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HECTAIIMOHAPHOE OCECUMMETPUYHOE JE®OPMWNPOBAHUE
YIIPYTOI'O IIPOCTPAHCTBA CO COPEPUYECKOMU ITOJIOCTBIO
moa JEVICTBUEM OB'BEMHBIX CHUJI

B. A. Becrak', . B. Tapaakosckuii?

PaccmarpuBaercst OMHOPOIHOE YIIPYroe M30TPOITHOE MPOCTPAHCTBO CO CHEPUIECKOIM OO~
CTHIO, Ha, KOTOPOE JEHCTBYIOT HECTAIMOHAPHBIE OCECUMMETPUIHbIE 00beMHbIe cuibl. Ha rpann-
1€ MOJIOCTHA BO3MYINEHUS OTCYTCTBYIOT. JIis perienusi uCrmoab3y0TCS PA3JIOKEHUS B PSIbI O
monmaOMaM JlexkaHpa U mX IPOM3BOIHBIM, a TaKKe mpeobpazosanue Jlamraca mo BpemeHwH.
Pemrenue npecraBieHo B nHTErpaabHOM BUe ¢ sapamu B Buie ¢yukuuii I'puna. Oupenenena
CTPYKTYpa TUX sifiep U Hali/ieHbl uX opuruHaibl. [IpuBeIeHbl IPUMEPHI PACYETOB.

Karouesoie caosa: yrnpyroe mpocTpaHCTBO, cepryuecKast MOJIOCTh, PAJbI M0 TMOJTHHOMAM
Jlexanmpa, mpeobpasosanue Jlamraca, Gyukiun ['puHa.

A homogeneous elastic isotropic space with a spherical cavity is considered. Unsteady
asymmetric volume forces are exerted on this space. Disturbances are absent at the boundary
of the cavity. Series expansions in Legendre polynomials and their derivatives as well as the
Laplace time transform are used. The solution is represented in an integral form with kernels in
the form of Green’s functions. The structure of these kernels is determined and their originals
are found. Numerical results are discussed.

Key words: elastic space, spherical cavity, Legendre polynomials, Laplace transform, Green’s
functions.

Beenenue. K nacrosiiemy BpeMeHu J0CTATOYHO MOAPOOHO MCC/IeI0BaHbI HECTAIMOHAPHbBIE TPOLIECCh
B YIPYTUX TeJax O chepruuecKuMy TPAHUIAME MO JeHCTBUEM MOBEPXHOCTHBIX HATPY30K (CM., HAIPU-
mep, [1]). [Ipu 3TOM MaIOM3y9YeHHBIM OCTAETCA BO3IEHCTBUE HA TAKHE Tejia HECTAIMOHAPHBIX O0BHLEMHBIX
CIJI, 9TO 00BACHACTCS CJIOYKHOCTHIO IIOCTPOEHUS PelIeHrii HeOHOPOHbIX YPaBHEeHUiT TeOpUK YIPYyTOCTH.
OjiHa M3 TaKUX 334 M UCCIeLyeTcsa HUKe.

ITocranoBka 3amaumn. PaccmaTpuBaercsa OJHOPOJHOE M30TPOIHOE YIPYroe MPOCTPaHCTBO €O cde-
PHYECKOil TOJIOCTBIO PAInyca T, Ha KOTOpOe JeHCTBYIOT HeCTalMOHAPHBIE 0O0beMHbIe cuabl. OcecmMMer-
PUYHOE IepeMeNieHre TOYEK IIPOCTPAHCTBA OIMCBHIBACTCS ypaBHeHHaAMHE Jlame B cdepmueckoil cucreme
koopaunar 7,0,9 (r >0, 0<0<m, —w <9 <) [l 2

il:LH(u)—i-ng(v)—I—FT(T,Q,T), ’D:L21(U)+L22(’U)+F9(T7977'), (1)
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rie
2
()= 5@ -], L@ =1 [0-07) 2~ i),
In() =7 |@-n?) 5+ 2] 5
Lon? o), 51

0 [ 50u 1 0 (0 .
lT(u)—E<r E)—Qu, le(u)_sin9%<% s1n9).

