P

— BOCCTaHOBJIEHHUE NIPABUIILHOTO (PyHKIIMOHUPOBAHUS CIIOXKHBIX CHCTEM, KOIIa HEBO3MOXKHO KA
HElEneco00pasHo HEMEATICHHOE IIPOBEIEHHE PEMOHTHO-BOCCTAHOBUTEIBHBIX MEPOIPHATHH, a TaK-
K€ MCKITIOYaeTCs MOMKIIOYEeHHE Pe3ePBHOM WK TyOIUpyIomel COCTaBIISIONIeH WM OHA BHINLIA U3
CTpoS;

— OpraHu3aHs MOAUGHUKAIIMN OBEICHUS CIIOXKHBIX CHCTEM 63 HX (PM3UIECKOTO MepENpPOeKTH-
POBaHMsA, TONBKO 33 CUET MCIOIb30BAHMUS TEKYIHMX (QYHKIIMOHATBHBIX BO3MOXHOCTEH;

— pa3paboTKa OTKa30yCTOHYHBBIX CHCTEM, HCTIONB3YIOLIMX BECh CIIEKTP IOTEHIHAIBHBIX CPEJICTB
JUI BOCCTAHOBJICHUSI CBOETO NMOBEAEHHUS — OT TPAIMIMOHHOIO Pe3epBHUPOBAHUA-IYOIMPOBAHUS 10

CI. KypHocoga. T-HenprBoarMble paciunperis 06bearHEHNF MoHLIX rpagoB
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T-HenpvBoAUMOE pacliMpeHue SBASIETCA O4HUM W3 BWA0B
ONTUMaNbHLIX paclwupeHuin gns rpados. KoHCTpykuum
ONTUMANbHLIX PacMpPEeHUin NPUMEHAIOTCS B ANArHOCTUKE
JMCKPETHBLIX CUCTEM W KpUNTOrpadum.

Paclumpetuem n-seplumntHoro rpada G Hasbieaetcsi rpad He n+1
BEpIUIMHAMM TakoMW, 4To rpad G BKNaAbiBaeTCs B KaXabii
MakcuManbHblil nogrpag rpada H. Y nioboro rpada ectb
TPUBMANLHOE paclumpenune — coeauHedue G+vrpada G ¢ ogHoM
BEPLMHOWA. T-HENPUBOAUMbIE PACLIMPEHUS MONyYaloTCs U3
TPUBMAILHOTO yaaneHMeM MakCHManbHoro yucna pebep, He
HapYyLLAIOWWM CBOWCTBO paciLMpeHus.

3apaya HaxoxpgeHus rpada no ero T-HenmpuBOAUMOMY
PacLUMPEHNI0 UMEET NUHEAHYI0 CAOXHOCTb, a ANA 3ajayun
OTbiCKaHWs BCEX T-HENpUBOAVMBIX PACILMPEHWUA NPOM3BONBHOTO
rpada B HacToswiee Bpems 3pPEKTMBHOrO anroputMa Het. B
naHHoW paboTe mpegnaraeTcs anropuTM MOCTPOeHMs Beex T-
HENPUBOAMMbIX PAaCLUMPEHUIA W OLEHKa WX Konu4ecTsa Ans
0ObeaMHeHuiA NonHbIX rpadoB, KaXObi U3 KOTOPbIX UMEET He
MEHee OJHOW BepLUMHbI.
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T-irreducible extensions for unions of complete
graphs

S.G. Kurnosova

T-irreducible extension is one of kinds of optimal extensions of
graphs. Constructions of optimal extensions are used in diagnosis
of discrete systems and in cryptography.

A graph H with n+1 vertices is called an extension of a graph G
with n vertices if G can be embedded in every maximal subgraph
of H. Any graph G has the trivial extension that is the join G+vof G
with some outer vertex v. T-irreducible extensions are obtained
from the trivial extension by removal of maximal number of edges
in such a way that the extension property is preserved.

The problem of finding of the initial graph from any of its T-ireducible
extensions has a linear complexity, but until now there is no efficient
algorithm for finding of all T-irreducible extensions of a given graph.
Graphs studied in this paper are unions of complete graphs each
of which has more than one vertex. An algorithm of construction of
all T-irreducible extensions for such graphs is presented. Also an
estimate of a total amount of the resultihg extensions is made.
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Jns xapaxrepr3auuyu HaJeXKHOCTH JUCKPETHOW CHCTEMBI A. ABHMXXEHHUCOM [1] GbLIO BBEAEHO
IOHATHE OTKa30yCTOMYMBOCTH KakK obOecriedeHus paboTOCOCOOHOCTH CHCTEMBI IPH HAJIMYUH B HEH
ommbok. Xeis [2] popManr3oBa 3TO MOHATHE B TEPMHHAX TEOPUH rpadoB. '

