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q-DEFORMED SUPERSPACE AND ¢-EXTENDED
SUPERSYMMETRIC HAMILTONIAN
WITH ARBITRARY SUPERPOTENTIAL

§1. INTRODUCTION

Recently deformations of standard mathematical objects have attract-
ed a lot of attention ([1,2] and refs. in {2]). In particular, in {3] the
quantum group representation theory and g-deformed spaces have been
studied and in [4] the procedure of supergroup quantization has been
presented.

The attempts to construct the description of dynamics on g-deformed
spaces were undertaken in [5, 6, 7]. In [8] ¢-deformed quantum spaces
were considered as a gradedcommutative algebra. On this basis the clas-
sical and quantum dynamics on g-deformed spaces were proposed. The

particles appeared after the quantization satisfy the ¢-deformed commu-
tation relations:

a,—a‘-F ¥ a'-"a,— =1 aia}" F qa}-“ai =0

a Fq la;' F=0 a;a; F q‘laja,- =0
¢"=1, meN , 1<i<j<n
a;*z =a} =0 forg-deformed fermions,

where the upper sign corresponds to the quantization on ¢-deformed usu-
al spaces and lower one corresponds to the quantization on g-deformed
superspaces. The particles can be naturally called ¢-bosons and g¢-
fermions. It is interesting to consider the generalization of supersym-
metric theory for the case when g¢-fermions are included into the theory
instead of fermions.

As we can see later such supersymmetric theory will differ from the
deformed supersymmetry ( g-supersymmetry or ¢-SUSY ) by V. P .
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Spiridonov [9] where the following relations for the supercharges Q*, Q™
were used:

QTQ +4¢7'Q QY =H Q'=qQ*=0
HQ - ¢ 'Q H=qQtH - ¢ 'HQ* =0.

In our approach it is possible to discover the g-deformation only for the
pair of different g-fermions and that is why this theory is ¢-extended
supersymmetry (g-ESUSY). It is possible to coincide such theory in the
framework of colour supersymmetry [10] (we are grateful N. Borisov for
this remark). '

In this paper we consider one of the possible generalization of SUSY.
For this purpose we formulate a g-superspace formalism and construct
the g-supertransformation group on this g-superspace. After this we start
from a standard action for a scalar d-dimensional real superfield and

“build g-extended supersymmetric Lagrangian for component variables
of the g-superfield. After the quantization procedure corresponding con-
served quantities become g-supercharges. In difference from [11} where
only general constructions of g-extended supersymmetry and simplest
examples were considered in this paper we give exact expressions for
g-supercharges and ¢-extended supersymmetric Hamiltonian with arbi-
trary superpotential. )

§2. ¢-EXTENDED SUPERSYMMETRY AND
¢-DEFORMED SUPERSPACE FORMALISM

As in usual case [13, 14, 15] the most natural way to -build super-
symmetric Lagrangians is by employing the superspace formalism. For
the sake of simplicity we will consider (0 + 1)-dimensional case, but all
constructions can be generalized for multidimensional one.

For the (0+ 1)-dimensional case superspace reduces to the supertime.
In the standard way besides time ¢ complex anticommuting variables
0;,0;,1 = 1,2 are introduced. Instead of that we will consider the vari-
ables 6;,0; € HQYW? i =1,2, 1e.,

9,’5,‘:-5,’!9,‘ 9,;2:§?:0 qm:1 y meN
010, = —q7 10,8, 0102 = —gf26,
0185 = ~¢710,0, 616, = —¢0,0,

It was shown in [8] that the algebra HQS? can be described as
a graded-commutative algebra. For that we began from the algebra
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C(61,6,,6,, 8,) which is freely generated by 6,81, 65,05 and used a spe-

cial graduation map. In this case the graduation map ¢ : H Q?,‘f —

Z9® Zm ® L, was defined by
o(05" ... 05%) = k1p(61) + -+ kap(f2)
e(01) = (1,1,0) 5 @(02) =(1,0,1); (f:) = —e(6:)

and the graded-commutator for the homogeneous elements A, B had the
form:

(4, B]2l2 — AB ;»(_1)’92(‘P(A)»‘P(B))q"'9m(‘P(A)x‘P(B))BA

92(p(A), p(B)) = 9(A)lz, ¢(B)lz,

and ¥, (e, B) was defined by the following relations: ¢, : Z3 & Zp, &
Zm — Z being biadditive antisymmetric map,

Im(@,B) =Y 0ifin(éé) o= a&  B=) B
i,j i i

ﬁm(&hf]):l Z<] Elz(lylao) 62:(’0:0’1) Vk,l:O,l

Our algebra H Qm can be described as a factor-algebra of C(Ol,él,

82, 82) under the two-side ideal, generated by the elements {{C1, CQ]O 12 |

C1,C2 € C(6; .. .62)} and in this sense HQY? is exactly the algebra with
zero graded-commutators:

fla€e HQYW:  [f,g102=0.

We note that q is a particular case of e-factor [12] (and refs. therein).

A dynamic g-supervariable is a quantity depending on ¢, 01,61, 62, fs.
The coefficients of its expansion in 6,8, 6y, 0 have the commutation
relations according to their graduations. In what follows we will use the
following notations: ‘

o=(3) o=@m v=(%) s=wuw)

Dy — 4 7 X1 - - 9
Y=ty x= (Xz) X =(x1,X2) b= 5

The supersymmetry group is implemented in terms of ¢, 8, 8 transfor-
mations in the following way:

Qﬁ: t——>i+%f)9 6———*9‘—}—17]
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Qy t—»t——%én 9—0+q

where 7 = (Z:), 7 = (91, 172) are transformation parameters, such as

w(mi) = o(6:)-
The generators of the supersymmetry transformations can be written
in a differential form:

d

i, [QL _ 0
G=geype=(d)  G=-g-a=@@ O

Now we note that

[Qr/ 3 Qn]m2 —Zat o= 15 2

and
(@)@ =QLQ2 +¢7'Q2QL =0 2=Q=0
QL Q4% =[Qz,Q2 12 =0 o #e. (2)

Above relations give the connections between the supersymmetry gen-
erators and the Hamiltonian of the system. So, graded-commutators
Q7 Q,,]ol2 o = 1,2 are the generators of time translations (up to a
factor —~1). :

Representation of the supersymmetric group can be implemented,
for example, by means of d-dimensional scalar real g-superfield ¢ =
(¢1 .¢%). Its expansion in 8, § looks like

1 1 -
¢*(t) = =*(t) + —ﬁﬂzb’“(t) + —ﬁwk (£)0+

+ LR (8)0105 + G261 L* (1) + Tr (BF* (1)) + -\}—igk(t)eﬁ

1 = - -
—=0x (@) + H*(1)0:0.0505, k=1...d 3
+\/§x()+ (£)6101620, | 3

where
f = (9:16’1 @01) F= (Fn F12) p= 91@292)
0102 0,0, )° Foy Faa )’ 02010, )

Q-supersymmetry transformations are reahzed in component vari-
ables as follows:
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fO].‘ T_]Q i

1 ] .
Siot = —qyk | & HF =Lyt

V2

- i_. _ o B ~
s9pF = \/5{-2-77%'“ + (I FE + mg ' FY P, + qulkz)} ,

Sy =2 (’?’72) L*

m

_ N 7 o s i _ .
six*t = \/5{771‘1’“ + (i Fh — g Fy , mFfy ~ qulkz)},

Sk = b —9_77—2)Lk
1X \/f( M

1 /i i k-
7 (nz(§¢f +x1) + (5¥% +x2)n1)
kg (Fh PR\ _
sr=o (1 1) =
_ (771(" ¢1)+77_2X2 —772(%_1/’1 +x%) >
V2 ~m(% Wk +X2) T2~ 59%) + mxk
and for @7 it is possible to obtain transformation laws using (1) and

(4)-

The covariant derivatives D and D have the form

s L* =0, 8,IF=

(4)

i} _{D 7 9 D, D
D——-ég-—208t:(D2> D= —505+ 98t (D1, D2)

satisfying the usual conditions
Dé;¢ = 6; D¢ Déi¢ = 6;D¢

where 6;¢4,7 = 1,2 are the variances of the ¢-supervariables under a
supersymmetric transformations.

