(k)] = —kya(k). (20)

MosxkHO npuMeHUTH Tpeobpa3zoBaHUe ckpyumBaHus K ajrebpe Ily-
aHkrape U(P) mocie mepexona K KBaHTOBOW Teopuu mois [20], kKorma



198 I1. II. KYJINI

OCHOBHBIMU 06 beKTaMU CTAHOBATCA OMEPATOPDI POKICHUA U YHUUTO-
PKEHUS.

WUcnonb3ya tBuct F = eXp(%@’“’PN ® P,), MBI JOJKHBI N3MEHUTH
npousBezeHre B anrebpe Hab 10 1aeMbIX COTIACHO 06IIeMY MPaBUITy

(10)

axb=mo (e_%euyp‘i@P")(a ®b)

N R A -
:mo<za<7) [1EE JadPuj®adP,,j)(a®b). (21)
ji=1

n=0

TakuMm 06pa3oM, CKpy4deHHEIE TTPOU3BEIEHUSA OTIEPATOPOB PO AEHUA
W YHUUTOXKEHUA CBA3aHBI C MCXOJHBIMU ITPOU3BEICHUAMU

a(k) * a(p) = a(k)a(p)e*r) (22)
a(k) * a’(p) = a(k)a' (p)e®*P). (23)

BumgHo, 4To *-TIpouM3BeeHe BKCIIOHEHT (4) M olMepaTopoB yHUUTO-
weHnA (22) MMEIOT TOT Ke CaMBlii MHOEMTENb. B TepMuHAX #-
IPOM3BEAEHNA KOMMY TAIIMOHHBIE COOTHOIIEHUA UMEIOT BUI

a(k) « a(p) = a(p) * a(k)e—ZiG(k,p)
a(k)  a'(p) — ***Pal (p)  a(k) = 6(k — p), (24)

rae O(k,p) = —0(p, k) = %Huykup,,. CootHomenns (24) Bocmponspo-
JAT CKaJApHylo aarebpy S3amouomumkoBa—Panneesa. I[IpoTmBoro-
nosxkHaA (aza, HeCOrNacoBaHHAA ¢ AHCTBUEM CKDYYEHHON ajiredpb
ITyaukape, 6biia BBemena B [21] ¢ oaHOBPEeMeHHOR HEKOMMY TATUBHO-
cThio Kak omepatopos a(k), al(k) Tak u kKoopauHaT T# (cM. KOMMEH-
tapun B [22]). OTMeTHM TakKe, UTO, MOCKOIBKY MCXOAHAA aarebpa
OlepaTopoB POMKAECHUA Obla KOMMY TATUBHOM U BOJHOBBIE (YHKIUU
3a4aBUIIV OJHOMEPHBIE TIpeACTaBIEHNA CUMMETPUIECKOH TPYIIILI, TO
mociie MpeobpaszoBaHUA CKPYUYMBAHUA TO CBOMCTBO COXPAHAETCH.
OaHako cienyeT UCIMOIL30BATEL 00600IMEHHEIA OMepaTop MepecTaHoB-

KW TR = T 0 R ¢ melicTBUeM yHUBepcadbHOW R-MaTpUIThI
Tra*¥b=m.,o0ToR(a@b)=moForoFi(a®b)
=m®ForoFa(fia® fob) =mo(fyb® fra)
= a*b(= (R2b) * (R1a)).
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4. JE®OoPMAIUA I'PyHNnbl [IYAHKAPE

Mapamerper A* (w), a* raobanpHbIX TpeobpasoBannii IlyaHkape
noposknatoT anrebpy ¢ysriwmii F(G) Ha rpymnme Ilyanrape G. Dra
KOMMYyTaTHBHaA airebpa ayasbHa anrebpe U(P) w mocie ckpydn-
Bauusa U(P) — U:(P) mpousBeneHune B ayanbHoil anrebpe Xomda
(U(P))" ~ F(G) mensercs.