PacimperueM n-BepmuHHOTO rpada G HaseiRaercs rpad H ¢ n+1 BepImmHOi Takoit, uto rpad G
BKJIAJbIBAETCS B KaXIbI MakcHMalnbHBIN noarpad rpada H. Torma eciau DUCKpPETHOE YCTPOHCTBO
npeiacraButh B BuAe rpada G (BepluiuHb rpada — 3IEeMEHTh! YCTPOUCTBA, a pebpa — CBI3H MEXIy
3N€MEHTaMu), TO CUCTEMa, OlpeaeaeMas paciiupeHueM 3t1oro rpada H, Gyaer 1-otkazoycroitdun-
BOM peanu3aliell HCX0AHOro ycrpoiicTaa. [l moboro rpada G cymecTByeT XOTs OBl OHO PACIIH-
perue G + 1 (coequHenune G ¢ OTHOINIEMEHTHBIM IpadoM), Ha3siBaeMoe TpuBHAIBHBIM (TP).

Torpaa sxe Xei3 NpeuIoKuI OIUH U3 IOIXO0B K ONITHMATIBHOCTH PaCcIIMpeHUH s rpada: MUHH-
MaJbHOCTh KonuyecTBa pedep B pacumpenuu. B 2003 r. B.H. Canuit [3] npeacraBui APyryro OITH-
MaJbHY0 KOHCTPYKIHMIO pacliMpeHus A rpada: u3 TP rpada G ymansercs MakcuMaabHOE YHCIIO
pebep 6e3 HapymeHus cBoMcTBa OBITH paciuupenueM. [lomyueHHbIe rpadpl Ha3bIBarOTCA T-HENPHUBO-
mumeivu pacmvpenusivu (THP) mms G. OgHuM U3 peuMyIecTB Takoro rmoaxona Oyaer To, 4To IpH
noctpoenun THP coxpansercs nepBoHaYaibHas KOHCTPYKUUSA rpada.

3agava onucanus THP s npousBonsHOro rpada ocraercs HepeleHHoH. B HacTosuuii MOMeHT
M3BECTHBI TOJIBKO OTEIbHBIE KJIACCHI IPpadoB, T KOTopsix HaineHsl Bce THP [4-6]. Ho kpome 3Toi
3a/la4d, HECOMHCHHBIA MHTEPEC NPEICTABISAET OBEACHUE KOHCTPYKIUHU T-HEMPUBOIUMOrO paciIu-
pEHMs OTHOCHTENIBHO ONepanuil Haj rpadamMu: o0beIMHEHNE, COeIMHEHNE 1 IOIONTHEeHNe. B nanHoi
CTaThe MOMHOCTBIO PEIIAETCs 3a/1ada HaXOX/IeHHs T-HEeIPUBOIUMBIX PACIIUPEHUH It 00beMHEHUI
nonHeIX rpadoB. OaUH BaXKHBIN YaCTHBIN ciry4al pa3oOpaH B [7].

1
PaccMoTpuM mocnenoBarenbHOCTs monHBIX rpados (K.}, (n>1,1>0). Tlonoxum

G= U:_O m. K, ., toe mg> 0, m;> 0, a ocraneusie m; > 0 gna i =1, /-1. Tako#t rpad oxHO3HAYHO
OIIPEENACTCS THCIIOM 1 X BEKTOPOM (1, my, ..., M.

Jlemma. ITycts H — pacumpenue i rpada G, 3a1aHHOTO BEKTOPOM (Mg, My, ..., M;), TIPUYEM
B rpade H ecTh BepIIMHA v, IPH YAAJEHHH KOTOpoi u3 H noimyuurcs rpad, usomopdusii G. Torma
eciy U3 H MOXHO ynanuTh pebpo uv, Iie u IpUHAUISKUT HeKoTopoMmy noarpady K,,.; (mycts B pac-
IIMpeHHH 0003HaYeHne BepIIMH OyneT kak B G), To pacmupenueM s rpada G Oyaer u rpad, momy-
4eHHBIA 13 H yjaneHueM Bcex pedep, COSAUHAIOMUX BEPIIMHY v C BepuuHaMu noarpada K, ;, KoTo-
pPOMY IPHHA/UIEXXUT BEPIIMHA U.

(OgeBuaHO, 4TO TEMMa MMEET CMBICI, Korja B rpade H ¢ BEpIIMHON V CMEXHBI XOTs OBl JBE
BEpIIMHBI U3 noarpaga K,.;.)

