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tions.Ââåäåíèå. Ê íàñòîÿùåìó âðåìåíè äîñòàòî÷íî ïîäðîáíî èññëåäîâàíû íåñòàöèîíàðíûå ïðîöåññûâ óïðóãèõ òåëàõ ñî ñ�åðè÷åñêèìè ãðàíèöàìè ïîä äåéñòâèåì ïîâåðõíîñòíûõ íàãðóçîê (ñì., íàïðè-ìåð, [1℄). Ïðè ýòîì ìàëîèçó÷åííûì îñòàåòñÿ âîçäåéñòâèå íà òàêèå òåëà íåñòàöèîíàðíûõ îáúåìíûõñèë, ÷òî îáúÿñíÿåòñÿ ñëîæíîñòüþ ïîñòðîåíèÿ ðåøåíèé íåîäíîðîäíûõ óðàâíåíèé òåîðèè óïðóãîñòè.Îäíà èç òàêèõ çàäà÷ è èññëåäóåòñÿ íèæå.Ïîñòàíîâêà çàäà÷è. �àññìàòðèâàåòñÿ îäíîðîäíîå èçîòðîïíîå óïðóãîå ïðîñòðàíñòâî ñî ñ�å-ðè÷åñêîé ïîëîñòüþ ðàäèóñà r0, íà êîòîðîå äåéñòâóþò íåñòàöèîíàðíûå îáúåìíûå ñèëû. Îñåñèììåò-ðè÷íîå ïåðåìåùåíèå òî÷åê ïðîñòðàíñòâà îïèñûâàåòñÿ óðàâíåíèÿìè Ëàìå â ñ�åðè÷åñêîé ñèñòåìåêîîðäèíàò r, θ, ϑ (r > 0, 0 6 θ 6 π, −π < ϑ 6 π) [1, 2℄:
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.Çäåñü è äàëåå òî÷êàìè îáîçíà÷àþòñÿ ïðîèçâîäíûå ïî âðåìåíè è èñïîëüçóþòñÿ ñëåäóþùèå áåçðàç-ìåðíûå âåëè÷èíû (èõ ðàçìåðíûå àíàëîãè ïðè îäèíàêîâîì íàïèñàíèè îáîçíà÷åíû øòðèõàìè):
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,ãäå t � âðåìÿ; L � õàðàêòåðíûé ðàçìåð; c1 è c2 � ñêîðîñòè ðàñïðîñòðàíåíèÿ âîëí ðàñòÿæåíèÿ�ñæàòèÿ è ñäâèãà; ρ � ïëîòíîñòü ñðåäû; u è v � ðàäèàëüíîå è òàíãåíöèàëüíîå ïåðåìåùåíèÿ; Fr è

Fθ � ðàäèàëüíàÿ è òàíãåíöèàëüíàÿ êîîðäèíàòû âåêòîðà îñåâîé ñèëû.Ïîëàãàåì, ÷òî ïåðåìåùåíèÿ îãðàíè÷åíû, à ãðàíèöà ïîëîñòè íåïîäâèæíà (äðóãèå âàðèàíòû îä-íîðîäíûõ óñëîâèé ðàññìàòðèâàþòñÿ àíàëîãè÷íî):
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= 0. (2)Â íà÷àëüíûé ìîìåíò âðåìåíè âîçìóùåíèÿ îòñóòñòâóþò:

u|τ=0 = u̇|τ=0 = v|τ=0 = v̇|τ=0 = 0. (3)Ïðåäñòàâëåíèå ðåøåíèÿ. Ïåðåìåùåíèÿ è êîìïîíåíòû îáúåìíîé ñèëû ïðåäñòàâëÿåì â âèäåðÿäîâ ïî ïîëèíîìàì Ëåæàíäðà Pn (x) è �åãåíáàóýðà C3/2
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n−1 (cos θ) .Êðîìå òîãî, ïðèìåíÿåì ïðåîáðàçîâàíèå Ëàïëàñà ïî âðåìåíè τ (âåðõíèé èíäåêñ �L� ñîîòâåòñòâó-åò èçîáðàæåíèþ; s � ñîîòâåòñòâóþùèé ïàðàìåòð). Â ðåçóëüòàòå íà÷àëüíî-êðàåâàÿ çàäà÷à (1)�(3)ïåðåõîäèò â ñëåäóþùóþ ñîâîêóïíîñòü êðàåâûõ çàäà÷ îòíîñèòåëüíî îãðàíè÷åííûõ èçîáðàæåíèé êî-ý��èöèåíòîâ ðÿäîâ:
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(7)Òîãäà ðåøåíèå çàäà÷ (4) çàïèñûâàåòñÿ òàê:
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rθ (ξ, s) dξ (n > 1) .Â ïðîñòðàíñòâå îðèãèíàëîâ ïîñëåäíèå ðàâåíñòâà â ñîîòâåòñòâèè ñî ñâîéñòâàìè ïðåîáðàçîâàíèÿËàïëàñà ïðèíèìàþò ñëåäóþùèé âèä (çâåçäî÷êà îáîçíà÷àåò ñâåðòêó ïî âðåìåíè τ):
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∞∫
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(8)Òàêèì îáðàçîì, îïðåäåëåíèå ïåðåìåùåíèé ïðè çàäàííûõ îáúåìíûõ ñèëàõ ñâîäèòñÿ ê âû÷èñëå-íèþ èíòåãðàëîâ (8), äëÿ ÷åãî íåîáõîäèìî çíàíèå ÿäåð ýòèõ ïðåäñòàâëåíèé.Ïîñòðîåíèå �óíêöèé �ðèíà. Áóäåì èñïîëüçîâàòü ñëåäóþùèå óòâåðæäåíèÿ, êîòîðûå äîêà-çûâàþòñÿ ñ ïîìîùüþ òåîðåìû âçàèìíîñòè.Òåîðåìà. �åøåíèÿ çàäà÷ (5)�(7) îáëàäàþò ñëåäóþùåé ñèììåòðèåé:
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vun (ζ, ξ, s) .Ñëåäñòâèå. �åøåíèÿ çàäà÷ (5)�(7) èìåþò òàêóþ ñòðóêòóðó (H (ξ) � �óíêöèÿ Õåâèñàéäà):
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uvn (ξ, r, s)H (r − ξ)

]
;

(9)

GL
uvn (r, ξ, s) = ξ2m

[
G̃L

uvn (r, ξ, s)H (ξ − r) + G̃L
vun (ξ, r, s)H (r − ξ)

]
,

GL
vvn (r, ξ, s) = ξ2

[
G̃L

vvn (r, ξ, s)H (ξ − r) + G̃L
vvn (ξ, r, s)H (r − ξ)

]
.

(10)Ñíà÷àëà ðàññìîòðèì çàäà÷ó (6). Åå îáùåå ðåøåíèå çàïèñûâàåì â âèäå
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un∗ � ÷àñòíîå ðåøåíèå ñèñòåìû óðàâíåíèé (6);

Xln (z) è Yln (z) (l = 1, 2, 3, 4) � �óíêöèè, êîòîðûå âõîäÿò â �óíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé,îïðåäåëÿþòñÿ ñ ïîìîùüþ ñâÿçè ïåðåìåùåíèé ñ ïîòåíöèàëàìè [1℄ è èìåþò ñëåäóþùèé âèä (k = 1, 2):
Xkn (z) = Z ′

kn (z) , Xk+2,n (z) = mz−1Zkn (z) , Yk+2,n (z) = −
[
Xkn (z) + z−1Zkn (z)

]
,

Ykn (z) = −z−1Zkn (z) , Z1n (z) = z−1/2Kn+1/2 (z) , Z2n (z) = z−1/2In+1/2 (z) ,
(12)ãäå Kν (z) è Iν (z) � ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ [3℄.×àñòíîå ðåøåíèå íàõîäèòñÿ ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ è çàïèñûâàåòñÿ òàê:

GL
un∗ (r, ξ, s) = G̃L

un∗ (r, ξ, s)H (r − ξ) , G̃L
un∗ =

(
G̃L

uun∗, G̃
L
vun∗

)T
,

G̃L
uun∗ (r, ξ, s) = −ξRuun∗ (rs, ξs) , G̃L

vun∗ (r, ξ, s) = −ξRvun∗ (rs, ξs) ,ãäå
Ruun∗ (x, y) = yPun (x, y) +mx−1ηPen (ηx, ηy) ,