BaskHbIM 06'beKTOM, CBA3BIBAIONIAM MTAapy AyaJbHBIX ajrebp Xor-
da, ABIAETCA KAHOHNYECKUA vieMeHT (6uxapakrep) [6]

T:Zek®eka €k EH*aekEHa <ekaem>:6]:-na

rae e; u € — ayajdbHble auHeinble 6as3ucel B H* u H. B mamiem ciy-
yae, UCIOJbL3ys CoKpallleHHble o6o3Havenus a’ @ P, = a’P,, umeem

3
T = exp(ia” P,) exp(iw"” M, ).

Mpu ckpyumBanmn (14) reHepatoper (mapamerpsl) w” umm A* (w)
OCTAOTCA KOMMYTAaTUBHEIMU, B TO BpeMs Kak a” CTaHOBATCA HEKOM-
myTaTuBHEIME (cM. [10, 23, 24])

[a", a”] = i6" — iA* AY,0%7. (25)

Do MokHO Hoayunth U3 RTT-cooTHomenus [7], UCHOb3Y A MaTpUd-
Hoe mpencTaBienne U(P) n R-matpuiy

R = leF_l = eXp(—iguVPu ® Py)

i caeaya obiemy npasuiay (10) u ucnonwssysa ctpykrypy U(P) —
Eumony s anre6per Xonda (U(P))*. B cuny kommyraTuBrocTH A(w)
B IpeJicTaBiaeHnAX V o10ii anrebpsl (U (P));, nae Ay = 6 reneparo-
phI a¥ — Toxke KommyTaTUBHLL. OQnHako, ecaum A¥ # 0, To TeHEepaTOpBI
a’ He KOMMYTUDYIOT M He MOI'YT OLITh BCE HYJIAMMA.
IIpeo6pasoBadre KoopAMHAT ¥ mHaeTcsA JIEBLIM KoAelcTBUeM &:

Cy — Fo(G) @ Cy,
=8ty = AL, @2 +ad" @ 1. (26)

Yuuteisasd (25), npeobpazoBaHHble FeHEPATOPHI Y AOBIETBOPAIOT TO-
My ke KC [##,27] = 6%, CuenoBaTellbHO, HEKOMMYTATUBHOE
IPOCTPAHCTBO-BPEMA MHBAPUAHTHO OTHOCUTEIBLHO CKPYYEHHOM ajre-
6per Hyankape U (P). MoskHO TPOMHTErpUPOBATH AeHCTBIE alred prl
reHepaToOPOB

df

77 = Yl — f(r) = exp(e;¥;7) £ (0).
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Onuako, YTO6BI MOJYYUTH aHAIOTWUYHOE [AelCTBME Ha *-TIPOU3Be-
menvu f * ¢, mapaMeTphl « AOJKHBI OBITh HEKOMMYTaTHUBHBIMUA
(em. (25)).

PaccmarprBas TeH30pHOE TpoU3BeAeHMe ABYX (M Gosee) Komwmii
anre6per HK npoctpancrea-Bpemenn Cy @ Cg ¢ TeHepaTopaMu zf =
*@luay = 1oz’ ux KC nonygalorca cornacHo (11) ¢ R-maTpurieit

R = exp (—i6"" P, ® P,)

eiey —atel =t @2’ — (1o 2") (2" @ 1)

¢S] . k
v (Z)k ;L Vg v
= et o’ =3 S [T O Oua®) © (OB
k=0 ji=1
=zt @z’ — " Q¥ —i0"" = 0. (27)

DTo CBOWCTBO JlaeT AOTOIHATENBHEI MHOKUTEIE B IPeo6pa3soBaHum
$ypbe BaKyYMHOTO OKUAAHNA KBAHTOBBIX Moseid {(p(x1)* @(xa) % -« %
o(zn)) [10]. Uccienyerca Takke MCHONb30BaHUe abeleBOTO TBUCTA
B KalnOpPOBOYHBIX TeopuAX monf (cM. [25] W muTUpyeMyIo mauTepa-