Joxkaszareabcrso. [lonoxum H; = H— uv, u mycts H' —rpad, momyueHHbIi u3 H ynaneHueM Bcex
pebep, COeAUHSIONMX BEPUIMHY V ¢ BepiinHaMu noarpada K., (xors B rpade H MOXeT ObITh He-
cxonbKo noarpados K,,.;, 31eck 0oz obozHadeHneM K,,.; OyzieT HoHUMaTkcs noarpad, KOTopoMy IpH-
HaJIeXHUT BepmmHa u). IlokaxkeM, uto H' — pacmmpenue aius1 G. s 5Toro BoO3bMeM IPOU3BOIBHYIO
BepIIMHY z U3 H' 1 nocTpouM BiIoxeHue ¢ rpada G B H'. PaccMOTpUM NpeICTaBIAIONIASCS CIIyYaH.

1. BoiGpaHHas BepIMHa Z COBIIAJAET C u, U B rpade H Bce BepIuuHbI oarpada K, ,; CMEXHBI C V.
Torna paccmotpum rpad H — 2z, rae z' ommyHas ot # BepiuuHa noarpada K,.;. [lo ycnoBuro cyie-
cTByeT BiIOxeHHe @ rpada G B H) —z'. Toraa nckoMoe ¢/ OIpeaenuM CieayrolM 00pasom:

gw) = @ (W), ec g (W) # z;

gw)=z,ecm @ (w)=z.

OueBnaHO, 4TO MOCTPOEHHOE ¢ — B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MEX/y BEpIUIMHAMH Ipa-
doB G u H' —z. Tenepb AOKaXeM, 4TO ¢ COXpaHsIeT CBOMCTBO CMEXHOCTH. OHO OyIeT COXPaHATHLCH,
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eCIH BepIUMHEL ¢ | (W), rie w npunayiexut noarpady K, ; — z', He CMeXHBI ¢ BEPIIMHOK ¢! (V).
ITycTs 5TO HE TaK, U BepUmMHLl ¢ | (W), Tie w € M (30ech M — HermycToe OIMHOXKECTBO MHOXKECTBA
Bepiuns noxarpada ( K., — z') —u), cmexusl ¢ ¢! (v). Torma Bepimna ¢! (v) 6yeT cMeXHa TONBKO C
BepuHAMH ¢! (W), THe W € M (B criy TPaH3UTHBHOCTH CBOMCTBA CMEXHOCTH B HCXOJHOM rpade
G). 3HauuT, 0bas BepuIMHa ¢ (W), [ie W U3 MHOXeCTBa M, I0JDKHA HMETh CTelleHb | M|, Tak Kak oHa
CMEXHa C v, KOTOpas UMEET TaKyo cTeneHb (B G mo0ble IBe CMEXHBIE BEPIIMHBI UMEIOT OMHAKOBEIE
cTeneny). M3 BIECKa3aHHOTO CIEyeT, 4TO BEPIIMHBI ¢ (W), Te W € M, CMEXHBI TOIBKO MEXKITY
co00¥i (B CHITy TPaH3UTHBHOCTH CBOMCTBAa CMEXHOCTH B rpade G) u ¢ BepmmHoi ¢! (v). Takum
o6pasom, ¢! otobpaxaer Bepumnsl u3 M U{v}B Bepumus! momHoro rpada pasmeprocta [M] + 1 <
< n + i. To ecTb BepuMHEI NIONHOTO noarpada Ky, rpada G, nmeromue creness M| + 1 <n + i,
nepeBoaATCs oTodpaxenueM ¢ B Bepumusl 13 M U{v}. Toraa B rpad H; — 2’ 6e3 sepumn M U{v}omken
BKJIJBIBATHCS OCTaBIIMICS noarpad rpada G 6e3 Kjy..1. Ho 310 HEBo3MOXHO, OCKOIBKY B rpade H) —Z,

6e3 Bepumn M U{v}, BepIIMH cTeneHy He MEHbIIEH 1 + i He GOJbIle ZIF; m,(n+j)+1-(| M |+1),

TOrAa KaK B rpage G 6e3 Ky Hx ZIF,. m(n+ j).

Taxum o6pasom, mocTpoerHoe @' Oyner BaoxeHueM rpada G B rpad H' — z.

