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1943 MATEMATUYECKWI CBOPHUK T. 13 (55), N. 2—3
RECUEIL MATHEMATIQUE

HenpuBoauMbie yHHTapHbIe HPe/JCTaBICHHA
J0KaJIbHO OMKOMIAKTHBIX rpynm

HU. M. Teabdann u JI. A. PaiikoB (Mocksa)

JliHe HHBIM (KOHEYHOME PHBIM) MPeACTABJIEHHEM TOMOJIOIHUECKOH Tpynmnkl G,
KaK M3BeCTHO, Ha3hIBAWT roMoMopdHoe oToOpa)keHue 3TOi FpyNmbl B TOMO-
JIOTMYECKYI0 TPYMNy MaTpHIl HaJ TeJIOM KOMIUIEKCHBIX uucen. Ilpexncrasie-
HMe Ha3BIBAlOT YHMTAPHBIM, €CJM MaTpulpl, o0pasywouue npeicraBlieHue,
yHuTapHsl. [IpeicTaBjieHde MaTpullaMu 71-ro mOPsiiKa HashiBAOT HEMPUBO-
JMMBIM, €CJIM B 7-MEDHOM KOMIIJIEKCHOM TIDOCTPAHCTBE He CYILIECTBYET COG-
CTBEHHOTO TMOANMPOCTPAHCTBA, WMHBAPUAHTHOIO OTHOCHTEJILHO BCEX MATPHIL,
o0pa3ywomux mnpejcTaBjieHre. [OBOPAT, YTO JIMHEiiHBIE NpeNCTaBJIEHNS
rpynnoel G COCTaBJST MOJHYH CUCTEMy, €CJIM ISl KakAOr0 9JIeMEHTa
IPYMNBI, OTJMYHOIO OT €LMHHUIIBI, CYIIECTBYET NpeAcTaBJieHue, MepeBojsiiiee
ero B MAaTPULLY, OTJUYHYI) OT €IVHUYHOM.

I KoMuakTHEX rpynn JIu CylleCTBOBABME TOJIHOM CUCTEMBI KOHEYHO-
MePHBIX HENPUBOAVMBIX YHUTAPHBIX MpeacTaByeHuH OblI0 foKa3aHo [leTepom
u Beitnem [9]*. B ux Meroge, KpoMe KOMMAKTHOCTH paccMaTpUBaeMbIX
I'PYIN, UCT0Jb30BaJIOCh NUIIbL CYLIECTBOBAHME HA 3TUX rpymnax UHBApUAHT-
HO# Mepsl. [TocTporB MHBaPUAHTHYI0 MEPY HAa J060H JIOKAaJbHO KOMNAKIHOI
rpynmne co BTopod aKcuomoil cueTHocTH, Xaap [3] aBTOMaTHYecKu pacmpo-
cTpaHuJ pe3ysbTaThl [letepa u Beiinsl Ha npou3BoJibHEIE KOMIAKTHBIE TPYIILI,
YIOBJIETBOPSIOLME BTOPOii aKcHoMe cyeTHOCTH. JIJIi KOMMYTAaTHBHBIX JIO-
KaJIbHO KOMIAKTHBIX TPYII CO BTOPOH aKCHOMOM CUCTHOCTM CYIIECTBOBaHHE
NIOJIHO}i CHUCTeMbI HENPDUBOAMMBIX YHUTADHBLIX TPEJCTaBJIeHUIl (SIBJISTIOMUXCSA
. 3[leCb OJHOMEPHBIMH) OblJIO A0Ka3aHo JIk. Heitmanom [7] **). Ho cymectso-
BaHHe MMOJIHOM CHCTeMbl KOHEYHOMEDHBIX HENPHBOJMMEIX YHMTApDHBIX Tpei-
CTaBJICHU# 1Jis1 TPOM3BOJIbHOM JIOKAJbHO KOMIAKTHOW TpYMIbl, YAOBJETBO-
pAwLIell BTOPOH aKcHOMe CYETHOCTM, He MOrJo OBITh [JOKa3aHo, u0O cyule-
CTBYIOT TPYINIbl 3TOT0 BHAA, He MAONyCKawlige Boobme HM OAHOr0 TaKoro
NPEeJACTABJIEHNs], OTJMYHOIO OT TPUBHAJIBHOTO TIpEACTABJIEHUS €LMHHYHON
maTpuuei. Bo3HMK Bompoc 0 6eCKOHEUHOMEPHBIX MPeACTABJICHUAX JIOKAJIbHO
0MKOMMAKTHBIX T'pyIII.

* Lludpsl B KBaZPaTHbIX CKOOKAX OTHOCSITCS K CIUCKY JIMTE[aTypbl, TIfUJIOXKEHHOMY
B KOHLIe CTaThH. '
**¥ Cm. Tarxe paboTy aBTOpOB [2], rie 3TOT pe3ynbTarT MHOJYYeH C MOMOLIBIO TEOLHH
» KOMMYTaTUBHbIX HOPMHPOBAHHBIX KOJIeN.
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EcrecTBeHHBIM  00001IeHHEM TIPEJICTABJIEHWA YHUTAPDHBIMU MaTpHUIAMU
SIBJISIIOTCS MPEACTAaBIEHUSA YHUTAPHBIMU ONEPATOPAMHM B T'MJILOEPTOBOM Mpo-
CTPaHCTBE. Y HUTAPHBIM NMpeNCTaBJIeHH e M TONOJOTHYECKOH I'PYIIIbL
G mbl Oygem HasbBaThb roMomMopdHoe oToOpakeHwe 3TOM TPYNIBl B TOIO-
JIOTMYECKYI0 TPYMNY YHUTAPHBIX OIepaToOpOB B KOMIJIEKCHOM I'MJbOepTOBOM
npocrpauctse 9; Gosee ToyHo: ¢ynkuuw U, oTobOpakawmyo rpynny G
B COBOKYNHOCTb YHMTApHBIX OI€PAaTOpPOB, AEHCTBYyIOMUX B §, U obiagaio-
mylo creayomumu asymsi cpoictamu: 1° Uy =UU, nna Beex g, heG,
1 2° U, ectb cusbHO HempepuiBHAs QyHKIUA OT g, T. €. ||Uyn—Un||—0
1npu g’ — g aia moboro 169. ‘

B nacmosweii pabome 6yoem 00KA3aHO CYUWjecmeosanue noAHOL CUCMEMb
HeNpUBOOUMbIX YHUMAPHLIX npeocmasaenull 048 nPou3soAsbHOT AOKAALHO
Ouxomnaxmuoil epynnbl.

JloKasaTeJbcTBO Oy/eT OCHOBHBATLCS HA TECHOM CBSI3M YHUTAPHHIX Hpe]-
CTABJIEHUI C TIOJIOKUTEJIbHO OIpefeIeHHBIMU (PYHKIIUSIMHU.