Rvun∗ (x, y) = yx−1Sun (y, x)− η2Sen (ηx, ηy) .Çäåñü è äàëåå èñïîëüçîâàíû ñëåäóþùèå ñâÿçàííûå ñ �óíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé (12) �óíê-öèè:
Pen (x, y) = Z1n (x)Z2n (y)− Z1n (y)Z2n (x) , Sen (x, y) = Z1n (y)Y4n (x)− Z2n (y)Y3n (x) ,

Pun (x, y) = X1n (x)X2n (y)−X1n (y)X2n (x) ,

Sun (x, y) = X1n (x)Z2n (y)− Z1n (y)X2n (x) , Qen (x, y) = Y3n (x)Y4n (y)− Y3n (y)Y4n (x) .Èñïîëüçóÿ àñèìïòîòè÷åñêèå ñâîéñòâà �óíêöèé [3℄ â (12), ïîëó÷àåì, ÷òî ñòîëáåö �óíêöèé �ðèíàïðè r → ∞ âåäåò ñåáÿ ñëåäóþùèì îáðàçîì:
GL

un (r, ξ, s) ∼
1

η2r2s2
√
2π

×
{
η2ers

[
A2un + ξ2sX1n (ξs)

]( rs
−1

)
+ eηrs

[
B2un + η2ξZ1n (ηξs)

]( m
−ηrs

)}
.Òàêèì îáðàçîì, �óíêöèè âëèÿíèÿ áóäóò îãðàíè÷åííûìè òîëüêî ïðè âûïîëíåíèè ðàâåíñòâà

A2un = −ξ
(
ξsX1n (ξs) , η

2Z1n (ηξs)
)T
. (13)Ïîäñòàâëÿÿ òåïåðü (11) â ãðàíè÷íûå óñëîâèÿ èç (6), ïîëó÷àåì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõóðàâíåíèé ñòîëáöà A1un:

Xn1 (r0s)A1un +Xn2 (r0s)A2un = 0.Åå ðåøåíèå ïîäñòàâëÿåì â (11) è ñ ó÷åòîì (13) ïðèõîäèì ê ñëåäóþùèì ðàâåíñòâàì äëÿ èñêîìûõ�óíêöèé �ðèíà:
GL

uun (r, ξ, s) = ξ2G̃L
uun (r, ξ, s) + G̃L

uun∗ (r, ξ, s)H (r − ξ) ,

GL
vun (r, ξ, s) = ξ2G̃L

vun (r, ξ, s) + G̃L
vun∗ (r, ξ, s)H (r − ξ) .

(14)Çäåñü
Tn13 (r0s, ηr0s) G̃

L
uun (r, ξ, s) = sX1n (ξs)Kn11 (rs, r0s) + η2ξ−1Z1n (ηξs)mKn12 (rs, r0s) ,

Tn13 (r0s, ηr0s) G̃
L
vun (r, ξ, s) = sX1n (ξs)Kn21 (rs, r0s) + η2ξ−1Z1n (ηξs)Kn22 (rs, r0s) ,

(15)ãäå
Tn13 (x, y) = X1n (x)Y3n (y)− Y1n (x)X3n (y) ,

Kn12 (x, y) = η−1
{
η−2y−3X1n (x) + x−1 [X1n (y)Sen (ηy, ηx)−

−n (n+ 1) η−1y−1Y1n (y)Pen (ηx, ηy)
]}
,

Kn11 (x, y) = Y3n (ηy)Pun (x, y) + y−1X3n (ηy)Sun (x, y) + y−3X3n (ηx) ,

Kn21 (x, y) = x−1
[
Y3n (ηy)Sun (y, x)− y−1X3n (ηy)Pen (x, y)

]
+ y−3Y3n (ηx) ,

Kn22 (x, y) = X1n (y)Qen (ηx, ηy) +mη−1y−1
[
Y1n (y)Sen (ηx, ηy) + η−2y−2Y1n (x)

]
.

(16)
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GL

uvn (r, ξ, s) = ξ2mG̃L
uvn (r, ξ, s) + G̃L

uvn∗ (r, ξ, s)H (r − ξ) ,

GL
vvn (r, ξ, s) = ξ2G̃L

vvn (r, ξ, s) + G̃L
vvn∗ (r, ξ, s)H (r − ξ) .