2. BepmnHa z He COBIANAET C # WM BEPIIMHA Z COBNAACT C %, U B rpade H He BCe BEPIIMHEI
nozarpada K,,,; cmexwsl ¢ v. ITo ycnoBuio cymecTByeT Broxenue ¢ rpada G B H, —z. Onpenenum ¢/
TOX/ICCTBECHHO PaBHBIM BJIOXeHHIO ¢. Torma ¢’ Oyner Bnoxenuem rpada G B rpad H'— z, ecu Bep-
nmHa ¢! (V) He CMEXHa HE C OJHOI BepIIMHOM ¢! (w), rie w npunamiexut noarpady K. Joka-
JKEM BBIIIOJIHEHHE MIOCTIEHETO OT NPOTHUBHOTO. ITycTh A1 W U3 HEKOTOPOTO HEIYCTOro MHOXeCTBa M
BepiunH noxarpada K,,; Bepmmasl ¢! (w) cMexHs! ¢ ¢! (v). Toraa aHagor{4so mpeasyIyeMy IyH-
KTy BepuimHsl ¢! (w), rie w € M, CMEXHBI TOIBKO APYT C APYTOM M C BEPIIMHON ¢! (v). 3Ha4uT, B
BepunHEl M U{v} 0T0GpaXkaloTcst BEpUIMHEI HEKOTOPOTO MOJNHOTO Tpada Kp+1- TokakeMm, uto pas-
MEPHOCTB 3TOT'0 MOJIHOTO rpad)a MeHbIIe Yucnaa # + i. J{I1 3Toro pacCMOTpUM CIIECAYIONHE CITyYan.

¢ Bepmuna z coBnagaer ¢ u, 1 B rpade H He Bce BepiunHbl noarpada K,,.; cmexusi ¢ v. Torna B H,
HE MEHBIIE BYX BEPIIUH U3 K, ,;, HE CMEeXHBIX c V. Toects M| <n+ia|M|+1< n+ i

¢ Bepmmna z npuHaanexur noarpady K., HO OHa oTin4Ha OT u. Torma B M HeT x0T GBI ABYX
BepinH noxarpada K,,,; (4 v z). A3Haumr, M| <n+i—2,utorna |M|+1< n+ i

¢ Bepmmna z ve npuHautexur noarpady K, Torna M| <n+i—1,a|M|+ 1< n+ i. Ho ecmu
M|+ 1= n+ i, To M cocTonuT 13 BepimuH noarpada K,.; — u, a Tak kaKk u B rpade H, CMEXHA TOIHKO
C BepIIMHAMHU U3 M, TO cTeneHs BepmuuHbl ¢ (1) B G GyeT paBHa HyITIO, 4TO HEBO3MOXKHO. 3HAYMT,
M+1< n+ i

Taxum 06pa3oM, pasMepHOCTS MOTHOTO rpada Ky, MeHbIIe uncna # + i. CeoBarensHo, G 6e3
Kipg+1 HENB3s BIOXUTh B H) — z 6e3 BepmmH M U{v} (BnoXeHHe HEBO3MOXHO 110 YHCIY BEPLIMH
CTENEHU HE MEHBIIE 7 + i). 3HAYUT, U B ITOM CIIydae CyIeCTBYeT BiIoKeHue rpada G B H' —z.

Cnydan 1 u 2 mokassIBaroT, uTo ecnu H — uv ABinsgercs pacmuperueM mii G, To u H' Gyzer
pacmupenueM i G. O

Cormnacno noxazanHoi nemme THP paccMarpuBaemoro rpada G MOXKHO 3a/1aTh [OCIIEI0BATEb-
HOCTBIO (ay, 4y, ..., @;), TAE a; IOKA3BIBAET, CO CKONBKUMHU Ipadamu K,..; COCOUHACTCS BEPLIMHA V.
Hanpumep, rpady G = K, U K,,1; coorBerctByer Bektop (1,1), a ero THP ompenensercs BeKTOpoM
(1,0) [3]. Torma no Bextopy (mq, my, ..., m;), 3anaromemy rpap G, MOXHO IOCTPOUTH MHOXECTBO
BEKTOPOB (ay, ay, ..., a;), onpeaemronmx Bce THP s G, ucnosns3ys CIEAYONIYIO IPOLELYDY.

HrHpopmatnka 109
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AJITOPUTM
nocrpoenus Bcex THP s rpaga G,
3aIaHHOTO BEKTOPOM (g, My, ..., m) A n > 1

1. Tlonoxuts ay = my, noonpenenus a , =0 umy;=0,i=1.

2. Ilo tabu. 1, B crondue HaTH COOTBETCIBYIOIIEE 3HAUCHUE m; m;.| (TOe X — M000e IHCIO0
6onsie 1), B CTpOKe HAUTH @, a;.| ¥ HA UX MEPECEYCHUHN IIOJYYUTh 3HAYEHHUE q; , [ = i+].