1. ®dyuxuus ¢(g), 3agannast Ha rpynne G, Ha3pBaeTcsi 110 JIO K U-

o SN 1T
TeJbHO ONpefeJIeHHOI, ecnnzch(gl‘gk)kk)\l = 0 1A Bcex KoHeu-
k=11=1
HBIX CHCTEM D3JIEMEHTOB g, ..., §,€ G ¥V KOMIUIEKCHBIX UHCENl Ay, ..., khy.
Kaoncoas HenpepbiéHas noaowcumenvo onpedesennas @ynkyua ¢ (g),
200aHHaa Ha monoao2uyeckoil epynne G, nopomcoaem npeocmasaeHue 3moi

2pynnel YHUMAPHbIMU O0NEPAMOPAMU 6 HEKOMOPOM 2uablepmosom npocm-
paHcmee. ‘

9TO TPOCTPAHCTBO CTPOMUTCA CJeAyOIUM 00pa3oM. B COBOKymHOCTH BCeX
KOMILJIEKCHBIX QyHKUnit A (h) (h€ G), Ka)xpas u3 KOTOPHIX OTJIMYHA OT HYJIst
Jiviib B KOHEYHOM YHCJIE TOYeK, OmpejesisieM CKaJIsipHOe TIIpOou3BeieHHE

(s =2 ¢ (W) (hyp (R, (1
h N
rjie CyMMBl (DOPMaJbHO DACpOCTPAHSIOTCSl HA Bee djleMeHTHl rpynnel G (10
JIMIIb KOHEYHOE YMCJIO0 CYMMUPYEMBIX WYJIEHOB OTJIMYHO OT HyJist). OTOM[e-
CTBJISASE Te QYHKLUUM A U p, 0718 KOTOPBIX (h—p, h—p)=0, U 3aMBbIKas
MOJyYaoNIylocss JMHelHyI0 cucTeMy To HopMe |M|=1/ (A, 1), moJyuaem
ruib6epToOBO TMPOCTPAHCTBO; 0003HAYUM ero yepe3 &, (¢).

Kaxppiit anement g € G mopoykgaer omnepartop jesoro casura T, ompe-
neneHHblt ayst dynkuuit A (h) Qopmynoit T h(h)=1h(g'h). Onepatop T,
yHurapeH. IeHCTBUTEJILHO,

(T, Tp)= X Do M1 (g hp(g k),

h h’

OTKY/a TPH NOMOUIM TOACTaHOBKU h —> gh, b’ — gh monydaem

(T Tey=3 N ot ig-gh) L (e ()=, w).
h R’
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Taxk Kak QyHKUMM \ (h) pacrosioyKeHsl BCIOAY IJIOTHO B &, (¢), T0 T, MOXET
ObITb J0OTIpeesieH, OJHO3HAYHO U C COXPAaHEHUEM YHUTAPHOCTH, HA BCEM
2,(9). T, ecTb CuibHO HenpepweBHasA (QyHKuUUA or g: | Tym— gn|-—>0 npu
g —g unﬂ Beex M€ ¢, (¢). JleHcTBUTELHO, TAK KaK

I Tym—Tp|*=|Tpgn—n]*=2[(n, W) =R (Tg1gm, W, >

TO JOCTaTOYHO JoKasath, 4To (Tym, m)—>(m, m) 0pu g—>e, THe €-—elu-
Huga rpymnsl G. Ho mia m=»\(h), B cuuy (1) ¥ HenmpepolBHOCTH ¢ (g),
uMeeM

(T, V)= 2 2 (g () W (1)) —

Ecp(h' )\ (BN () =(x, k) npu g—>e.

h

Jst mpoussosibHOro e M€ L, (¢) U Kaxgoro ¢ >0 cymecryer A (h) Takas,
uTo |M—A| <—§— . BoiGupas okpectHocTb V'  eaMHHMuBI TaK, YTOOB

T —\|< £ mpu g€V, momyuaem A STUX g:

Ouesupno, T =T, T;,. Takum oGpasom, omepatoper T, 00pa3ylT yHuTap-
HOe mpeAcTaBJieHue rpynnsl G. PYHKUUA

1 npu h=e
£ (h) = ’
% (1) {0 npu h+e
Oyaer mpoM3BOASILUM BEKTOPOM B £, (%), B TOM CMBbICJIe, YTO BeKTOpH TE,
NOPOXKMAT npocTpaHcTBo &, (¢). HelicrButenbHo, @ynxuuu A (A) pacmosio-
YKEHBl BCIOAy IUIOTHO B &,(9), a Ka)Kaass U3 HUX eCTb JIMHeHHass KOoMOH-
Hauust BeKTOpoB Th: h= D M (M) T)5,. B cuny (1)

h

(@)= (T f &) ' @

O6patHo, Kadcooe yHumapHoe npedcmagaenue monoioeudeckol 2pynnet G
noponcoaem HenpepobigHble MNOAONCUIMEAbHO onpedesennble @ynkyuu. eii-
CTBUTENIbHO, ecii U, — yHuTapHble ONEpaTopel B I'ujb0epTOBOM HpPOCTPaH-
cTBe 9, oGpasyxonme npeacrasienue rpynmst G, To ¢ (g)= (U, §) Oyner
HenpephIBHON TMOJIOKUTEJILHO OMNpejesIeHHOl (pyuxuneu [uist moboro BeKTOpa
£€9, npuuem ¢(g) =0, Korma £ = 0. Ecu B § CYIIECTBY €T NPOU3BOASAMIUIA
BEKTOp &, T. e. BeKTOpr U, mopoyxpalT mpocTpaHctso §, To § u3o-
MopdHo npocrpaHcTBy £, (9), NOPOKAEHHOMY (yHKuUHKeH ¢, (g)= WUk &)
Msomopdusm ycraHaBIMBaeTCsi COOTBETCTBUEM Zk(h) Uyt <~ \ (h). Onepa-

Topam U, B § COOTBETCTBYIOT ONEPATOPH CABHra T, B & (9).
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2. Myctb ¢ (g) U ¢ (g)—NOJOIKUTEJbHO onpejiesieHHble QYHKIMU. MbI 6y-
AeM mucath ¢ (g) € ¢ (g), ecmm ¢ (g) — 9 (g) TAKXKe eCTb NOJOIKUTENLHO omnpe-
JenenHan ¢ysxuus. Ecnu ¢ (g) HempepbiBHa U ¢ (2) € ¢ (g), To ¢ (g) TaKKe
HenpepuiBHa. [leiictBuTesbHO, KakK yKasajl M. I'. Kpeiin [5], Bcsikas mosio-
JKUTEJIbHO OmpejesieHHast QYHKUMS ¢(g) YAOBJIETBOPSIET HEPABEHCTBY

1o @) —¢(h)|* < 29 (e) [p(e) —Re (h7'g)] nnis Beex g, hEG. 3)

Ho ecmn $(9) < 9(2) 10 ¢(©—9(©)>0 n 9(—b(O)—Rlg(hg)—
—4(hg)] = 0, cienoBaTesbHO,

0@ —v(M) P <2¢(e) [$(—RI(E7Q] < 2¢(e)[p(0)—Re (A1

Taxkum o06pa3om, U3 HeNpepeIBHOCTH ¢ (g) B TOUYKE e CJeAyeT HempephiB-

HocTh ¥ (g) anst BCex g.

_ ByneM HaskBaTh HEMPEPBIBHYIO IMOJIOYKUTEJbHO ONpPEJEJIEHHYI0 (YHKIMIO
¢(g) anemenTapHoi, ecmm u3 $(g) < (g caenyer, uro (g)=oae(g).

-TpUBHAbHEIMA TIpUMepaMU 3JIEMEHTAPHBIX TI0JIO)KUTEJIbHO OTNpeJeJIeHHbIX

QyHKIMit c1y)KaT QyHKUMA ¢ (g) = ¢, Tle ¢ — HEOTPHLATeJIbHAsl MOCTOSHHAS.

Teopema 1. Yuumaproe npedcmagaenue epynnst G, nopoxncoaemoe
2/MeMEHMAPHOL HenpepPoleHOLl NOAONCUMEAbHO onpedeennoll gynkyueld ¢ (g),
Henpueooumo.