Snech u jajiee TOUYKaMu 0DO3HAYAIOTCS TPOU3BOIHBIE TI0 BPEMEHU U UCIOJIB3YIOTCH Clleyiomme 0e3pas-
MepHbBIE BEJIMIMHBI (MX Pa3MePHbIE AHAJIOTU MPH OJIMHAKOBOM HANUCAHUM 0003HAYEHBI NITPUXAMMU):

, T , To cit , U , v I F.L , FyL c1
r = -, rn = -, = —_, = -, vo= -, = — 5, = — 5, = —,
T L L L T e T e 1T

roe t — BpeMd; L — XapaKTepHBIIl pa3Mep; ¢; U Cc2 — CKOPOCTH PACIPOCTPAHEHWS BOJH PACTAKEHUT—
CXKATHUS W CABUTA; p — IUIOTHOCTBH CPEeIbl; w W U — paJuajbHOe W TaHTeHIMaIbHOe Tepemernenus; F,. n
Fy — pagmanbHasi U TAHTEHIMAJIBHAT KOOPIMHATHI BEKTOPA OCEBOI CHUJIBI.

[MonaraeM, 9TO MEpeMEIEHNsT OrPAHUIEHBI, & TPAHWUIA TTOJIOCTH HEMOJABUKHA (JIPyTrue BAapUaHThI O/
HOPOJIHBIX YCJIOBUII PACCMATPUBAIOTCA AHAJIOTMYHO):

T=r0 = v|7‘:r0 = 0 (2)

B maganbHbIT MOMEHT BpeMeHU BO3MYIIEHUS OTCYTCTBYIOT:

u‘TZO = u‘TZO = U‘TZO = ’[)‘TZO = 0. (3)

IlpenacraBnenue penieHus. [lepemvernnernst 1 KOMITOHEHTHI 00HEMHON CHUJIBI TIPEICTABISIEM B BUIE
3/2
psizioB 110 nosmHoMaM Jlexauapa P, (z) u Terenbayspa Cn/_ 1 () [3]:

U\ > Unp, vy - Un, 3/2
<Fr> = ZO <Frn> P, (cos®), <F9) —smﬁzl <F9n> C."7 (cosB).

Kpowme Toro, mpumensiem mnpeobpasosanue Jlamraca mo Bpemenu 7 (Bepxuuii uumekc “L” coorBeTcTBY-
eT m300payKeHNI0; § — COOTBETCTBYIONMIT mapaMerp). B pesyiabrare HauambHO-KpaeBas 3agada (1)—(3)
MEPEXOINT B CJEAYIOINIYI0 COBOKYITHOCTh KPAEBBIX 33a9 OTHOCUTENIHHO OTPAHMIEHHBIX M300pasKeHnit KO-
>bUINEHTOB PSATOB:

82U

St~

= li1n (u{;) + l19n (Uﬁ) + Frlr/w uﬂr:m =0 (n =

0
= loin (uk) + laon (v5) +n?Ff, k| =0 (n=1),

T=T0

20 (4)

St

rie

l11n (u)

lo1n (u)

L(uy) = (mn 2 +2)r2u, m=n(n+1),
—p2 [(1 — 77_2) (TU)7T + (1 + 77_2) u] ,
lion (V) = —=m [lon (V) + 772 (B+072)v],  laon (v) =172 (v,) — mr~2v.

[IpuvennTebHo K 3TUM 3a4auam BeoguM dbyukiun [puna GE - GL w GE G xax orpannu-

YeHHbIe perlenns ciaeayonmx 3auad (§ () — nenbra-dynkius Tupaka [2]):

82G5u0 = lllO (GﬁuO) +0 (T - 5) y G5u0 r=ro = O; (5)

SQG’z%un = llln (Ggun) + ll?n (Ggun) +0 (?” - 5) (TL > 1) ,

82G’5’U,TL = l21n (Ggun) + l22n (Gﬁun) 3 Gﬁun r=rg = G,gun r=rg = 0)

(6)
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52G51m = llln (van) + l12n (Gll;vn) ) G?%Un r=ro,r1 = Gt%vnh«:,no = 07

82G5vn = lan (G'z%vn) + l22n (G'gvn) +9 (’I” - 5) (TL > 1) .

Torma perenne 3a7a4 (4) 3aMuCHIBACTCS TaK:

(7)

uk (r,s) = / Ghoo (r,€,8) Bl (¢, 5) de;

(r.5) / Lo (1€, 5) FL (€, 5) dE + / GL,, (r.€,5) FL (€, ) de.