(Ecnu BO3MOXHO HECKONBKO BapHaHTOB («0 mid 1»), TO Ha 3TOM 3Tame MpOLEeCcC JalbHEHIIero

IIOCTPOEHHs BEKTOpa (ay, dy, .., @) JOJDKCH MIPOUCXOAUTH OTACIBHO IS OMYYeHHBIX BAPUAHTOB. )
Tabmuma 1
M| M | I P | I Py | G My | G P | I My | T P | T M | T
iy 0 0 0 1 0 x 1 0 1 1 1 x x 0 x 1 X X
0 0 1 1 1 m; m; m;
1 0 1 1 1 m; m, m;
x 0 1 1 1 m; m; m;
0 1 0 0 0 0 Owmwm 1| 0uml 0 Owm 1|0 mwml
1 1 0 0 0 0 Owm 1 | 0 wm 1
x 1 0 0 0 0 Owm 1 |0 mwm 1
0 x 0 Omwm 1| Omm 1 0 Omma 1 | 0 v 1
1 x - — - — - - - — —
X X - — - - - - - - =

3. BEIMONHATS MyHKT 2, oKa [ < /.

PezynsraTtom paboTs! aropuT™a OyIeT MHOXKECTBO BEKTOPOB (ag, 4y, - .., @;), 3aaarmomux sce THP
s rpada G, onpenenseMoro BeKTopoM (mg, my, ..., m;) un > 1.

Crnenyromas TeopeMa JaeT 000CHOBaHHE MIPUBEIECHHOIO aJITOPUTMA.

Teopema. IIpencraBneHHbI aropuT™M cTpout B TouHocTH Bce THP musa rpada G, 3amanHOro
BEKTOPOM (Mg, My, ..., M;) K 9UCIOM 1 > 1.

Joxa3arenbCcTBO. J[0Ka3aTenbCTBO TEOPEMEI IIPOBEJEM B TPH 3Tara.

I. Tloxaxem cHauana, 4TO aJrOpHTM OyzeT paboraTk CTaOMIBHO, TO €CTh @; »@; | HE MOT'YT IIPH-
HHMMaTh 3Ha4€HUE «1x» MM «Xx» , TAe X > 1, o xoxy paborsl anroput™a. JJokakeM 3TO, HCIIOJIB3YA
METOJl MaTEMaTU4E€CKOW MHAYKUHH 10 IEPEMEHHOM 1.

1. OueBnaHO, 4TO yCIOBHE BBIIOIHEHO U [ = 1, Tak Kak a_ja, uMeet 3Ha4eHue Omy,.

2. ITycTs ycnoBHe BBIIOIHEHO A7 i > 1, HOKa)XeM CIpaBeUTMBOCTE yenoBus U it i + 1. To ects
HaJI0 [10KA3aTh, YTO €CIIU a; »d; | HE MOXET IPHHAMATh 3HAYCHUE «1X» HITH «XX», TO U @;_1@; TAKXKE HE
paBHO «1x» unM «xx». MHade roBops, eciu a;_; > 0, 10 @; < 1, a 370 crieayeT U3 MpaBUiI IOCTPOCHHS
(cm. Tabn. 1) Bexropa (ag, ay, ..., @;).

II. Teneps ybenumces, uro moboit BexTop (ag, ai, -.., @;), HOCTPOCHHBIN IO aNTOPUTMY, OyaeT
onpenensats rpad H, semsroumiics THP nns rpada G. Jlns nokaszaTenscTsa 3TOro pakTa UCIIOIb3yeM
HIOTy4EHHBIH paHee KpuTepud T-HempuBoauUMOCTH [5].

I'pad H Toraa u Tonsko Torga 6yaer THP rpada G, xorna

1) H sBnsercs pacmmpenueM s rpada G;

2) B rpae H cymiecTByeT BepiMHa v, Takas uro H —v = G;

3) (cBoiicTBO HENPUBOAMMOCTH pacumpenust) rpad H — vu He Oyaet pacumpenueM i G, eciu v
YAOBIIETBOPSAET ITyHKTY 2), a # — Mobag BepmmHa u3 G.
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IocnenoBarenbHO MPOBEPSEM BBIIOIHUMOCTD 3TUX YCIOBHIL.

1) Y6enumcs, uro H Oyner pacumperueM A rpada G. BeibepeM Npou3BONBHYIO BEPUIIMHY U U
paccMoTpuM rpad H — u. Bo3MOXHEI ClieyoMmue ClIydan:

a) BEpUIMHA U COEIWHEHA peOpOM C V, a 3HA4YMT, U BCE CMEXHBIE C HEHM BEPIIHUHBI CMEXHEI C V.
Toraa npu BlIOXXeHUH BEpIIMHA ¥ IEPEHIET B v, a OCTAJILHEIE CaMH B cels;

b) BepruuHa u (mpuHagnexamas noarpady K,.;) He coenuHeHa pedpoM C v, a 3HAYUT, U BCE CMEX-
HBIE C HEll BEPIIMHEBI HE CMEXKHEI ¢ V. 3Ha4UT, ecm m; = 1, 10 a;= 0, a ecomt m;> 1, 10 a; paBro 0 win 1.
ITo mocrpoenuro BekTopa (ag, @i, ..., @;) uMeeM a;_; > 0, TO eCTh C Vv CMEXHBI BEPIIHHBI KaKOTO-TO
nonrpaga K,,.; ;. Torna npu BnoxeHun BepHbI rpada K,,.; nepeiayT B Bepuriasl noarpada K., | + v,
a BepumHs! rpada K,,,; | — B BepmuHb! noarpada K, — u