NoxkasarteabcTBo. [lycTh P —npoeKuuoHHHt omepatop B £,(9),
nepecraHoBounblii co Beemu T,. Torma ¢(g)=(T Pt &) Oyaer mnosoXu-
TeJLHO onpefesieHHo# QyHKuueil, npuueM ¢ (g) < ¢(g)- B camom pgese, gis
POM3BOJILHON (QyHKUMU ) (g), OT/IMYHOM OT HyJs JMIb B KOHEYHOM uuCTie
TOYEK g,, +.., gn€G,

n

> N o (gir'g) M) R (g) = 3 X (- (80) To Pey 1(8) Ty, &)=
=1

k=1 h=11=1

=<P2)\(gk)Tngoy 2)\(gl)TglEo>=(P)\', )\)
k=1 =1

2 2 e (glg) M) M (g) =0, V).

h=11=1

Ho 0 < (P:, M) < (A ). OTH HepaBeHCTBA O03HAYAlOT, TaKUM 06pa3oM,
COOTBETCTBEHHO, TIOJIOXKUTELHYIO OTIpeiesIeHHOCTh PyHKIuit ¢ () 1 9.(2) — ¢ (9)-
TaK KaK, cOrJIaCHO TpeNNoJoKeHnw, ¢(g) anementapHa, To ¥ (g)=ap (g)-
CrnegosaTenbho, (Ph, N)=a(k, A) ansa Bcex A(g), OTJAMYHBIX OT HyJIs1 JMIIb
B KOHEYHOM uucje ToueK. Tak Kak 3Tu h(g) pacrojio)KeHbl BCIOAY IUJIOTHO
B 8,(p), To P=0E. Takum o06pa3oMm, Mbl J0OKa3aju, 49TO - €AUHCTBCHHBIMU
NPOEKUMOHHEIMU onepaTopamu B £,(g), TNepecTaHOBOUHBIMU CO BCEMH Ty
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- 6yayTr P=0u P=E. Ho 3T0 1 03HayaeT HeNpMBOAUMOCTb TipeAcraBnedus T,
160, ecnu Gb onmepaTopsl T, TPUBOAWIM TMOANPOCTPAHCTBO B L, (), TO OHM
Obln ObI TepecTaHOBOYHBI C ONEpaTOPOM TIPOEKTHPOBAHMSI HA 3TO TOA-
T1POCTPAHCTBO. '

Teopema 2. [ToromcumenvHo onpedeennvle PyHKyul, nopoIcoaemble
HenpugoOuMblM YHUMApHIM npedcmasaenuem 2pynnvl G, A6A30MCA IAeMeH-
mapHbIMU. .

JNoxasarteabctBo. [lyctb U,—yuurtapHeie omepaTopsl B ruibGep-
TOBOM NPOCTpAaHCTBE §, 06 pasyolnye HeNpUBOANMOE IpeicTaBIeHye rpynnsl G.
Torga Kakugii BexTop &€, OTIMUHBIA OT Hynsi, OyAeT NpPOM3BOASIIKM.
MNycts ¢(g)=(U, &), $(g)—TMONOKATENLHO oONpefes°HHASA (QYHKUMA U
U(g) € 9(g). Onst moGeix jaByX BeKTopoB h= DA (M)U;E u p=Dp () U,
rae ¢yuxuuu A (h) u p(h) OTAMYHBL OT HyJsl Kakaasl UMb B KOHEYHOM
yucyle TOYEK, TMOJIOKUM

(B, 9«)=2 Dy ) (R (),

h R’

B — caMoconpsyKeHHbI oneparop u
< BN < W)= Ech(h' *h)\ (h) k (R).

Tak KaK BeKTOpbl » paccMaTpUBAeMOro BUAA DACMOJIOXKEHBI BCIOAY IIOTHO
B ©, To B MO)XHO [0OIpeje/IiTh, OJHO3HAYHO M C COXPAHEHUEM CaMOCo-
NpSHKEHHOCTH, Ha BceM $. B mepecraHoBoueH co Bcemu U,. JleACTBUTENBHO,
ans Bcex g, heG

(U BUE, U)k)=(BUE, Ugnt)=19(h'gh)=(BUU,%, Uy,
¥ TaK Kak Bextopbl U, cocraBnsitor 6asuc O, 1o
(U,By, m)=(BUyn, m) anst Bcex M€ D;

cnefioBatesHo, U, B=BU,. Ho caMmoConpsyKeHHBIH onepaTop B MOXKeT ObITb
nepecTaHoBOYeH ¢ omepatopamu U, 00pasyioliUMH HeNPUBOJAMMYI0 CHCTEMY,
mvulb npu B=aE. [eiictButensHo, U, Oyayuy mepecTaHOBOYHLI C B, mepe-
CTAQHOBOYHBI € ero crnexTpanpHoit ¢QyHKuueil E(A). Ho B Takom ciyyae
TNPOeKLHOHHbIH omepatop E(A), kak Mbl Bupenu, paBen 0 wmu E. Taxum
006pa3oM, Becb CIEKTp ollepaTopa B cocpefoTo4eH B HeKOTOpOM TOYKE o, U
B=gaE. Otciopa cnegyer, 4To

(BUGE, B)=a(Ug, §), 1. e. 9(9)=u0(Q),

uyTo ¥ TpeboBasoCh JOKa3aTh.
Tomonoruyeckass rpymna G o0jajaeT TOJHOW CHCTEMOH  HernpuBo-
JAMMBIX YHUTapHBIX TpPEACTaBJIEHUH, €CIM JJIsl K)KI0ro ee 3JieMeHTa g, = €
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CyLleCTBYeT HeNpUBOJMMOE VHMTapHoe mpeacraBaende U, B HeKoTopom
ruib0epToBOM TIPOCTpaHcTBe §, Taxoe, uto U, == E. Mpi Gygem roso-
pUTb, 4YTO HA rpynne G CyWeCTBYET N0AHAA CUCMeEMA 31eMEHINADPHbIX Henpe-
POIBHBIX NOAONHCUIMEAbHO onpedeaeHHbIX (PYHKYUd, eCcav i KaKLoro sJie-
MEHTA g, # € CyU[eCTBYET 3JIEeMEHTapHasl HelpepbIBHASI MOJIO)KUTEJIbHO OTIpe-
HeseHHast QYHKUHUS @, (g) TaKasi, 4To @,(g,) % @, (¢). VI3 mpenmecTsyomux
pe3yJIbTATOB HeMOCPEeACTBEHHO CJiefyeT

Teopema 3. Jaa mozo umobet monoaoeudeckas epynna G ob6aadasa
NoAHOU CUCMeMOU HenpusooOUMbIX YHUMAPHBIX NPeOCmagaenuii, Heoox00UMOo
u docmamourio, 4molsl HA Hell CYLecmeo8ala noAHAs CUCMIEME IAeMeHMAp-
HbIX HenpepouleHbIX NOAONCUMEAbHO OnpedeseHHbIX (PYHKYUl.

JeHCTBUTETILHO, eClU @, (g,) # P, (€), TO AJisA TpeacTaBieHust T, MOPOK-
faeMoro ¢QyHKuuei ¢, (g), B cuily paBeHcTBa (2) umeeM Tk, - &, Clefo-
BaresbHo, Ty, == E. O6patHo, ecnmu Uy, == E, TO cymecTByeT BeKTOp &,
TaKoi, uto (Ugky, &)+ (5, &); Torma mna o,(g)=(Ug,, &) uMeen
%0 (80) # 0 (0)- | |

Mul nokaxem, yTo TmOJy4YeHHOe Heo0XOoauMoe M JOCTAaTOUHOE YCJIOBUE
TIOJIHOTBI CHCTEMbl HENPUBOAMMBIX YHUTAPHBIX TIPEICTABJIEHUIl BBHIMONHSAETCS
Ha BCSAKO# JIOKaJIbHO GMKOMMAKTHOHM rpymme.