(r.s) /G L (g df+/Gmr£,s>Fr%<s,s>d§ (n>1).

B mpocrpancTBe OpUTrMHAIOB MOC/IEIHIE PABEHCTBA B COOTBETCTBUU CO CBOWCTBAMU MPE0OPA30OBAHUST
Jlamraca TPUHUMAIOT CJIEAYIONIHIE BIJT (3BE30UKA 0003HATAET CBEPTKY MO BPEMEHH T):

ug (r,7) = /Gqu (r,&,7) % Fro (&, 8) d&;

tn (r,7) = / Guuun (11 €,7) % Fyn (€,5) dE + / Guuun (r,6,7) % Fyn (€, 5) dE,

/Un (’r7 7_) = /Gyun (’r7 57 7_) * F’/‘?’Z (57 8) dé + /Gmm (T7 57 T) * FQ’FL (57 8) dé (n > 1) °

Taxkum obpazoMm, ornpe/esieHre MepeMeIennii mpr 3aJaHHbIX 00bEeMHBIX CHJIAX CBOJUTCS K BBIUUCTIE-
HUIO MHTErPAsIoB (8), 11 9ero HeoOXO MO 3HAHUE SAJIED ITUX TIPEJICTABICHUI.

IlocTtpoenue ¢dpyukimit I'pura. Bygem ucnosp30BaTh Ciaeayionme yrBEPKIEHNs, KOTOPHIE TOKA~
3BIBAIOTCS C MOMOIIBIO TEOPEMBbI B3aNMHOCTH.

Teopema. Pewenua sadaw (5)—(7) obaadarom caedyroweti cummempueti:

52 uun (574-7 ) CQ uun (C’é-’S) Y 52 von (574-7 ) CQ vUn (C7€78) ?
52 uvn (67 C’ ) mC2 vun (C? 67 8) °

CaencrBue. Pewenus zaday (5)—~(7) umerom maxyro cmpyxmypy (H (§) — dynryua Xesucatia):

uun (T 57 ) 52 |: uun (T,f,S)H(f _T) +G£un (577”7 S)H(’F—f)] )
vun(r 57 )_5 |: vun(r 57 ) (5_7“)—1_@5@71(577“78)[{(7“_5)];

Gﬁmms):&? (Gl (€05  H(§ = 1) + Gl (G5  H (r = )]

Gl (1, 68) = € |Gl (€ 8) H (E = 1) + Gy (E15) H(r =€) "
Cuauasa paccMmorpuM 3ajady (6). Ee obiee pererne 3amicsiBaeM B BUJIE
GL (r,€,5) = X1 (r8) Arun + X2 (78) Agun + GE (1€, 5),
Gl = (Guns Gin) G = (Gfanas Giina) At = (b, Bran) (=1,2)5

X, (Z) _ (Xln (Z) X3n (772')) X, (Z) _ <X2n (Z) X4n (772)>
" Yin(2) Yau nz) ) " Yan (2) Yin (n2) )
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31ech Agyn W Bpyn — TPOU3BOJBHBIE TIocTogHEBIe; G — wactmoe pemenme cucremsr ypapmenmit (6);
X (2) u Y, (2) (1=1,2,3,4) — dbysKnum, KOTOpbIe BXOAAT B (DyHTAMEHTATBHYIO CUCTEMY DeIleHHi,
OTIPEJIEIAIOTCS C TIOMOIIBIO CBSI3U TepeMerenuii ¢ norenmatamu 1| u umeror ciemyrommuii Buy (k = 1, 2):

Xin (2) = Zp,, (2) s Xpgon (2) =mz" 21 (2), Yigon (2) = = [Xin (2) + 27 Zkn (2)]

(12)
Vin (2) = =27 2k (2),  Zin (2) = 272K, 410 (2), Zon (2) = 272,000 (2),

rne K, (2) u I, (2) — mogudunuposanusie dbyuxmun Beccers [3].
YacTHOe peleHre HAXOJUTCA METOOM BapHAINN IPOU3BOIBLHBIX IOCTOSHHBIX 1 3alNCLIBAETCS TaK:

un* (T 67 ) - un* (T 67 ) ( 6) ) Gﬁn* - (Gﬁunw Gzlzlun*)Ty
uun* (T 67 ) _fRuun* (T‘S, 55) s Uun* (T 57 ) _ngun* (""57 55) s

rie
Ryunx (xu y) =yPun ($7 y) + mx_lnPen (77$7 77?/) )

Ryunx (xu y) = yx_lsun (y7 $) - 7728677, (77$7 77?/) .