U3 a) u b) cnenyer, uro H Gynet pacmupenueM it rpaga G.

2) Ilo nocTpoenuto B H cymiecTByeT BepIIMHA V Takas, 910 H — v = G.

3) INokaxkeM Tenepb HEIPHUBOAUMOCTH rpada /. BribepeM NMpou3BONBHYO BEpPIIUHY U, IPUHA-
Jexalryr Hekoropomy roarpady K,.; (3Haqut, a;> 0). Y6emumcs, uro rpad H — uv He OyaeT paciuu-
peHueM ais uexomHoro rpada G. PaccMoTpyUM clieyroniye Crydan:

a) myctb (a, =1)A(a,_, #0). Torna Mo MOCTPOCHHUIO @;4| # M1, TO €CTh CYIIECTBYET ITOATpad

KMH, BEPILMHBI KOTOPOTO HE COeANHEHbI pedpamu ¢ BepiunHou v B H. [IpoBepum rpad (H —uv) —u',

rIe u' MPUHAIICHKHUT no,urpa(by K’. . B ucxogHoM rpade G KOMHYECTBO BEPIIHH CO CTENICHBIO HE

n+i+l’

MeHbIIEeR n + i + 1 paBHO . m.(n+j), Torna xak B rpade (H — uv) — v’ ux He GonblIe
p J=il J Ip

Y am e DD -1=(i+) =Y m (e f)-1-
3uauut, H — uv He Oyaer pacmupenueM uii rpada G;

b) mycte Teneps (a, =m, >1)v[(a, =1) A(a,_, =0)]. [lo mocTpoenuro ycnoeue a; = m;> 1 o3Haqa-
eT, uto a; ; = 0. Paccmotpum rpad (H — uv) — u', rae u' # u NPUHAATIESIKUAT TOMY XK€ rpady, 9To H u.

o ; ! .
B rpade G KOTHMYECTBO BEPIIMH CO CTEMEHBIO HE MEHBLIEH # + i PaBHO iji m;(n+ j), a B rpade
(H — uv) — v’ ux He GombIe

1 3 ! g
stl_mj(n+1)+1—2=2_/=imj(n+j)—1.

Takum o6pazom, H — uv He OyneT pacmmpenueM ais rpaga G.

Tak kxak ciaydad a) ¥ b) MCUEPIBIBAIOT BCE BO3MOXKHBIE BapHaHTHI, TO H — uv HUKOraa He OyneT
pacmmpenueM i G. B cuimy npou3BOiIbHOCTH BIOOpa BeplumHEI U, rpad H 6yner THP mus G.

III. Tenepp noKaXKEM, YTO NPEATOKEHHBIN anroput™ crpout Bce THP mna rpada G. Ilycts rpad
H sBnsercs THP g G. Tlo nemme 3T0 pacmupeHre MOXHO 3aaTh BEKTOPOM (ag, 4y, . .., a;). O4ueBua-
HO, €CJIH B 3TOT BEKTOp 100aBUTh a_; = 0, TO IOyYEHHBIN paCIIMPEHHBIN BEKTOp Takxke OyneT 3aia-
Barb THP mia G — rpad H. 3HaueHue ay AODKHO OBITH paBHBIM my . WHade cymectByer noarpad K,
BEpIIMHBI KOTOPOTO HE CMEXHBI ¢ BepIuuHoi v B H. CnenoBarensHo, B rpad H — u (BepmmHa u U3
noarpaga K,) He MoxeT BKIaabIBaThcs rpad G (B G HET BEPILIMH CTENICHU MEHBILEH 71, B TO BPeMs KaKk
B H — u nmeetcs n — 1 BepumHa crenesu # — 1). TakuMm o6pa3om ay = my,. Tak Kak Havao BEKTOpa
(ap, 1, ..., @) y Tpada H nomguuHseTcs NMpaBWIaM MOCTPOEHHS, YKa3aHHBIM B aTOPUTME, TO JUIL
JIOKA3aTEeIbCTBA ATOrO IMyHKTA JOCTAaTOYHO JI0Ka3aTh, YTO 3Ha4CHHE a;, Iae 0 < i < /, He MOXKET ITPUHU-
MaTh 3HaYEHWs, OTIMYHBIE OT YKa3aHHBIX B TalN. 1, ecu BCe 3HAYCHHUS @, TAE j < i, OIYYEHBI 110
IrOpUTMy. PaccMOTpHUM BO3MOXKHBIE CITy4aw. '