3. Kak usBectHo, A. Xaap [3] mnokasajn, uTo Ha BCSIKOH JIOKaJbHO
KOMIIAKTHOl rpyrime, yx0BJIETBOPAILIeH BTOPbH aKCHOMe CUETHOCTH, Cylile-
CTBYET JIEBO-WHBApUAHTHAsl Mepa m, T. €. HeoTpullaTeJibHAasA QyHKUUSA MHO-
YKeCTB (Morymiasi, BooOue roBopsi, TPUHUMATb U GeCKOHEYHOE 3HAueHue),
BMOJIHE ajAMTHBHAs Ha Tese (B) Bcex 0G0peseBCKUX MHO)KECTB U MHBAPUAHT-
. Hasl OTHOCUTEJIbHO 4JIEBBIX CBUTOB»:

m(gE)=m(E) ans Bcex E€(B) u Bcex ge€QG.

Kak BrmocieacTBUM OTMeuyasioch psIiIOM aBTOPOB, KOHCTpyKuusA Xaapa,
B (opMe, mpugaHHoil eit Baunaxom [1], nmpumeHuma K uw00o#f s0KalbHO
OuKomnaxTHoii rpymnne. [Ipy 3TOoM, KaK u B Cjyyae, pacCMOTpeHHOM Xa-
apoM, BCSIKO€ OTKDBITOE MHOXKeCTBO C OMKOMIAKTHBIM 3aMBIKaHWEM uMeeT
KOHEUHYIO TIOJIOXKUTEJIbHYI0 Mepy, ¥ Mepa Ka)KJA0ro MHO)KECTBA paBHA HHIK-
Hell TpaHM Mep COAepKAlUX €ro CYETHBIX CYMM OTKDBITBIX MHOYKECTB
¢ OMKOMIIAKTHBIM 3aMbIKaHHEM.

B panbHeiiuiem Mbl Be3ge OyjgeM mpepnojaratb, 4To G — JIOKajabHO
OuxomnakrtHas rpynma. [lyctb m — omnpeaeseHHast Ha Hed JI€BO-HHBa-
puauTHas mepa Xaapa*. '

* Mbl HMPE Ke OyJevM OMMPaTbCsl HellOCPEeACTBEHHO HA JIOKajbHYI0 OHKOMIAKTHOCTH
rpyunsl G. Bce Hawu BbiBombl GyayT 06a3upoBaThCsi ML Ha CBoiicTBax mepbl Xaapa.
IMoaromy MOYKid0 ObIO Obl, HE Hanarasi Ha rpyniy HUKAaKMX CHEUMAJbHO TOMOJOrHYECKHX
orpaHuueHuii, Npsivo norpe6oBaTh, uTOOBl HAa HeH cymecTBoBana Mepa, obnanaowas
OCHOBHBIMH CBOMCTBaVH JIeBO-HHBApMAHTHOM Me[bl Xaapa, ONUCAHHbIMH 'YHCTO AKCHOMA-
TUYECKUM NyTeM (Mpu 3TOM MPHIJIOCh Obl HECKOJbKO OrpaHHYMTb 00J1aCTh OTNpenesIeHHst
mepe!l) [10]. Onxako, 310 e Aag0 Obl CyWeCTBEHHOTO YCHJIEHHs1 HAalUMX [e3yJbTaToB, HGO,
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m(Eh) npu moGom (puxcuposapHoM i€ G Takke €CTb JIEBO-WHBAapUAHT-
Has mepa Xaapa. Ilo Teopeme enuncrsennocru (8, 4, 11], m(Eh)=Il,m(E),
rag I, —uucio, He 3aBucsimee oT E. OTciona HeMOCPEACTBEHHO CIEAYET, 4TO
Lgn==1,0; [8]. Mo)xHO moKasatb, yTo [, —HenpepbiBHasi ¢yHKUusA oT h.

Bynem o0o3HauaTb yepe3 L, MPOCTPAHCTBO BCEX U3MEPUMBIX abCOIOTHO
WHTEr pUPYEMBIX KOMIUIEKCHBIX (QYHKUUH X (g), ¢ HOpMO#i * '

1xli= (x (1.

KaxxaoMy g€ G cooTBeTCTBYeT B &, omepaTtop JIeBOro caBura T,
T,x(h)=x(g~'h), n onepatop mnpasoro casura T,: Tyx (h)=x (hg='). Ome-
patopel T, ynutapubl. W3 ocHOBHBIX cBOWCTB Mepnl Xaapa CllefyeT, YyTo
ans moeboit gynkuuu x(h) €L, mpM g — g, HMEIOT MeCTO COOTHOIUEHHUS

S ‘x(g“h)—x(galh)idﬁ —0u S [x (hg™)—x (hgé’)|dh — 0

Takum oGpasom, onepatopbl T, u T, OKa3bBAWTCS CHUJIbHO HeNpepbIBHBIMU
(yHKLMAMY OT g.
Ilycts x, y€ ,. Torna

Xuy = % x(h~'g)y(h)dh

CYIIECTBYEY TOYTM AJiA BCeX ¢ U € &, npuyem | x.y {<<| x| y|.. Bsegem
00o3nHaveHHe

X" (9 =1;"x(g7 ).
Tax Kax [8]

\ x(@dg=\x(g1;" dg,

TO NPU X€Q, TalKe X*€&,, npuuem |[x*| =| x|. Jlerko npoBepuTs, 4TO
X =x U1 (x:y) =y« X"

JlvHeiinplil GyHKuuoHan L, omnpefeseHHbii Ha &,, Mbl OymeM HasbBaThb
MNO3UTUBHHM, ecau L(x.«x")=0 misa Bcex x €&,. Ilycte ¢(g)—cyme-
CTBEHHO OrpaHWYeHHasi WHTerpasibHO TOJIOKUTEJIbHO ompejelieHHass QyHK-
uusi, T. e. ‘

sup ess |9 (g)| < OO’S S o (h-'g)x () x (h)dgdh =0 pus Beex x €8,

KaK nokasan A. Beinb [12], Bcsikas rpynna ¢ wepoil Xaapa moyKeT ObiTh MOMoJHeHa 10
JI0KaJbHO OMKOMMAKTHON TLYyMMbl, a TOrJa NOjLoTa CUCTeMbl BCeX LENLUBOAMMBIX yHHTAp-
HbIX TIpEACTaBiekHii rpynnel ¢ mepoif Xaapa Oyner BbiTeKaTh K¢K HKenoCLeAlTBEHHOE
CJIECTBHE U3 MOJHOTHI CHCTEMb! LerfHBOAMMBIX YHMTAPHBIX TMPENCTABJCHNI TOMOJIHEHHOH
JIOKaJIbHO OMKOMINAKTHOM Irpymiibl.

* Bclopy, rae He ykasaHa o0yacTb WHTEr|auuu, Mpeanoiaraercsi, 4ro WHTerpaums
NPOM3BOAMTCS Mo BCeii rpymnne.
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Torga, KaK JIerko NMpoBepUTb, QYHKUUOHAN L, (x)= g o(g)x(g)dg mnosu-
THUBEH. .