(17)Çäåñü
Tn13 (r0s, ηr0s) G̃

L
uvn = η3sY3n (ηξs)Kn12 (rs, r0s)− ξ−1Z1n (ξs)Kn11 (rs, r0s) ,

Tn13 (r0s, ηr0s) G̃
L
vvn = η3sY3n (ηξs)Kn22 (rs, r0s)−mξ−1Z1n (ξs)Kn21 (rs, r0s) ;

(18)

G̃L
uvn∗ (r, ξ, s) = −mξRuvn∗ (rs, ξs) , G̃L

vvn∗ (r, ξ, s) = −ξRvvn∗ (rs, ξs) ,

Ruvn∗ (x, y) = −x−1yRvun∗ (y, x) , Rvvn∗ (x, y) = η3yQen (ηx, ηy) +mx−1Pen (x, y) .Ñðàâíèâàÿ òåïåðü �îðìóëû (14) è (17) ñ (9) è (10), ïðèõîäèì ê âûâîäó, ÷òî ðàâåíñòâà (15) è (18)ïîëíîñòüþ îïðåäåëÿþò ðåøåíèÿ çàäà÷ (6) è (7). �åøåíèå çàäà÷è (5) ìîæíî ïîëó÷èòü, ïîëàãàÿ n = 0â (15) è (18).Îðèãèíàëû �óíêöèé �ðèíà. Âûðàçèì ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ ïîëóöåëîãîèíäåêñà ÷åðåç ýëåìåíòàðíûå �óíêöèè [3℄:
Kn+1/2 (z) = z−n−1/2Rn0 (z) e

−z
√
π/2, In+1/2 = (−1)nz−n−1/2Λn0 (z)

/√
2π,

Rn0 (z) =
n∑

k=0

Ankz
n−k, Ank =

(n+ k)!

2k (n− k)!k!
.Òîãäà äëÿ ñîñòàâëÿþùèõ �óíêöèé �ðèíà â (15) è (18) ñ ó÷åòîì (16) ïîëó÷àåì òàêèå ðàâåíñòâà:

2η2n+1rn+2ξn+2s2n+3Dn (r0s, r0s) G̃
L
uun (r, ξ, s) = F

(0)
uun (s) ,

2η2n+1rn+2ξn+2s2n+3Dn (r0s, r0s) G̃
L
vun (r, ξ, s) = F

(0)
vun (s) ,

2η2n+1rn+2ξn+2s2n+3Dn (r0s, r0s) G̃
L
uvn (r, ξ, s) = F

(0)
uvn (s) ,

2η2n+1rn+2ξn+2s2n+3Dn (r0s, r0s) G̃
L
vvn (r, ξ, s) = F

(0)
vvn (s) ,

(19)ãäå
Dn (x, y) = Rn1 (x)Rn3 (ηy)−mRn0 (x)Rn0 (ηy) ,

F
(0)
uun (s) = eη+r0s

[
η2n+1Rn1 (ξs)Ln11 (rs, r0s) e

−ξs −mRn0 (ηξs)Ln12 (rs, r0s) e
−ηξs

]
,

F
(0)
vun (s) = eη+r0s

[
η2n+1Rn1 (ξs)Ln21 (rs, r0s) e

−ξs −Rn0 (ηξs)Ln22 (rs, r0s) e
−ηξs

]
,

F
(0)
uvn (s) = eη+r0s

[
η2n+1Rn0 (ξs)Ln11 (rs, r0s) e

−ξs −Rn3 (ηξs)Ln12 (rs, r0s) e
−ηξs

]
,

F
(0)
vvn (s) = eη+r0s

[
mη2n+1Rn0 (ξs)Ln21 (rs, r0s) e

−ξs −Rn3 (ηξs)Ln22 (rs, r0s) e
−ηξs

]
;

Ln11 (x, y) = (−1)n [Rn3 (ηy)E11n (x, y)−mRn0 (ηy)E10n (x, y)] e
−ηy+2my2n+1Rn0 (ηx) e

−ηx,

Ln12 (x, y) = (−1)n [Rn1 (y)E30n (ηy, ηx) +mRn0 (y)E00n (ηx, ηy)] e
−y−2η2n+1y2n+1Rn1 (x) e

−x,

Ln21 (x, y) = (−1)n+1 [Rn3 (ηy)E10n (y, x) +mRn0 (ηy)E00n (x, y)] e
−ηy+2y2n+1Rn3 (ηx) e

−ηx,

Ln22 (x, y) = (−1)n [mRn0 (y)E30n (ηx, ηy) −Rn1 (y)E33n (ηx, ηy)] e
−y−2mη2n+1y2n+1Rn0 (x) e