1. Cnyuyaii (a,_, >1) A(a,_, > 0) HeBO3MOXEH B CHITy NPEATIOIOKEHHA, YTO 3HAUEHHA B BEKTOPE A0
KOOpZMHATHI I TIOAYMHSAIOTCS IpaBHIaM IOCTPOEHHS], IPEITIOKEHHBIM B aITOPUTME.

NHgpopmatnka 11



@ Vzectna CaparoBckoro yrrsepcnteta. 2005. T. 5. Cep. Marematvika. Mexarnka. FHgpopmatrika, Bain. 1

2. Ecmu m;= 0, O4eBHIIHO, YTO @; MOXKET PAaBHATHCS TOJIBKO 0.
3. Ecim (a,_, = 0) A(m, >0)> TO &;=m; (cM. Tabu. 1). Ipearmonoxum, 4ro B HallnenHoM H a; < m;.

BEPUIMHEI KOTOPOTO HE CMEXHEI ¢ v B rpade H. Toraa B rpade H — u,

n+i?

3HaunT, Haiinercs noarpad K/

TJIC 4 IPHHALIEXHUT noATpady K, BEPIIMH CTEIeHH He MEHBLIICH 7 + i Gyaer Zi:i m,(n+j)—(n+i)+1,
9TO MEHBLIC YHC/Ia TAKKMX K€ BEPIIHH B UCXonHOM rpade G. CrenoBarensHo, rpad H He MOXET ObITh
pacmmpenueM 11 G, 9TO IPOTHBOPEYHUT YCIOBHIO. TakuM 00pa3oM, B 3TOM CIydae @; MOXKET paB-
HATBCS TOJBKO ;.

4. Ecnu (a,_; > 0) A(m; > 0) A(m,,, =0), T0 ;= 0 (cM. Tabm. 1). Ilycts B rpade H 3uauenue a; > 0
npu a; ; > 0, m; > 0, my = 0. IToxaxkem, 9T0 TOraa U3 H MOXHO yIauuTh BCE pebpa, COETUHSIOIIUE
noarpadsi K,,.; ¢ BepmuHoi v. [Tycts H' — rpad, momydueHHsiil u3 H yaaneHnem pebep, CoeqHHSIOmUX
noxarpadsr K,; ¢ BepmuHoii v. [Toctpoum Broxenue G B rpad H'— u, rie u npuHALIexur rpady H'.
PaccMoTpuM BO3MOKHBIE ClTydawu.

e BepumHa u IpUHALIEKMT OHOMY M3 oarpados K,;. Tak kak a;_; > 0, TO C v CMeXHbI BEpILH-
HbI Kakoro-1o rpada K,.; . Torna npu Bnoxenun BepmuHsl rpada K,,.; mepeiayT B BEpUIMHLI TOA-
rpatda K1, ; + v, a BepmmHel rpada K,,;; | — B BepuuHs nmoarpada /'. OcraBiumecs BepIUIMHBI HEepei-
IyT CaMH B ceds.

¢ BepumHa 1 He PUHAUIEXAT HU OfIHOMY 13 noarpados K,.,. Torna onpeaeniuM BIoXeHHE Ipa-
da G B H' — u TOXJIECTBEHHO PAaBHBIM BIOXKEHHIO @ rpada G B H — u. IIokaxeM, 4TO pH BIOKEHUH ()
yaaneHHble u3 H peOpa He MIPAIOT POJIH, TO €CTh BEPLIMHA ¢ (V) HE CMeXHA C BEpIIMHAMH ¢ (W),
Iy iroboi w, mpuHamiexamel noarpadam K., Ilpexmonoxum nporusHoe. [Tycts BepmmHb ¢ ' (w)
(rme w € M, M HemycToe IIOAMHOXECTBO MHOXECTBA BepumH noarpados K,.;) cMexHsl ¢ ¢ (V).
OueBHIHO, YTO M HE MOXET COCTOATH U3 BEPIINH, MPUHAISKAIHX pasHbM K,,;. 10 Gyner npoTu-
BOPEYMTH ONpesieneHuto rpada G, B KOTOPOM CBOHCTBO CMEXHOCTH TPAH3UTUBHO. 110 TOM e npu4u-
He BEpIUKHA ¢ ' (V) He MOXeT OBITh CMEXHOM ¢ BepIIMHO#M ¢ (W), Tie w' u3 rpada K,+j,J # i, a 3HAYMT,
@'(v) cMexHa TOJBKO ¢ BepIMHAMHU @ (W), w € M.