Teopema 4. Kancooud nosumugHwlli aureidnslil @yHKYuonan L noponc-
Oaemca HeKOMOPOUI Henpepolé6HOU NOAOHCUIMEAbHO 0npedeneHHol GYHKyuell
¢ (9):

L(x)=L, (x)= S ¢(g)x(g)dg Ans Beex x€Q,.
HdoxKasaTenbcTBo. Bununelinniit QyHKIHOHAT
(x, y)=L(x+y")

06JaiaeT BCeMU CBOJCTBAMM CKAJISIDHOTO TIpoM3BefeHHs. JleficTBHTENbHO;
cBoiicTBa (X, +X,, ¥)=(X,, ¥)+(x,, ¥) 1 (Ax, Y)=A (X, ¥) OUeBUIHBI, CBOii-
c1BO Ke (¥, X)=(X, y) CllefyeT U3 BELeCTBEHHOCTH JIeBOHl YacTH M Kpaii-
HUX YJIEHOB NPABOW YaCTH PaBEHCTBA ‘

L((x+29) e (x-H19)) =L (x+ )+ 1Ly 1) 4L (x+ ) FIAL (1 1),

ObosHauym uepes &,(L) ruib0epTOBO NpPOCTPAHCTBO, NoOJyyalolieecss U3
¢, OTOXKJECTBJIEHMEM TeX X MU Y, AJIA KOTOPHX (X—y, Xx—y)=0, u 3aMbl-
KaHueM 10 HopMe

x|=)(x, x).
Jdna x € &, umeem: |x *=L (x+x*) < |L|||x]||x*|=|L]|x]? OTKyla

lx|=VTLTlIx|.

Wpesi noxasaTejibCTBA TeOPEMbl 3aKJOYAeTCss B TOM, YTO IPOCTPAHCTEO
8,(L), TOCTpPOeHHOE 10 TNO3WTUBHOMY JIMHeHHOMYy d¢yHKUUOHANY L, ecTh
JMIIb WHaye ONpefeJieHHOe TPOCTPAaHCTBO K, (¢), NOCTPOEHHOE IO HEeKO-
TOPOW HeNpepPBIBHOW [MOJIOKUTEJILHO OflpefieIeHHOM (QYyHKIUK ¢ (g), mony-
yatomelica cuepyromuMm obpa3om. 3ambikanve &, B £,(L) comepur
«pynkumoy £, =§, (h), BcA «Macca» KOTOpoidl cocpefoToueHa B TOYKe
h=e. «®ynkuun» T g%, nopoxpawT npocrpancreo &,(L), u £,(L) ects
Q,(p), TOCTPOEHHOE TO  MOJIOKUTEJLHO  ONpefiesleHHoi  QyHKuuu
¢ (8)=(T 5, &)- OTa dynxkuusi ¥ nopoxpaer Qynxuuonan L. Bekrop &,
eCTECTBEHHO CTPOMTh KaK mpefes (yHKUuH X €L, ¢ «Maccoii», cTArusai-
Hleicss K Touke é.

IMycts {V} —ecTecTBeHHO ymopsiloueHHasi CUCTeMa BCEX OKpECTHOCTEM
eAMHULBl ¢ Tpymnbl G. Bynem o6o3Hayath uepes ey (g) M Ha3blBATbh €[ U-
HUYHO U BCAKYIO QyHKUMIO U3 €, YJ0BJETBODPSILIYI0 yCJIOBUSAM

ev(g)=0, ey (g)=0Bre V, ey (g-!) =ev(g), llev |=1.
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Ja moboit x € 8, vmeem
v e —x||=lxev—xf=\ || [Tux(@—x(@lev(t)dn|dg <
<§(§1mx@ —x(@ldg) ev (k) dh < supl| Tyx—x]|
¥, 3HAUMT, B CUJly MEPBOro U3 coOTHoIIeHU! (4),
| [x+ey—x||— 0mpuV—e.
OTclofa ciegyer, 4To
A (x, ev)=L(x» ev) — L (x) npu V — e nnsa moGoit x € L,.

Tak Kak ey paBHOMEPHO orpaHuueHsl B &,(L): |ev| < ]/|L[, a x€g
BCIOZly IUIOTHBI B €, (L), TO M3 TMOJIy4yeHHOr0 COOTHOIIEHHS BBITEKAET, 4YTO
lim (v, ey) cymecrsyer fust moGoro 1 €L, (L). NefictButensuo, sanas e >0,
Ve

BhIbEpeM X €2, TaK, 4ToGbl ]”—x|<§_1/il’1.—\’ M AN JTOro X Bhifepem

OKPECTHOCTb V eMHHUIBI TAK, YTOOBI [(X, ev,)— (X, ev,) | < ; ans obeix Vo,
V,cV. Torpa, ais MoGux Takux V, u V, Oynem uMets

’(Yb eVl)"‘(nr eVz)‘ < ‘(717 EVI)’-—(X, eVl)‘+i(x7 eVl)_(xv eVz)l"(‘
+|(x, eVz)_(nveVz){ <|"1*xHeV1H-%+M—x||€Vz|<€-

Takum 06pa3oM, ey mpu V — e cabo cXoasiTcss K HEKoTopomy &, € 2, (L),
nip1yeM

(x, &)=L (x)-
Beps 3uech x =ey ¥ mnepexofs K mpegeny mo V — e, monyuaem (&, &)=

1im L (ev). Ho ey « e, =ey « ey, B CBOI ouepenk, Oyaer HeKoTopoil dyHKuwei
Ve
ey-1y. Tloatomy (ev, ev)=L (ev-1v) — (%, &)- CrenosatenbHo,

leV'—Eol2=(eV7 E:V)—(Eov eV)_(eV" Eo)‘{'(Eo’ Eo) - O,

1. €. ey TaKKe CUJIbHO CXOASTCs K & npu V —e.
Jlerko npoBepuTh, YTO

Tx«(Thy) =%y

Otcioza criefyet, uto onepatopsl T, yuutapusl B £, (L), (Tgx, T x)=(x, x) ay1s
nmo6oro x €L, u TaK Kaxk &, mioTHo B &, (L), To T, MO)XHO, OXHO3HAYHO
¥ C COXpaHEeHHeM YHMUTapHOCTH, foompeiaenuTb Ha BeeM £,(L). Tak Kak,

ais moboro x € &,,

| Tyx—Tex | <)/ |L|| Tyx—Tyx| —0 npu g'—g, »



' 310 H. M. Teandaua u 1. A. Paiikos

10 T, u B £, (L) Oyner cuibHO HempepwiBHOH QyHKiueit or g. HeiicTBu-
TeJIbHO, MycTb M€ L, (L). Bribepem x€ &, TaK, 4YTOOHI {x—-n[<§, 1 3a-

TeEM BbiOepem oKpecTHOCTL V' ajieMeHTa ¢ Tax, 4To0HI §Tg'x—Tgx|<-;-
npu g’ eV. Torpa

| Ten—Ton! < |Ten—TeX|+|Tgx —Tox |+ |Tox —Tgnl=
=2In—x|+|Tex—Tex | <e. '

Hakoneu, ouesupno, T, =T,T,. Takum obpasom, T, 00pasyioT yHutap-
Hoe mpeacTaBjienye rpynnel G. OTCl04a, B 4aCTHOCTH, CJEAyeT, 4To

2{8) = (T4, %)

eCTb HENnpephBHAs MOJIOYKUTEJIbHO OTpejesleHHast (GyHKUHUS.

IMoxarkem, 4to QyHKUMOHAN L mopo)kaaercsi 9Toit dynkuuei ¢{g), T. e.
4TO .

L(x)= S (T 5, %) x(g)dg nyist Bcex x€8,.