37ech 1 jasiee UCIOIH30BAHBI CIEYIONINE CBsI3aHHbIE ¢ (DYHIaAMEHTAIbHOI cucremoii perenwnii (12) dbyHk-
UN:

Pen (:C ) = Zln (CC) ZQn (y) - Zln (y) Z2n (.1') 9 Sen (.1', y) = Zln (2/) Y4n (CC) - ZQn (y) YE’m (.1') 5
Pun (CC ) :Xln (.1') XQn (y) _Xln (y) X2n (CC),
Sun (2,y) = X1n () Zon (Y) — Z1n (y) Xon (), Qen (7,y) = Y30, () Yan (y) — Yan (y) Yan (v) .

Ucmonp3yst acumnrorndeckue cBoiicrsa dbyukimii [3] B (12), moaywgaem, aro croabern dyukrmii I'prna
pu 7 — 00 BeJeT cebsi CeIyomuM 00pa3oM:

GL (r¢,5) ~ X{ 2€" [Agun + 25X 15 (€5)] <i81> + ™ [Baun + 06 Z1n (ns)] (-Z;(s)} ‘

1
n2r2s2/2m

Taxkum obpazoMm, (DYHKIUN BAUSHUS OY/IyT OFPAHUYEHHBIMU TOJBKO MPU BBITIOJIHEHUU DABEHCTBA

A2un = _5 (§5X1n (58) ’ UQZln (7755))T . (13)

[Moncrasmsig reneps (11) B rpanundnbie yeaoBus u3 (6), M0TydaeM CHCTEMY JTHHEHHBIX airedpanvdecKux
ypaBHEHNI CTOIOIA Aqyy:

an (TOS) Alun + Xn2 (TOS) A2un =0.
Ee pemenne noacrasiasiem B (11) u ¢ yuerom (13) npuxoaum K CaegyonmM PABEHCTBAM /1T HCKOMBIX
dbyukiuit ['puna: ~

- ~ 14
Ggun (’I”, 3 8) = £2G5un (’I”, 3 8) + Gzl;un* (’I”, 3 3) H (’I” - 5) : ( )
81ech
Tz (r05,1708) Gl (7, €, 5) = X1 (€5) K1 (75,708) + 0% Z1n (nés) mEn (rs,mos) (15)
Tn13 (7“()8, 777“08) égun (Tv 57 8) = SXln (58) Kn?l (7“8, TOS) + 772571Z1n (7753) Kn22 (7“8, TOS) s
rie
T3 (CC, Z/) = Xin (CC) Y3, (y) — Y ( )X3n ( ) )
Kn12 (:Ca y) = 7771 {77723/73X1n ( ) [Xln ( ) Sen (77217 7755) -
—n (n + 1) 77_1y_1}/1n( ) en 7790 ny ]} s (16)

Knll ($7 y) = YESn (77?/) Pun (.T, y) +y 1X3n (77?/) un (.T, y) +y 3X3n (7795)
Kot (z,y) = 271 [Yan () Sun (y, @) — v Xy (0y) Pen (2,y)] + y~*Yan (n2)
K2z (2,y) = X1in (¥) Qen (nz,my) +mn "ty [Yin (y) Sen (nz,my) + 072y Y1, (2)] -
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Pemenne 3ama«n (7) CTpOUTCS aHAIOTHYHO 1 3aINCHLIBAETCS TaK:

GL,, (r&s) =&mGL,, (r.& s) + Gl (r,&,8) H (r =€), (17)
G'U'Un (’r 57 ) £2GUU7L (’r7 57 ) —"_ Gll)/’Un* (’r7 57 8) H (’r - 5) *
31ech
Tr1s (ros, nros) G, = n*sYa, (n€s) Knia (7s,708) — €1 21y, (€8) K1 (rs, m08) (18)

T3 (ros, nros) G, = 13sYs, (0€s) Koz (r8,108) — mE™ 1 21y, (€8) K1 (r8,108) ;
éﬁvn* (Ta &, 5) = —mERyunx (’I”S, 65) ) éf;/vn* (Ta £, 5) = —&{Ryuns« (7'57 55) )
Ryons ($7 y) = _x_lvaun* (y, .T) 5 Ryyns ($7 y) = nngen (77% 77y) + mﬁ_lpen (.T, y) .