The action for the g¢-extended supersymmetric quantum mechanics
can be written in the following way

S = / d6,d6:d8,d6, (D¢ D¢* — 2V (¢)) = / dt £
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where V(+) is an arbitrary function (superpotential). We imply the inte-

gration over 6;,6; in the following sense

/mei:/méi:/ejda}:/é,-dei =0 Vi,j=1,2

/aidak = /é,-dék =6,  (6:;)=6(d6),  6(6;) = $(db;)

As a result the Lagrangian takes the form

1, fer 1
£== it (Bl + Bl — 2% (Fh + Fh) + 7980F + XX+
(e b Thek o <kak ok ik Tk Tk vV
+ 7 (FF O+ R — ) 4 a2 g HR
8%V 1- 1_ _
+ 26:1:’“6;1;1 ('2"/)ka + §X1¢k + F1kze£1 — FfyFyy — LILk) -
63V n n Tm n n Tm o n
T 9zl0zmozn (Fllz’/)zn’ﬁz + Pyl — Fl 90y — Flul g7+
_ R N T
+ L'y + L'y ¢1) -~ §m1/’lﬂﬁz Pyt (6)

where full derivatives have been neglected. The auxiliary variables F,-’;,
x*, ¥*, H* may be excluded in the usual way if matrix 8V = K is
invertible. Omitting spatial symbols to simplify the expressions we can
put down the expressions for auxiliary fields

xi(t) = (=2 () V" [x(t)] + @(t)i) /2
xi(t) = QUi (V" [z()] + ¥4()i)/2
Fijzi(t) = K~V [0 (t)];(t)¢i(t) /2
1

Falt) = (1) () B KV (0)]) = 5 V1o )

H() = @OV @) + VOV 0] + 150)

[
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After substitutions of auxiliary fields Lagrangian hés the form:
£=- (8E(t>L(t>V"[x(t)] — ST L(E)i + AL(EW1 (2 ()Y [2(0))-

—4e1 () s () L(E)V " [2(t)]q + 36b1() b2 ()1 (D2 (t) K~ (V" [2()])” ¢~
—251 (1) P2 ()1 ()2 () V [ (8)]q + 2955() i (V' [a ()] V" [z ()] +
HABOY: () (VO — 20OV [2(0]i + 26,9V [2(0)]i+
12 (V@] V" ()] - 2V"[a (0] (é(t»"’) n

Let us denote the action as follows

S = /dtdéldelda_zdez L= /dt L.

We can find conserved Noether’s currents directly for E, then integrate
over §,6 and obtain conserved supercharges. These expressions contain
not only “physical” fields but also auxiliary fields. After substitutions of
constrains supercharges have the following form in terms of “physical”
fields:

Qumi = — (4L P2()V"[2(D)ig™" ~ P1(8)2(1) 2 (V" [2(1))i~
— 21 (V' [V [2 ()]s + 201 () V" [2(2)]&(t))m /22
Qnamz =(4L(O 1)V [2(@)]i — b1 (B)b2(2) 1 (V" [2()]ig+
+ 22 (V' [2(D)]V" [0(2))i — 242()V " [2(2)](2))m2/2V/2
Qi = — (42(t) LYV " [2(t))ig + Y2(t)r ()2 () V" [w(t)}ig—
— Wi (V' [e@)]V" [w()]i — 201 (1) V" [2(2))2(2))71 /22
Qriz =(491 () L)V [2(1))i + 1 ()1 ()2()V " [2(8))i+
+ 23 () V' [2(O]V" [2 ()] + 202(8) V" [2(£)]2(2)) T2/ 2V2.
§3. CLASSICAL DYNAMICS AND QUANTIZATION
PROCEDURE FOR THE COMPONENT VARIABLES

Here we construct classical and quantum dynamics in close analogy
with [8). Tt is important however that the new fields L, L arise which are
not ¢-fields in the sense [8].