JLeCTBUTEIbHO, TAK KAK ey CHJIbHO CXOAATCS K &, T0 L (T jev) = (T jev, %,)
paBHOMepHO cxopsAtest K (T &, &), u motomy

\ (T B x (@ dg=1im § L(Tev)x(g)dg. (5)
Ho
S L (Tev)x(g)dg=L <& Tgevx(g)dg> . (6) _

B camom pene, nycts E —mpoussoiibHOe u3Mepumoe MHO)KecTBO. [losioyKum
my(E)=L(fg), rae fg(g) —xapaxrtepuctuyeckast (yHKuus MHo)xectsa E.
Jlerko mposeputb, uto my (E) BriosHe aaauTuBHAA (BooGuie roBOPS, KOM-
MIJIEKCHAs1) Mepa M

L= ywam.(n

s moboit pyHkuuu ¥y € L,. Ilpumenss Teopemy EDy6mm, N0JIyyaeM

S L(T,ev)x(g)dg= S(S ey (g"‘h)amL(h)> x(g)dg=
= ((Sev (g trx (g ag) amn (=L (Tyevx (@) dg),

T. e. paBeHcTBO (6). M3 paBencts (5) u (6) BhiTeKaer

{ (T 2 x (g dg =im LQT evx(g)dg ) =lim L(\ev (e x(g)dg) =
=1limL Sev (g~ 1)x(hg)a!g>—11mL<SeV (g)x(hg)d0>

Ve
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Ho, B cuJly BTOPOro M3 COOTHOWIEHUH (4),

|\ ev (@ x gy dg—x(hy | =
SlS[x(hg)—x(h)]ev(g)dgldh < S(S ix(hg)_.x(h)sdh> v (@) g <
ésuet‘; g | x (hg)—x(h)|dh— 0 npn V —e.

CnenosaTesibHO,

tim L (\ev (9)x (hp) dg ) =L (x),
Voe . .
W Teopema JoKasaHa.

W3 Teopembl 4 M MpellIeCTBYIOIIEro €i 3ameyaHusi BBITEKAeT, 4TO
6CSKAA CYLYeCIMBeHHO 02PAHUYEHHAS UHME2PYAbHO NOAOHCUMEAbHO Onpede-
AeHHAA PyHKYyua nodmu 6cw0y coenaddem ¢ HeKOMopoid HenpepwléHol no-
A0HCUMENbHO OnpedeneHHot Pynxyued. JlelicTBUTeNIbHO, ecyd ¥ (g)—cyie-
CTBEHHO OrPAaHMYEHHAST MHTETrpaJibHO TOJIO)KUTEJIbHO OIpefiesleHHas (yHK-
us v ¢ (g) = HenpepuIBHAS NOJIOKUTEJIbHO OMpejesieHHass QyHKLUuUs, MOPosi-

Jamas MO3UTUBHLIA QyHKUMOHAT Ly (X} = g b(g)x(g)dg, 10

\ v(@x (0 dg= {o(@x(g)dg ann seex x€8,,

a 3TO BO3MOXKHO JMlb, eciu $(g) MouTU BCIOAY COBMAJaeT C ¢ (g)-

4. TlonoKurenbHO onpefiesleHHyl0 QyHKLIuI ¢ (g), AJs KoTopoii ¢ (e)=1,
Mbl OyaeM Ha3piBaTh HOpMU pOBaHHO M. CoBOKynHOCTh P Bcex Hempe-
PBIBHBIX TOJIOXKUTEIbHO  ONpENeJIeHHBIX (QyHKUuA ¢ (g), AJs KOTOPHIX
p(e) < 1, OUeBUAHO, BBIMYKJA, MHBIMK CJIOBaMd, COJAEP)KUT BMECTE C KaK-
mIeIMM  AByMsi QyHKIMsIMH ¢ (g) M U(g) TaloKe BeCh COCIMHSIIOWMH uX
«0Tpe3oK», T. e. Bce QyHKUUU Ao (g)+(1—Rr)d(g), 0 < A < 1. IKcTpe.
MaJIbHOH TOUYUKOM BHIYKJOr0O MHOYECTBA Ha3bIBAIOT Toqu 3TOr0 MHO-
JKeCTBa, KOTopasi He SBJsIeTCsl BHYTPEHHEH HM [JI KaKoro cojepkaiie-
rocsi B Hem orpe3ka. OueBuaHO, QyHKUUA ¢(g)==0, ecTb IKCTpeMaJib-
HAasi TOUKA MHO)KecTBa ‘B. Beakasa 0py2aa IKCMPeMAAbHAA MOYKA MHOMCe-
cmea P A6456mCA HOPMUPOBAHHOU INEMEHMAPHOU  NOAONHCUMeENbHO onpede-
nenHold yukyueii. IledcTBUTENbHO, NYCTh ¢ (g) == 0 —3KCcTpeMasbHAST TOUKA
maokectea P u nyete  $(2) K¢ (2), (9F0, 9(g Fe(g, T e
¢ (g)— Y (g)— NoJIOYKUTEbHO OMpefesieHHasi (QyHKUMs, OTJIMYHAs OT HyJis
v 0T ¢(g). TaK KaK TOJIO)KUTEJbHO ONpefesieHHast (QYHKUMs IOCTUTAeT Mo
abCOJIOTHOM BeNMypHe MaKCUMyMa mpu g=e, To @(e) > (e) > 0. Ianee,
04eBHAHO, ¢ (€)= 1, u6o nHaue ¢(g) Oblyia Obr BHYTPEHHEN TOYKON OTpe3Ka

[0 fo)) ] . Toaromy

2(9)=19(e) f% +[1— (o) 8 qﬂ;e‘g) ,
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OTKyAa, B Ccujly 9KCTPeMaJbHOCTH yHxuun ¢ (g), creayer, uro
‘Hf—?:‘ﬂ—gﬁ—(;—)& wm $(g)=9(e)p(g); TaKum obpazom; ¢(g) ectb 3ne-

mentapHas QyHkuus. OOGpaTHO, 6CAKAA  HOPMUPOSAHHAS 3AeMEHM{PHA
HenpepvleHAA NOAOHCUMEAbHO O0NpPedefeHHAs PYHKYUA eCMb  IKCIMpematb-
Haa mouka muowcecmea P. JIeHCTBUTENbHO, NyCcTb ¢ (g)— d/eMeHTapHast
TIOJIOKUTENIbHO  ompejeniedHast  dynkuusi, ¢(e)=1 u o(g)=I(g)+
+(1—N)x(g), rae ¢, y€P. Torpa, oueBugHo, ¥ (¢)=7y(¢)=1, u TaK Kax
M(2) < e(g), To M(g)=0p(g). Tomaras g=e, nomyuyaem: a=NX, T. e.
Y (2)=¢(g), crepoBatenbHo, U % (g2)=¢(g); TaKkum oGpa3oM, ¢(g) ecTb
IKCTpeMasNbHAsE TOYKA MHOXecTBa ‘PB. »

HraK, nopmuposarHble 3femeHmapHsle  HenpepblgHble NOAONCUIMEALHO
onpedenentivle PYHKYUL MONCHO Onpedealmb KaK omaudHsle 0m HYASL IKCmpe-
Manbrble MOYKL 6bINYKA020 MHOMcecmea P 6Cex HenpepwleHbIX | noaoycu-
meabHo onpedenennulx yuxyuii o (g) ¢ ¢(e) < 1. .

OcHOBBIBasicb Ha CBSI3M HEMpPEPBIBHBIX MOJIOXKUTEIbHO O peeeHHBIX
QyHKUMA ¢ Mo3uTMBHBIMU (QYHKLUMOHAJNAMM, YCTAHOBJIEHHOW Teopemoii 4,
Mbl TOK@)XXeM, YTO O3TUX IKCTPEMAJIBHBIX TOYEK MMEeTCs J0CTATOYHO
MHOTO0.