−x;

Ekln (x, y) = Rnk (x)Rnl (−y) ey−x −Rnk (−x)Rnl (y) e
x−y (k, l = 0, 1, 3) ,

Rn3 (z) = Rn1 (z)−Rn0 (z) , Rn1 (z) = Rn+1,0 (z)− nRn0 (z) .Ïðàâûå ÷àñòè ðàâåíñòâ â (19) èìåþò ñòðóêòóðó ýêñïîíåíöèàëüíûõ ìíîãî÷ëåíîâ, êîòîðûå ìîãóòáûòü íàéäåíû ìåòîäàìè êîìïüþòåðíîé àëãåáðû. Ïîñêîëüêó çíàìåíàòåëü â (19) ÿâëÿåòñÿ ìíîãî÷ëå-íîì, òî G̃L
uun (r, ξ, s), G̃L

vun (r, ξ, s), G̃L
uvn (r, ξ, s) è G̃L

vvn (r, ξ, s) � ñóììû ïðîèçâåäåíèé ðàöèîíàëüíûõ�óíêöèé íà ýêñïîíåíòû. Ìîæíî ïîêàçàòü, ÷òî ýòè äðîáè ÿâëÿþòñÿ ïðàâèëüíûìè. Ñëåäîâàòåëüíî,îðèãèíàëû �óíêöèé â (19) ìîãóò áûòü íàéäåíû òî÷íî ñ ïîìîùüþ ñîîòâåòñòâóþùèõ òåîðåì îïåðà-öèîííîãî èñ÷èñëåíèÿ.
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Guun (r, ξ, τ) = ξ2

[
G̃uun (r, ξ, τ)H (ξ − r) + G̃uun (ξ, r, τ)H (r − ξ)

]
,

Gvun (r, ξ, τ) = ξ2
[
G̃vun (r, ξ, τ)H (ξ − r) + G̃uvn (ξ, r, τ)H (r − ξ)

]
,

Guvn (r, ξ, τ) = ξ2m
[
G̃uvn (r, ξ, τ)H (ξ − r) + G̃vun (ξ, r, τ)H (r − ξ)

]
,

Gvvn (r, ξ, τ) = ξ2
[
G̃vvn (r, ξ, τ)H (ξ − r) + G̃vvn (ξ, r, τ)H (r − ξ)

]
.

(20)

Ïðèìåðû. Ïîëàãàåì, ÷òî ðàäèóñ ïîëîñòè r0 = 1, à ìàòåðèàë ñðåäû ÿâëÿåòñÿ àëþìèíèåì, ÷òîñîîòâåòñòâóåò ïàðàìåòðó η = 2,04.

�èñ. 1. �àñïðåäåëåíèå �óíêöèé âëèÿíèÿ ïîðàäèóñó r �èñ. 2. �àñïðåäåëåíèå �óíêöèé u1(r, τ) è v1(r, τ)âëèÿíèÿ ïî ðàäèóñó

�èñ. 3. Çàâèñèìîñòü �óíêöèé u1(r, τ) è v1(r, τ)îò âðåìåíè

Íà ðèñ. 1 ïðèâåäåíû ïîñòðîåííûå ïî �îðìóëàì(20) ãðà�èêè ðàñïðåäåëåíèÿ �óíêöèé âëèÿíèÿ ïî ðà-äèóñó r ïðè n = 1, ξ = 1,5, τ = 2: êðèâàÿ 1 ñîîò-âåòñòâóåò �óíêöèè Guu1, êðèâàÿ 2 � �óíêöèè Guv1,êðèâàÿ 3 � �óíêöèè Gvu1, à êðèâàÿ 4 � �óíêöèè
Gvv1.Â êà÷åñòâå ïðèìåðà äâèæåíèÿ ñ�åðû ðàññìîòðèìäåéñòâèå îáúåìíîé ñèëû âèäà

Fr (r, θ, τ) = H (τ) δ (r − r∗) cos θ,

Fθ (r, θ, τ) = −H (τ) δ (r − r∗) sin θ,÷òî ñîîòâåòñòâóåò ñëåäóþùèì êîý��èöèåíòàì ðÿäîâ [3℄:
Fr1 (r, τ) = δ (r − r∗)H (τ), Fθ1 (r, τ) = −δ (r − r∗)H (τ) ,