To sake of simplicity let us make the change of variables:

I L L P — pK-V2 yKH2,
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Then we have for Lagrangian of the system can be rewritten in the form:
£ = - (1LOLOV"a0] ~ 2O LD + 2L )L+

+2V2L (1)1 ()42 (1) K V" [2(t)]—
—2V/ 201 (£)o (1) LYK V" [w(t)]g+
+391 () (O (DK 3 (V" [2()))” g+
+2¢i ()i (1) K~V [()]V" [2(1)]-
—291 ()2 ()1 ()2 () K 2V [z (t)]g+
Ay ()i () K — 29 ()i (t)i+

205, ()i (1) + 2 (V' [z(2)])* K — 2Ki:2(t)> /4.

The principle of extreme action for trajectories is

65=0

S 9,1, 1) = [ {zw,(tma) 5 w0+
+5ILOLE) - LOLO)+ p00) ~ Hepv, 9, 1,1} p = [ar

. dL* <k dL*

k_ 22 = — = 0.
o L= D= p0)=0
Derivatives are calculated as in the Grassmann algebra case.

The equations for extreme trajectories have the form:
oc d ac o _doc o€ _doc
O; — dt gy | Oy dta,;j * 9L~ dtoL’
oL _daL oc _doacL 4L doc
8I_}_dtaf/’ 0z ~ dtoz’ Op dt dp
5—%, 5—%, aq?jk , (—9—1-#—,; are defined as left derivatives in close analogy
with the Grassmann case. Note that they are differentiations of gradu-
ated algebra of functions, i.e.,

9 9 ~ 8200 ()0 (1)) b (10(,* 9
fg e __f g+ _1 2 21 q m(¢(¢] ):‘p(f))f g
dups* (6@’“ ) =1 oy *

Here
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S o 2 B
for homogeneous elements f, g and similar for 3L 3L’ 3G

Putting p = ¢ K we can rewrite the motion equations in Hamiltonian
form: v oH
. — Q—l 2
Xk ( )k] ax;
where
. ¥
(2]
P9 Q 0 0 o
P2 Q= 0 Q 0 0
L ’ ~1o0o 0 Q o0 ’
L 0 0 0 4
z
b

_ {0 1 _ (0 — {0 -1
R (T (B

Hence, the inverse matrix Q=7 is

Q' o o o
g-1-| © Q' 0 o0
1o o o' o }°

o o o ot

[0 =i (0 - L [0 1
Qlﬂ‘(—i 0)’93 ‘(i 0)’94 *(—1 0) "

Tt is possible to introduce the Poisson structure in close analogy with
the Grassmann case:

{f’ g}cl = E (Q_l)s,s’g)—fg_‘ g—i_sf(X)g(Xl)

5,8’

x=x'

Such defined Poisson brackets satisfy the following relations for ho-
mogeneous elements f, g, h:

{f,gla = (_1)62(tp(f),tp(y))qem(w(f)yw(g)){g,f}cl

6 3 h m 3 h
{fg,h}a = f{g,h}yq+ (-1) 2(e(g),%( ))q0 (e(g),9( )){f, hlg
{f7{gv h}cl}cl+
+(__1)92(49(9):¢(h))+92(9"(f)1‘p(h))qem(‘P(Q):‘/’(h))‘l'em(‘P(f)v¢(h)){h’{f’g}d}d_l.
+(~1)92(‘P(f)w‘P(Q))+92(‘P(f)><P(h))qem(w(f)ﬂﬂ(9))+9m(‘9(f)a¢(h)){g’{h’ atg=0
(7)
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which correspond to generalization of antisymmetry, differentiation
property and Jacobi identity for ordinary Poisson brackets.

The equations of motion can be written by means of these Poisson
brackets as

X] = {H’Xj}cl'

It should be noted that classical dynamics complies with the gradu-
ation structure (i.e., evolution does not change graduation of x) due to
p(H) = 0.

The commutation relations for canonical variables related to { }q
have the form:

Widda=i, {LIL}a=i, {s.p}a=—1 ®)

and others are zeroth.
To canonically quantize our theory one has

1 to construct the operators of canonical variables in Hilbert space,
which satisfy the commutation relations (8)

2 to define the quantum Poisson brackets { }; which have the same
algebraic properties as the classical ones.