TyDY).
5. JE®OPMALIMA CYHEPAJITIEBPHI IIYAHKAPE

Paccysaenua paborhl [3] MOMHO NPUMEHUTL U B cllydyae C pac-
IMUPEHHON cymepcumMMeTpun u cyrepanrebper [lyankape sP ¢ mo-
MOJHUTENBHBIMY CyIep3apAaaMn (HEUeTHEIMU TeHePATOPAMU CyTep-
TpaHCAAIR) Qg Qﬁ nns nonydenus HK cymepnpocTpancTBa, mpe-
noskeHHOro, Hanpumep, B [26]. KoMMyTallMoHHBIE COOTHOIIEHUA CY-
nepaarebpsl JIu sP pomonHuTenbHO K (6) BRIIOUAIOT (KOMMYTATOPHI
ABIAIOTCA Zo-TPAAYUPOBAHHBIMU, T.€. ecJu oba sjIeMeHTa — HEUET-
HBIE, TO ®TO AHTUKOMMYTATOD)

[Py Qu] =0, [My, Qal = i(ow) Qp,

(@ Q3] =0, (M, Q5] = i(0) { Qs
[Q5.Q51= 0, [Qu.Q;] = 20", Py

lenepatoper P,, Qo 006pasyior abeneBy (CyIepKOMMYTaTHUBHYIO)

mogaiarebpy M MOMKHO MOCTPOUTHL abejieB TBUCT, 3aBUCAIIUA TOJIBKO

OT HEeYETHLIX TI'eHepaTOoOPOB MOJA00HO He TPaAyWPOBAHHOMY CJIyYalo,
HalpuMmep,

F=exp(C*Qa®Qp) =14+ C*Qu®Qp—det C Q1Q2© Q1Q2, (28)
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¢ cuMmMerpuunoii Marpuneit C% = CP% tak uro Foy = F~!. Io-
Kasareib B (28) BOCHPOM3BOAUT MyacCOHOB TEH30D, OIpeIeAIONIMIA
cynep-croGrm (cM. [27]). Takoil aieMeHT CKPYUMBAHWA MOMKHO WC-
MoJIb30BaTh A mocTtpoenus HK cymep-npocTpancTBa coXpaHAsa KO-
BapUAHTHOCTH OTHOCUTEIbLHO MpeobpaszoBanuii cynep-Ilyankape [28,
29].

Anrebpanyeckue CTPYKTYPbl CKpYUYeHHO#R cymep-anrebpbl Xomnda
He MEHAITCH, TaKKe KaK U KOTIpou3BeneHue B abeieBoil momarebpe
(cyuep) casuroB P,, QQo. Omnaro, MeHseTcA KoIpousBenenue My, ,

oF
Ay(Myy) = FA(My, ) F~1
= A(My,) = i{C*(0,) % + C* (0)5 1@y © Qp,
A(Qy) = A(Qw)w“%% (RQp©Py—Py©Qgs).
WUcnonb3ysa craHAapTHYIO peaiM3aliiio Cyrnep3apAnoB

Qo = 8/00° — wgbéﬁa/ax“, Qs = 0/06° — i6° " 0/0a"

HoJIy4yaeM HEKOMMyTHUpylomue reneparopsl ¥, 0% 07 cymepupocr-
pancrBa MuHKOBCKOro sM;

a pB1 apf al _ g af U g
[0%,07] =207, [a",0%] = 2iC* 0. 07,
vl af v v aé
[z#, 2] = 2C Ufwawmﬁ .

O1u (cyrep)KOMMYTaTOPHI — CIIEJICTBHE *-TIPOU3BEIEHUIA B 0GBIYHOM
cymep-mpocrpaHcTBe s /M

0% %07 = 6% . 0° 4 CF ph 0% = a0 +iC ol 07,
R T LR C“ﬁagﬁbﬁagééé.