Cpasuusas Teneps dbopmyist (14) u (17) ¢ (9) u (10), mpuxoanm K BBIBOLY, IT0 pasencrsa (15) u (18)
[I0JIHOCTBIO OTIpe/iesisioT perenus 3aaa4d (6) u (7). Pemenne 3aga4au (5) MoxkHO no/ayanTh, nosarast n = 0
B (15) u (18).

Opurunanbt dyukiuit 'puna. Beipasum mogudunuposanubie dyukimn Beccerst moJrymeaoro
WHJIEKCa depe3 aeMenTapubie GyHkmmn [3]:

Knt12(2) = 2 12R,0 (z)e*m/2, Lo = (—1)”z_"_1/2An0 (2) /\/ﬁ,

_ - n—k _ (n+k)'
z) = ZAnkZ y Apke = m

Torma mas cocrapisonmx ¢yuknmii I'pura B (15) un (18) ¢ yuerom (16) mosyuaeM Takume paBeHCTBA:

2RI D, (rs,708) Gy (1€, 5) = Fion (s)
Pl 2ent2 203 D) (s, ros) GE (1, €, 8) = F&% (s), (19)
2RI D (105, 105) Gy (1,6, 8) = Fioh (s),
2RI D, (15, 75) Gy (1,6, 8) = Foh (s),
rae

Dy (z,y) = Rn1 (2) Rz (ny) — mRuo (x) Bno (1y) ,

Fug)n (s) = em+ros [772”+1R 1(&s) Lp1 (rs,ros) e 8 — mRo (n€s) Lpia (rs,ros) 6_7755] ,

F&% (s) = eM+ros [nQ”“Rnl €8) L1 (rs,708) €7 — Ry (n€s) Loz (18, 705) efnés] ,

Fyon (s) = €708 [P Ryg (€5) La1 (75,708) €7 — Ryz (1€5) Lz (75, 705) ]

Fion (s) = €705 [mn*" 1 Rpg (€8) Lz (rs,705) €** — Rp3 (n€s) Lnza (rs, ros) €55 ;

Lo (z,y) = (=1)" [ 5 (1Y) E1in (2,y) — mByo (1Y) Eron (2,y)] € +2my> ! Rpo (nz) €77,

—~~

1 (y) E3on (ny, ) + mRuo (y) Eoon (0, ny)] e ¥ =2 1y? " MRy () 77,
" [ 3 (ny) E1on (y,2) + mRno (ny) Eoon (x,y)] e +2y*" 1 Ry,3 (nz) e,
= (=1)" [mBno (y) Eson (nz,my) — Ru1 (y) Essn (n, ny)] e ¥ =2ma t1y? 1R (2) e
= Ruk (2) R (—y) €% — Rop (—2) Ry (y) e (k,1=0,1,3),

Rp3(2) = Rp1(2) — Rpo (2),  Rpi1(2) = Ryy1,0(2) —nRyo (2)

IIpaseie wactu paseHcTs B (19) mMe0T CTPYKTYPY SKCIOHEHIIHAIBHBIX MHOTOWIEHOB, KOTOPBIE MOTI'Y'T
ObITH HailIeHbI MeTo;:LaMI/I KommbioTepHoit anredper. [lockonbky snavenarens B (19) sBiserca MuOroOtIe-
mom, 10 GL, (r,€,8), G (r,&,8), GL(r,&,5) u GE (r,&,5) — cymMMBI mpom3BeeHMIl PAIMOHATHHBIX
dbymukImit Ha SKCIOHEHTH. MOXKHO MOKA3aTh, ITO 9TH JpoOH SBISIOTCH npaBuabHbIMI. CriezoBaTesbHo,
opurnnasbl Gyakuuit B (19) moryT 6bITH Haﬁ;:[eHbl TOYHO C HOMOIIBIO COOTBETCTBYIOIINX TEOPEM Ollepa-
[MOHHOI'O UCUYMCIICHUSI.
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OpuruHajbl e UCKOMBIX (byHKIHii Biustaust, coracuo (9) u (10), onpemensirorcs Tax:

Guan (r,67) = € | G (1. &,7) H (€= 1) + G (€. 7) H (r = ©)
Grun (16,7) = € | Goun (1, €.7) H (€ = 1) + Guon (77) H (r =€),
Cuun (1,€,7) = €2m | G (1, &,7) H (€ = 1) + Gun (61, 7) H (1 = §)]
Guun (16,7) = € |Goun (1. 6,7) H (€= 1) + G (&1,7) H (r =€) -

IIpumepst. [lomaraem, aTo pagmnyc nmojgoctu rg = 1, a MaTepuas Cpeabl ABAIeTCd AJTIOMUHUEM, ITO
COOTBETCTBYET mmapameTpy 1 = 2,04.

ul’vl B
0,5 - N
, . i
i
i 1
o T
0 \\\\'_\_,‘\ AN ///
\, \, 3/" ,”
A\E e
(AN 4§
\ e
\ 2,
0,5 N7
7
\\//
1 1 ] ) ‘I 1 1 1
1 2 3 r 1 3 5 7 r
Puc. 1. Pacuopenenenne pyHKIU BAMSHUL IO Puc. 2. Pacupenesnenue dyuakuuii uq (r, 7) u v1 (1, 7)
paauycy r BJIMSIHASL 110 PAJNAYCY

Ha puc. 1 npuBesieHbl nmocTpoeHHbie 1Mo GopMysiam
(20) rpaduku pacrnpenenerus (DYHKIU BIAUSIHUA O Pa-
maycy r ipu n = 1, £ = 1,5, 7 = 2: xkpuBag 1 cooT-
BercTByeT PYHKIUU (o1, KpuBast 2 — dyskimn Gy,
kpuBasg 8 — dyukiun Guy1, & KpuBag 4 — QYHKIUH
val-

B kagectBe mpumepa gBukeHnsa cepbl pacCMOTPUM
JIeficTBre 00BLEMHOI CHJIBI BHIA,

ul’vl B

FE.(r,0,7)=H ()0 (r —r«)cosf,

Fy(r,0,7)=—H (1) (r — ry)sind,

\ :
YTO COOTBETCTBYET CJieryiomuM KosdbdumnuentaM paios [3]: [ LN e -
\ 2
Fo (1) =6 (r—r) H(7), Fpy (r,7) = =6 (r — 1) H (1), N
Fro (r,7) = Fon (r,7) = Fypo (r,7) =0, n>2. - y s 12 .
IIpu sTom B coorBercTBHE C (8) MMeeM IOCTYIATENb- Py 3. 3aBHCHMOCTL dbyukmuit uq (r, 7) w o (r, 7)
Hoe apukenue: u(r,0,7) = uy (r,7)cosf, v(r,0,7) = OT BpeMeH

vy (r,7)sin 6. B pacuere npunsito r, = 3.

padurnu pactpenenenus dbyuknuii uy (r,7) u vq (r, 7) MO0 paguycy IpPeJICTABICHBI Ha PHUC. 2: KpuBas [
U KpuBas 2 COOTBETCTBYIOT mepemernienusM up (r,3) u vy (r,3), a KpuBasi 3 U KpuBasi 4 COOTBETCTBYIOT
uy (r,5) m vy (r,5).

Basucumocts dbyHukIwmii uy (r,7) u vq (r,7) OT BpeMeHN WJLIIOCTPUPYET puc. 3: Kpusag I u Kpuas 2
COOTBETCTBYIOT Tepemertenusm ui (2,7) u vq (2,7), a Kpusas 3 u Kpusas 4 — nepemerenusam up (5,7) u
(%1} (5, T )



54 BECTH. MOCK. VH-TA. CEP.1, MATEMATUKA. MEXAHUKA. 2016. Ne 4

Pabora Beimosinena npu dpunancosoii nogiepxkke PH® B pamkax koukypca “[Iposenenue dpynmamen-
TAJBHBIX HAYYHBIX UCC/IEIOBAHUN ¥ MMOUCKOBBIX HAYUHBIX UCC/IETOBAHWI MEXKIYHAPOIHBIMU HAYIHBIMU
rpymmamu” (mpoekt Ne 14-49-00091).
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KAYECTBEHHBIN AHAJIN3 3AJTAYN O BPAXUCTOXPOHE
C CYXUM TPEHVEM I MAKCUMUW3ATIUA
IF'OPN30HTAJIbHOUM JAJIBHOCTHN

A.B. Bapoaniok!, O.F0. Uepkacos?