Fr0 (r, τ) = Frn (r, τ) = Fθn (r, τ) = 0, n > 2.Ïðè ýòîì â ñîîòâåòñòâèè ñ (8) èìååì ïîñòóïàòåëü-íîå äâèæåíèå: u (r, θ, τ) = u1 (r, τ) cos θ, v (r, θ, τ) =
v1 (r, τ) sin θ. Â ðàñ÷åòå ïðèíÿòî r∗ = 3.�ðà�èêè ðàñïðåäåëåíèÿ �óíêöèé u1 (r, τ) è v1 (r, τ) ïî ðàäèóñó ïðåäñòàâëåíû íà ðèñ. 2: êðèâàÿ 1è êðèâàÿ 2 ñîîòâåòñòâóþò ïåðåìåùåíèÿì u1 (r, 3) è v1 (r, 3), à êðèâàÿ 3 è êðèâàÿ 4 ñîîòâåòñòâóþò
u1 (r, 5) è v1 (r, 5).Çàâèñèìîñòü �óíêöèé u1 (r, τ) è v1 (r, τ) îò âðåìåíè èëëþñòðèðóåò ðèñ. 3: êðèâàÿ 1 è êðèâàÿ 2ñîîòâåòñòâóþò ïåðåìåùåíèÿì u1 (2, τ) è v1 (2, τ), à êðèâàÿ 3 è êðèâàÿ 4 � ïåðåìåùåíèÿì u1 (5, τ) è
v1 (5, τ).