Kak n B mpeaplayIeM ciaydae, MOKHO paccMaTpUBaTh *-yMHOMKEHME
OBBIYHBIX ileMeHTOB p(z, 0, ) amrebpor C'(sM) Ha 0% unn Ha 2Fx
KaK JeicTBUE OITepaTOPOB

0% = 0% -+ O (9)00° — io’,0°0/0x"),

whe = o iCP Gl 07 (0/00° — io” 000/ 0x”).
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BaskHO OTMETUTE, YTO TeHePATOPHI (TapaMeTphl) CKpY4eHHOH cymep-
rpymmer [Tyamrape (Uy(sP))*: wh”, b A%, M nBoiicTBeHHEIE K My,
Py, Qa, Qﬁ yike He ByayT cymepkoMmyTaTtuBHBIMU. OnHako nx KC
OyayT OTIMYHEL OT COOTHOIIEHNH reHepaTopos Cy(sM).
[MpeacraBaaa raHoHwdeckuii siaemeHT 7 CKPYUYeHHOU cymepad-
re6pel Ilyankape U;(sP) m ee AyanbHOW KBaHTOBOW CyTeprpyIITE!

(U (sP))" B BUIE
T = exp(i;\de) exp(iA®Qq) exp(ib” P,) exp(iwh” M, ), (29)

MOKHO HAWTH, Hapumep moib3ysich RTT-cooTHommenuem merona [7],
yro wh’, AY ocTaloTcA CyHepKOMMYTATHUBHBIMU, a A% 1 b* yike He
CYTIePKOMMY TATUBHEBI, HAITPUMED,
a 871 af a B iy

N, NT] = 2099 — 3(85(w))" (S(@))5C7%.
OrmvernmM, 4T0 B BeIpaskeHnr (29) KAHOHMYECKOTO BIileMeHTa T'eHepa-
TopHI b* He ABAAIOTCA spMuTOBEIMK. CKpyunBaHue (28) Takske He co-
XpaHAeT CTAaHAAPTHYIO *-omepaiuio cynepaiarebpor [lyankape. Ilus
BBIYKCJIEHUA *-TIPOU3BENEHUN MOKHO MCIIOJIb30BATH KOMPOW3BeAEHUA
WHY bR X NP

AWy =D (we 1,1 @ w),

A = A% @ 1+ (SW)% @ ¥, ARY) = 3 @ 1+ (S(w)® @ A,

AH) = b @ 1+ AW)! @ b — 2i(A*(S(w)% © M)’y

piieMenT TBUCTa (28) m obimee mpasuio (10). D*(w ® 1,1 @ w) —
pan Berkepa—Kem6Gema—Xaycaopda rpymmsr JTopentna, A(w), S(w),
(S(w))ﬁé — Marpullbl TpeobpasoBanuii JlopenTiia BeKTOpoB U Beli-
JIEBCKMX CIMHOPOB. KommyTaimmonnbie cootnomenusa HK cymepmnpo-
cTpaHCTBa sM; MHBapUAHTHLI OTHOCUTENBLHO CKPYUYEHHBIX CYTIEpadl-
rebpel u cyneprpynnsl [lyankape.

Psanx cnmencTBuil cKpydeHHO CylnepcMMMeTpUM B TPUMEHEHUN K
Momaenn Becca—3ymuno obcysknaerca B [30].

ABTOp BBEIpasKaeT NPUBHATENHHOCTEL OPraHU3aTopaM KOHpepeHIMn
“HekoMMyTaTUBHAA TeOMETPUA U TEOPUA MPEICTABIEHUA B MaTeMa-
Tnueckoit pusure”, Kapmmran, Hsenus, 2004, a rakke M. Yabiun-
any u A. Typeany 3a mosesHble 06Cy®KAEHUA.
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Kulish P. P. Twist of quantum groups and noncommutative field the-
ory.

The role of quantum universal enveloping algebras of symmetries in

constructing a noncommutative geometry of space-time and correspond-
ing field theory is discussed. It is shown that in the framework of the
twist theory of quantum groups, the noncommutative (super) space-time
defined by coordinates with Heisenberg commutation relations, is (super)
Poincaré invariant as well as the corresponding field theory. Noncommu-
tative parameters of global transformations are introduced.
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