PaccMoTpensr 3a7a19a 0 MAKCUMU3AINT TOPU3OHTATILHOM KOOPINHATHI TOUKH, IBUKYIEHCST
B BepTHKaﬂbHOﬁ IIJIOCKOCTH IIO/, ﬂQI‘/’ICTBI/IGM CUJI TAZKECTH U CyXOTr'0O TpeHUA, 1 B3aNMOCBA3aHHAA
¢ Hell 3313493 0 OpaxucToXpoHe. 3aa49a ONTUMAJIBHOIO YIIPABJIEHNs CBEIEeHa K KPAeBOil 3a/1a-
9e I CUCTeMbI ABYX HeMmHeHHbIX nuddepennraabHbX ypaBuennii. [IpoBeseH KauecTBEeHHBII
AHAJIU3 TPACKTOPHUIT ITOH CUCTEMbI, YCTAHOBJIEHbI UX XapaKTEpPHbIE CBOUCTBA, IPOUJIIOCTPU-
POBaHHBIE YHUCIEHHBIM peIIeHreM KpaeBoil 3amadn. [loka3aHo, 9TO MpW JBUKEHUU 110 OIITH-
MAaJILHOMI KpI/IBOfI HOpMaJIbHaA COCTAaBJIAIONIaA PEAaKIIUU OIIOPHI JOJIZKHA 6BITb IIOJIOZKUTEJIbHA.
PaccmoTpen Bormpoc 00 ONTHMAILHOCTH HAHIEHHBIX SKCTPEMAJICH.

Karoueswie caosa: 3amada o GpaxucTOXpoHe, CyX0e TPEHHe, ONTUMAIbHAS TPASKTOPHST, OCO-
6oe ympasiienne, pa30BbIil TOPTPET.

The range maximization problem of a particle moving in a vertical plane under the action
of gravity and dry friction and the corresponding brachistochrone problem are considered. The
optimal control problem is reduced to a boundary value problem for a system of two nonlinear
differential equations. A qualitative anaslysis of the trajectories of this system is carried out,
their typical features are found and illustrated by numerical solving of the boundary value
problem. It is shown that the normal component of the support reaction should be positive
when moving along the optimal curve. The optimality of the found extremal trajectories is
discussed.

Key words: brachistochrone problem, dry friction, optimal trajectory, singular control,
phase portrait.

1. Beeanenmne. Unarepec K 3aa9e 0 OpaxuCTOXpOHE NMPYU HAJUYIUN CONPOTUBJICHUST BBI3BAH PA3/IAY-
HBIMU BO3MOYKHBIMU TMPUJIOXKEHUSIMHU, TaKUMHU, KaK yIpaBJIeHUE OPUEHTAIMeil MOCTOAHHON MO MOJLYJIIO
TATH JIeTATEJIBHOIO amllapara [jid MAUHAMA3AIUI BPEMEHH IIE€PeXOJa M3 OTHOH TOYKH OpOMTEI B ZIpYy-
ryto 1] mwium 3amava 06 ONTHMATBHOM JIOTOHE MPSIMOJIMHERHO JABIKYIerocs camosiera |2|. Ilpencrasierne
00 onTUMaIbHBIX TPAEKTOPUAX B CBOIO OY€PE/h HEOOXOAMMO /i TIOCTPOEHUsT TPOIPAMMHBIX TPAEKTOPHUil
ABUXKEHUA, KOTOPBIE I/ICHOJIB:SyIOTCﬂ mpn pa3pa.6OTKe MaTEMATUYECKOT'O O6eCHeLIeHI/I5[ JJIA IMMAJIOTAZKHBIX
TPEHAKEepPOB, IPUMEHAEMBIX C IeJIbI0 00YYeHNS U TECTUPOBAHHS IJIOTOB KM OIIEPATOPOB, YIPABJIAIONIIX
Pa3IMYHBIMA JBUKYIIUMICS 00bEKTaMW, B YACTHOCTH JieTaTe bHBIME anmaparamu [3]. OgHoii u3 3amad
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