54 âåñòí. ìîñê. óí-òà. ñåð.1, ìàòåìàòèêà. ìåõàíèêà. 2016. � 4�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÍÔ â ðàìêàõ êîíêóðñà �Ïðîâåäåíèå �óíäàìåí-òàëüíûõ íàó÷íûõ èññëåäîâàíèé è ïîèñêîâûõ íàó÷íûõ èññëåäîâàíèé ìåæäóíàðîäíûìè íàó÷íûìèãðóïïàìè� (ïðîåêò � 14�49�00091). ÑÏÈÑÎÊ ËÈÒÅ�ÀÒÓ�Û1. �îðøêîâ À.�., Òàðëàêîâñêèé Ä.Â. Íåñòàöèîíàðíàÿ àýðîãèäðîóïðóãîñòü òåë ñ�åðè÷åñêîé �îðìû. Ì.: Íàóêà,�ë. ðåä. �èç.-ìàò. ëèò., 1990.2. �îðøêîâ À.�., Ìåäâåäñêèé À.Ë., �àáèíñêèé Ë.Í., Òàðëàêîâñêèé Ä.Â. Âîëíû â ñïëîøíûõ ñðåäàõ: Ó÷åá.ïîñ. Ì.: Ôèçìàòëèò, 2004.3. Ñïðàâî÷íèê ïî ñïåöèàëüíûì �óíêöèÿì ñ �îðìóëàìè, ãðà�èêàìè è ìàòåìàòè÷åñêèìè òàáëèöàìè / Ïîäðåä. Ì. Àáðàìîâèöà è È. Ñòèãàí. Ì.: Íàóêà, 1979. Ïîñòóïèëà â ðåäàêöèþ18.06.2015ÓÄÊ 531.552ÊÀ×ÅÑÒÂÅÍÍÛÉ ÀÍÀËÈÇ ÇÀÄÀ×È Î Á�ÀÕÈÑÒÎÕ�ÎÍÅÑ ÑÓÕÈÌ Ò�ÅÍÈÅÌ È ÌÀÊÑÈÌÈÇÀÖÈß�Î�ÈÇÎÍÒÀËÜÍÎÉ ÄÀËÜÍÎÑÒÈÀ.Â. Çàðîäíþê1, Î.Þ. ×åðêàñîâ2�àññìîòðåíû çàäà÷à î ìàêñèìèçàöèè ãîðèçîíòàëüíîé êîîðäèíàòû òî÷êè, äâèæóùåéñÿâ âåðòèêàëüíîé ïëîñêîñòè ïîä äåéñòâèåì ñèë òÿæåñòè è ñóõîãî òðåíèÿ, è âçàèìîñâÿçàííàÿñ íåé çàäà÷à î áðàõèñòîõðîíå. Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñâåäåíà ê êðàåâîé çàäà-÷å äëÿ ñèñòåìû äâóõ íåëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé. Ïðîâåäåí êà÷åñòâåííûéàíàëèç òðàåêòîðèé ýòîé ñèñòåìû, óñòàíîâëåíû èõ õàðàêòåðíûå ñâîéñòâà, ïðîèëëþñòðè-ðîâàííûå ÷èñëåííûì ðåøåíèåì êðàåâîé çàäà÷è. Ïîêàçàíî, ÷òî ïðè äâèæåíèè ïî îïòè-ìàëüíîé êðèâîé íîðìàëüíàÿ ñîñòàâëÿþùàÿ ðåàêöèè îïîðû äîëæíà áûòü ïîëîæèòåëüíà.�àññìîòðåí âîïðîñ îá îïòèìàëüíîñòè íàéäåííûõ ýêñòðåìàëåé.Êëþ÷åâûå ñëîâà: çàäà÷à î áðàõèñòîõðîíå, ñóõîå òðåíèå, îïòèìàëüíàÿ òðàåêòîðèÿ, îñî-áîå óïðàâëåíèå, �àçîâûé ïîðòðåò.The range maximization problem of a parti
le moving in a verti
al plane under the a
tionof gravity and dry fri
tion and the 
orresponding bra
histo
hrone problem are 
onsidered. Theoptimal 
ontrol problem is redu
ed to a boundary value problem for a system of two nonlineardi�erential equations. A qualitative anaslysis of the traje
tories of this system is 
arried out,their typi
al features are found and illustrated by numeri
al solving of the boundary valueproblem. It is shown that the normal 
omponent of the support rea
tion should be positivewhen moving along the optimal 
urve. The optimality of the found extremal traje
tories isdis
ussed.Key words: bra
histo
hrone problem, dry fri
tion, optimal traje
tory, singular 
ontrol,phase portrait.1. Ââåäåíèå. Èíòåðåñ ê çàäà÷å î áðàõèñòîõðîíå ïðè íàëè÷èè ñîïðîòèâëåíèÿ âûçâàí ðàçëè÷-íûìè âîçìîæíûìè ïðèëîæåíèÿìè, òàêèìè, êàê óïðàâëåíèå îðèåíòàöèåé ïîñòîÿííîé ïî ìîäóëþòÿãè ëåòàòåëüíîãî àïïàðàòà äëÿ ìèíèìèçàöèè âðåìåíè ïåðåõîäà èç îäíîé òî÷êè îðáèòû â äðó-ãóþ [1℄ èëè çàäà÷à îá îïòèìàëüíîì äîãîíå ïðÿìîëèíåéíî äâèæóùåãîñÿ ñàìîëåòà [2℄. Ïðåäñòàâëåíèåîá îïòèìàëüíûõ òðàåêòîðèÿõ â ñâîþ î÷åðåäü íåîáõîäèìî äëÿ ïîñòðîåíèÿ ïðîãðàììíûõ òðàåêòîðèéäâèæåíèÿ, êîòîðûå èñïîëüçóþòñÿ ïðè ðàçðàáîòêå ìàòåìàòè÷åñêîãî îáåñïå÷åíèÿ äëÿ ïèëîòàæíûõòðåíàæåðîâ, ïðèìåíÿåìûõ ñ öåëüþ îáó÷åíèÿ è òåñòèðîâàíèÿ ïèëîòîâ è îïåðàòîðîâ, óïðàâëÿþùèõðàçëè÷íûìè äâèæóùèìèñÿ îáúåêòàìè, â ÷àñòíîñòè ëåòàòåëüíûìè àïïàðàòàìè [3℄. Îäíîé èç çàäà÷1 Çàðîäíþê Àë�åíà Âëàäèìèðîâíà � àñï. êà�. ïðèêëàäíîé ìåõàíèêè è óïðàâëåíèÿ ìåõ.-ìàò. �-òà Ì�Ó, e-mail:alenaz90_�inbox.ru.2×åðêàñîâ Îëåã Þðüåâè÷ � êàíä. �èç.-ìàò. íàóê, ñò. íàó÷. ñîòð. ëàá. ìàòåìàòè÷åñêîãî îáåñïå÷åíèÿ èìèòàöèîííûõäèíàìè÷åñêèõ ñèñòåì ìåõ.-ìàò. �-òà Ì�Ó, e-mail: oyu
he�yandex.ru.