In this case item 2 leads to following definition of quantum Poisson
brackets:

{4, B} = +[4, B
The commutation relations for the field operators follow from the above:
(IHr =L, @H=d:, ¢=¢",
W) =) =0, Yy +q "oy =0, 1y +qufr =0,
Lpy —qp1L=0, Lpp—q "9l =0,
Lgf — g9 L=0, Lyf —q¢ fL=0,

LLY —LYL=h, 7 + v, =h, [z,p]=ih 9)

and relations which can be obtained by Hermitian conjugation.
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After quantization g-supercharges have the form:

Q1 = — (2VBLs K M2iq™" — Gyt K32V + Gy K=32V " hit
+ 200K 2p - 20 KMV 0) /202
Q2 =(OVELpL KM% — Guapoipy K=312Viq — g K=3127" hi
— 2K 2 4 20, K2V8) 203
QF =(V2LK ig + fatpnin K317V ig~
- 21/;1K—1/2p _ 2%[{1/2‘/,1-)/2\/5
QF = — V25 LE i+ ypiipn K32V it
+ 21/)2]{—1/2p+ 21/)2]{1/2‘/;2.)/2\/5.

It is possible to check that such g-supercharges obey the g-extended
supersymmetry algebra

{QuQfY=H, Q)=@QHN=0, @H=0a,
@1Q2=—-¢7'Q2Q1, QT =—9QTQ,, i=1,2

with following quantum ¢- extended supersymmetric Hamiltonian

H=nh (8ELK + 4V2L o KV — 421 h LK~ V" g+

+691 929192 K ~3(V")2q — 4h1ath1 s K2V g+
311 K~3(V"")2h — 20,1 K2V Vb o+ dyp K HV'V " 4
+8P19p1 K + 3ibatpa K™3(V" )’ h — 209 K2V bt
+H4Papa K IV'V" + 8Patpa K — 3K ~3(V"2h*+
+4K 2V phi 4+ 2K ?VIVIR? — 4K V'V ht

+4K"1p? + 4K (V') — 4Kh> /8.

Let us introduce the creation (annihilation) operators a;r,ai,l*‘,l
which correspond to the fields ¥, v, L, L: ‘

¥¥ = Vha! ¥ = Vhi*
¢£c+ - \/Ea?+ Lk+ - \/Elk+

It is easy to obtain their commutation relations from (9).
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Now we would like to discuss creation and annihilation operator rep-
resentations. Let us consider the relations:

b _ 1k BN+ _
(ll _bl y al —al
. ) iyt + =
alzc = gl Xizi (31) blblzc , (Cl]; )+ = aé’ ) qg=-e " (10)
b= e DGt e ge  rryE < b

where bf+, b%, dk+, d* are creation (annihilation) operators of bosons
and fermions respectively with usual commutation relations:

0%, d] = [bEF, 4] = [bF, &) = [T, d M = 0

+ - + -
{bF, 67y =6 K57 [d*,d") = M!
ey = E ey =0, (@ d] =", d7]=0.

Using matrix representation for fermion operators we can put down ma-
~ trix representation for ¢-fermion operators and operators *1F * can
be implemented by means of matrix differential operators. Hence ¢-
supercharges and g-extended supersymmetric Hamiltonian can be repre-
sented by means of matrix differential operators as it was done for usunal
supercharges and supersymmetric Hamiltonian in [14].

§4. CONCLUSION

In this paper we have studied the generalization of the supersymmetry,
which was generated by changing fermions by g¢-fermions. The latters
can be obtained after quantization of the fields, which take values in
g-deformed spaces.

For this purpose we formulated the g-superspace formalism and con-
structed the g-supertransformation group. On this basis g-extended su-
persymmetric Lagrangian was built and corresponding g¢-supercharges
were put down. We considered the rule for the quantization such systems
and fulfilled this procedure for our case. We note that all g-deformed ob-
jects (g-supercharges and g-extended supersymmetric Hamiltonian) con-
tain arbitrary functional parameter — superpotential V. It is especially
interesting for investigations of topological properties of g-extended su-
persymmetric Hamiltonians.
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