BBefieM B COBOKYNHOCTb BCeX HENpEpPHIBHLIX MOJIOKUTENbHO OMNpenesieH-
HbIX QyHKUMi «cnabyio TOMOJIOTHIO», OTOXKAECTBJISISA MX C TMOPOXKIEHHBIMH
MMM JIMHeiHBIMH (QyHKUHMOHaNaMUu B &,. VIMeHHO, OKpecTHOCTH HempephiB-
HOW TOJIOXKUTENLHO OmNpefesieHHON QYHKUUU ¢,(g) ompegesiM C MOMOILbIO
NIPOM3BOJIbHBIX KOHEYHBIX COBOKYMHOCTEN QYHKUMit X,, ..., Xn € &, U NPOU3-
BOJIbHBIX & >0 KaK MHO)KeCTBa BCeX HeINpepbIBHLIX TMOJIOXKUTEJIbHO Ompeje-
JeHHBIX QYHKUUA ¢ (g), A1 KOTOPHIX

(w@n@d—(e@n@d|<e k=1, n. (M

Teopema 5. Cosoxynnocms 6cex HenpepvléHbIX NOAONCUMEALHO ONPe-
Oenenrvlx Pyunxyuil ¢(g), 048 Komopslx e (e) < 1, ecmb Haumenvuiee caa6o
3AMKHYMOe GblNYKAOE MHONCECMEO, COOepycalyjee 6Ce- HOPMUPOBAHHblE IAe-
MeHMa pHole HenpepoleHble NOAONCUMEAbHO onpedencHHble GyHKYuU u PYHK-
yuw ¢(g)=0.

NoxaszatenabcTBo. O003HauuM yepe3 RL, 3aMKHYTyH JKHelHyO
BELIECTBEHHY!0 000JIOUKY, MOCTPOEHHYI0 Ha COBOKYNMHOCTH BceX (yHKUuit-
X €8, ans Kotophix X" =x. Ecnu L —no3uTHBHbIN JIMHENRHBIH QyHKUMOHAN

B, ToL (x*)=L(x)anaBcexx € L,. [lelicTBUTENbHO, KAK Mbl Bblllle BUAEJIH,
L(y«x")=L(x+y")

BasB 3gech y=ey u V —e, B npejese MNOJyyuM yTBEPIKIaeMOe COOTHO-

wenue L(x*)=L(x). Iloatomy 3apaHHble Ha &, TO3UTUBHBIE JIMHEIHbIE
(GyHKUHOHAMBI MOYKHO PacCMATPUBATL KaK BelleCTBeHHble JIMHeHHBle QyHK-
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LHOHAAB, ompefefyieHHble HAa R, U TMO3UTHBHbIE B TPEXKHEM CMbIC/IE.
IMpu aTOM Ka)Kibili BelleCTBEHHbIA JMHEHHBIA (QyHKIMOHAN, 3azadHblil HA
RE,, 09eBUJHO, OJHO3HAYHO MPOAOJDKAETCS N0 JIMHelHOro QyHKIMoHama
Ha &, ¢ nomoub Gopmyibl

x+x* x—x*
3 X =

L(x)=L Rx)+iL(Jx), rae Rx=
IMoaTtoMy TO3UTUBHBE JIMHEHHbIE (QyHKUUOHANBI, pa3jiMyHble Ha L, pas-
JuuHel ¥4 Ha RE,. Jlerko npoBepUuTh, YTO HOPMHPOBKA M- cJabasl TOMOJO-
rusl B IIPOCTPAHCTBE MO3UTUBHBIX JIMHEHHBIX (yHKUHOHAJIOB HE 3aBUCUT OT
TOr0, paccMaTpuBaTh JIM 3TH QyHKUMOHaAB Ha ¢, win >Ke Ha RE,.
Jlnsi Mpou3BOJIbHOIO TO3MTUBHOIO JHHEHHOro QynKuuonana L =L,
uMeeM : ' '

| L, =supess|o(g) ¢(e). (8)

TaxkuM 00pa3oM, BbIMyKJI0e MHOXKECTBO P BCEX HEMPEPBIBHBIX MOJIOXKUTETLHO
orpefieeHHbIX QYHKUUH ¢ (2), 1A KOTOPBIX ¢ (€) < 1, Mbl MOYKEM, OCHOBbLIBASICh
Ha TeopeMe 4 M TpUHMMAss BO BHUMaHMe paBeHCTBO (8), paccMaTpuBath
M Kakg RBIYKJI0E MHOXKECTBO B’ BCeX TO3UTUBHBIX JIMHEHHBIX (QYHKILHO-
Hanos L, onpereieHHbx Ha RL, u cogepkamuxcst B cdepe |L| < 1. Ho
JIEFKO TMPOBEPUTh, uTO ‘B’ €ja0o 3AMKHYTO B IIPDOCTPAHCTBE BCEX BeEILECT-
BeHHBIX JIMHEeHHBIX (YHKLMOHANO0B, ompeieseHHBIX Ha RE,. CienosatesibHO,
B cujly teopemsl Kpeiitna u Muibmana [6], B’, a 3nauur, u P coBmagaer
C HauMenblleil c1ab0 3aMKHYTOW BbLIlyKJIOH 000J104K0if, TOCTPOEHHOI Ha
BCEX €ro 3KCTpeMaJlbHbIX TOYKAaX. TeM camblM, B CUJIy YCTAHOBJIEHHOMH
Bbillle CBSI3M MEXAY 3KCTPeMaJIbHBIMU TOYKAMM COBOKYMHOCTH f M HOpPMH-
POBAHHLIMM  DJIEMCHTAPHBIMM  HENPEPHIBHLIMU  TOJIOXKUTEJILHO  OIIpefieJIeH-
HBIMU QYHKLHMAMYA, TeopeMa 5 Jl0Ka3aHa.

Mo)KHO TIOKasarb, 4To ecau epynna G He Oouckpemu®, mo @PyHKYyua
¢ (g)=0 npunaosencum caabomy 3aMbIKAHUI COB0KYNHOCMU 6CEX HOPMU-
POBAHHBIX  IAEMEHMAPHBIX  HENPEPLIEHbIX  NOAONCUMENbHO 01 Pe0eaeHHbIX
dynKyui. '

5. i noKanbHo OMKOMOAKTHBIX TpYyNN, B CWly CyHleCTBOBAHHS Ha
HuX Mepbl Xaapa, uMeercsl MpPOCTOH, XOpPOIIO W3BECTHbIM CMOCOD KOH-
CTPYKLUM EENPEePLIBHBIX TMOJIOKUTENbHO onpejeseHHbX  (yHKuui. O6o3Ha-
YyuM yepe3 &, ruiibOepTOBO NPOCTPAHCTBO, 00PA30OBAHHOE BCEMU M3MEPUMBIMU
GyHKIMAMU, KBaJApaT KOTOPLIX abCOJITHO VHTETPUPYEM, CO CKAJISIPHBIM
IIPOM3BENEHUEM

(x, )=\ x(h) y () dh.

Oneparoput U x ()= x (g™*h). oueBuaHO, 00pas3yioT yHUTAPHOE NIPEACTABIICHUE
rpynnel GB &,.

10 Matemarmuecxnis cGopuuk, T. 13 (55), Ne 23
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Orciofa cnepyer, uto, ans n06oi GyHKiUY x(h)eg,,
U, 0=\ x(¢7h)x(h) dn

— HENPEPLIBHAS TOJIOKUTENILHO ONpefeneHHass QyHKLuS.

Hanyuue 5Tofl KOHCTPyKUMM Cpaly MOKa3blBaeT, uTO HA A0KQAAbHO
Ourkomnakmnoll épynne G 041 Ka#c0020 IAeMeHMa g2, F € cywecmeyem
HenpepuLléHas NOAONCUIMENbHO onpeldeseHHad @yHkyua o,(g) makas, ymo
9, (8) # 9, (€); Oozee mozo, 0aa xaymcooil okpecmuocmu V edunuysl e cy-
lyecmeyerm HOPMUPOBAHNHAA HeliPEPLIBHAST NOAOHCUIMEAbHO 01 pedeeHHas
Pyukyus, pasnaa nyaw ene V.

JleiictBuTenbHo, BhilEpeM Kakyio-HuOyab oKpectHocTh W, ynpoBiieTso-
psomyto yciosuro W W-1CV, u sarem—mobyio ¢yuxkuuo xw (h) €L,
TaKy10, 4T0 (Xw, Xw)=1 n xw (f)=0 pue W. ®yuxuns ¢ (g) =(U xw, Xy}
1 Oyner o0yiafath TpeGyeMsiMM CBOMCTBAMM. -

Teopema 6. Ha aoxareHo Guxomnaxmnoi epynine G cywecmeyem
N0AHAA. CUCMEMA  INEMEHTAPHBIX HeNnPePuleHbIX NOA0NEUMeNAbHO 0npedeneH-
nolx @ynkyui. .

HoxasartenbcTBO. [lycTh, BONPEKU yTBEP)KAEHUIO TEOPEMbI, Cy-
HIECTBYET OJJIEMEHT g, = ¢ Takoi, uto {(g,)= 15075 BCceX HOPMUPOBAHHbLIX
3JIEMEHTAPHBIX HENPEPLIBHBIX TOJIOKHUTENbHO OIpefeseHHbX QyHKuui £(g).
Brifepem Kakyio-HMOyAb BELIECTBEHHYIO - HOPMMPOBAHHYIO HEIPEPLIBHYO
TIOJIOKUTEJILHO OMpeJesieHHy 0 (QyHKUUI ¢, (g), AJA KoTtopod ¢,(g,) # 1;
KaK IM0Ka3aHo BBILE, 3TO BO3MOXKHO AJs1 moboro g, = e. [lyctb V — oxpect-
HOCTb e[JMHUIIBI TaKasl, UTO

1’_'1c’o(z‘>7)<e u l?o(go)-?o(gog)1<5 A5l BCEX gEV’ (9)
rge e— duKcupoBaHHOe ToOJIOKUTeAbHOe umcno. IlycTh [y (g) —Xapakre-
pucTudeckasi QyHKUUsS MHO)KecTBa V. PaccMoTpuM OKpecTHOCTb (7) dyHK-

1

win g, (g), ompenenenylo  GyncunaMn X, (8)= iy v (9 %.(8)=

m(V)fV(gO 'g) u BbIOpaHHBIM uucaOM . B cumy Teopembl 3, B 3TOU
OKPECTHOCTH COJAEPIKUTCH XOTs Obl ofHa QyHKUMS BUAA

e (@) =10 (D) + .-+ 1L (2),

rae G, ..., G — HOPMUPOBAHHDBIE JJIEMEHTAPHbIE HEMPEPBIBHbIE MOJIOYKHTEILHO
onpefeJieHHbIE (pym(umd uh=>0,.., ,=0,\+...4X, < 1. Toraa B Toi
yKe OKpecTHOCTH Oyjer CO}Iep)i(aTbCﬂ u BemecTBeHHast uyactb 9 (g)= Re(9),
SBJISIOMIASICS, ONHOBPEMEHHO C @ (g), MOJOKUTENILHO ONPeeIeHHON QyHKiuei.
CorsiacHO TpeAnosoKeHuio, ¥ (g,) =9v(e) < 1. Tak Kak, Mo ycJoBUIO,

| {le@—2@1x @dg|= 7y, | lea(@— 2 (@] dg| <o,
\4
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TO, TIPUEMMAS BO BHIMAHUE TePBOe 13 1'ePaBeHCTs (9), HaxopuMm:
1—¢<e>=,,,~(‘—v—)§[1—u(e>]dg< vy ) 12 @)de <
< v Y 11 =2 @1dg+ | 7 § 2 (0)— y(@ldg|<2.  (10)

V
Jlanee, TaK Kak g, (gog)_‘q)(gog):[‘?o (go)'_t‘.’(go)] "‘[(Po (go)—‘?o (gog)]+
+ [0 (g0) — 9 (2], To
|7 ) [0 (@0)— 0 (22)] dg | = 190 (2)— ¥ (80) 1 —

A\’

—| g L2 () — %0 (201 dg |~ | =1, \ [9(20)— ¥ (g@)] dg |

Ho, npumensis mocjejnoBaTesibHo HepaseHcTBo lllBapua, nepaseHcTBO (3)
M. T'. Kpeiina n nHepasencrso (10), monyyaem:

2 1
|t \ (@) — (@ de | < s K 10(g0)— 0 (g,0) " dg <
\4
< i SwE@—v@ldg < 5 (11— @ldg < 4.
\4 .
Kpome Toro, B cujly BTOPOro U3 HepaseHCTB (9),

la%v*) S [CPo(go)—‘Po (gog)] dgll< e.
D

Taxum o0pasoMm, TpUHUMAS enle BO BHUMaHue cojep)kameecss B (10)
HepaBeHCTBO 1 — ¢ () < 22, HAXOMUM:

7w S [0 (8:0)—% (@)1 dg | >

.>s<p.,(go)—l.b<go>|—e—21/~—;soo<g3,>—¢(e) —s—2)e>
> [ (@] —[1— ()] ——2)/e > 1 —g,(g)—3:—2}/c. (11)

C apyroii CTOPOHBI, MO YCJIOBHUIO, .
Sl @—0@1x @ de | =| 775 | 90 (20— ¥ (@)1 dg| <= (12)
Coenunssa (11) u (12), nonyuyaem Y
11— (go) < 4e+2)/ =

Ho 370 HEeBO3MO)KHO NpPU JOCTATOYHO MAJOM &, 160 1 —o,(g,), MO mpexmo-
JIOYKEHUI0, €CTh (MOCTOSIHHOE) MoJIoyKUTeJbHoe uucjo. IlonyueHHoe mportu-
BOpeune W JOKAa3bIBAeT TEOpeMy. '
M3 reopeM 3 ¥ % HENOCPEJCTBEHHO CJIEJYeT OCHOBHOW Haml pes3ysbTart:
Teopema 7. Bcakaa A0KaabHO Oukomnaxkmias ezpynna - o0aadaem
110AHOL CUCMeMOl HenpueoouMoLx ynumapnbtx npeocmaegaenuii.
10*
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Irreducible unitary representations of locally bicompact groups
I. Gelfand and D. Raikov (Moscow)
(Résumé)

In .the present paper the authors establish the existence of a com-
plete system of irreducible unitary representations for an arbitrary locally
bicompact group.

By a unitary representation of a topological group G we mean the
function U, that maps G into the set of unitary operators defined in
the complex Hilbert space  under the following conditions:

1o Uy,=U,U, for all g, heG;

20 U, m—U,n|—0 at g'—g for any n€9.

The irreducibility and the completeness are to be understood in the
usual sense.

st The main steps of the proof are briefly outlined in a note of the
wabthors in C. R. (Doklady) de 1"Acad..Sci. URSS, vol. XLII:5 (1944).