M sBnsiercs cOGCTBEHHBIM MOMHOXXECTBOM MHOXKECTBA BEPIIMH OXHOro noarpada K,.;: oHO He
MOXET COCTOATh M3 BCEX BepIMH noarpada K., WHade UX CTeleHb pH oTobpaxkenuu ¢! Gyaer
paBHa n + i + 1, a BeplIUH C TakoH cTeneHso B G HetT (m;y; = 1). CnenosarensHo, ¢! oroGpakaer
BepumHs! 13 M U{v} B BepmmHe! cTeneny He Gonbluel 7 + i. Ha camoM 1ene creneHs BepomH ¢ (w),
w € M, menpiue gucna n + i. Unaue M coctout u3 n + i — | Bepmun noarpada K,,.; ¥ €IMHCTBEHHAS
BepumHa W' U3 K,,y;, He IpUHATIeXKaIas MHOXECTBY M, B H cMeXHa TONBKO C BEpPLIMHAMH U3 M.
3HauNT, CTeNeHb BEPIIMHEI ¢ |(W') GyaeT paBHa HyIII0, 4TO HEBO3MOXHO. Teneps paccMoTpuM rpad H
6e3 Bepumn M U{v}. On nomxen BmMemath rpad G 6e3 Ky 1. A 3T0 HEBO3MOXKHO, TaK Kak B rpade H

6e3 BepuH M U{v} BepumH cTeneHu He MeHbIIEH 7 + i OCTATOCH 2;{ m;(n+ j)—( M |+1), uro
MCHBIIE KOJIMYECTBA TaKUX e BepluH B rpade G 6e3 Ky . Takum o6paszom, BepmuHEl ¢ '(v)
u ¢ (W) He cMexHBI is T060# W, IpuHaaIexameit noarpadam K,,.;. VI, 3HaunT, HaliieHO BIOXeHHE
rpapa GB H' —u.

Hrak, ecnu a; > 0 mpu a; ) > 0, m; > 0, m;; = 0, To H He 06nagaeT CBOACTBOM HEIPUBOAMMOCTH,
a 3Ha4YMT, B 9TOM CIIy4ae @; MOXET PaBHATHCS TONBKO 0.

5. Eci (a,_; > 0) A(m, > 1) A(m, > 0), TO, cortacHo Tabn. 1 a; MoxeT paBHAThCA Wiy 0, wu 1.
IIpennonoxum, 9to a1 rpada H 6ymer a; > 1. [lokaxkem, uto Takoit rpad He moxer Obites THP, Tak
KaK €ro 4acth H', y KOTOpo# HeT pebep, CoOeqUHSIomux v ¢ m; —1 moarpadamu K,,.;, Oyaer pacmmpe-
aieM 1 G. UToOs! 310 M0Ka3aTh, HoCTpouM Bioxenue rpada G 8 H' — u. Ilycts B H' ects pebpa,

coenuHsONMMe noarpad K. . ¢ BEPIIMHON v. PacCMOTPHM BO3MOXKHBIE CITydaH.
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’
e Bepummna u npunamiexut noarpady K, . Torna npu BuoXeHnH BeplMHa U, IPUHAUICKAIIAS
rpady G, npeizeT B v, a OCTAIBHBIE CaMH B ceOsl.

* Bepumna u IpHHAIEKAT ONHOMY 13 ToarpadoB K., ommunoMmy ot K, . Tak kak a;_, > 0, To
Haigercs rpad K,.; |, BEpIIHHBI KOTOPOTO CMEXHBHI € v. Torna npu BIoKeHUH BepIiuHb rpada K, .
nepeiayT B BepmMHbI noarpada K,.; | + v, a BepuuHsl rpada K,.; ; — B BepumHbl noarpada
K,+i— u. OcTaBmuyecs BEpUIMHBI IEPEHAYT caMu B ceOsl.

¢ Bepuina u npunagexut noarpady K., j # i. [1lo npeamonoxeHuIo CymecTByeT BIOKEHHE ¢
rpada G B H— u. IlycTs Bepmmusl ¢ '(w), rie w € M, cMexHsl ¢ ¢ '(v). O4eBuaHO, 9T0 M — IIOAMHO-
JKECTBO BEPIIMH HEKOTOPOro noarpada K,,.; (B CHIy TPaH3UTHBHOCTH CBOMCTBAa CMEXHOCTH B Tpade
G). Torma

ecnu M — IOAMHOXECTBO MHOXECTBAa BepIIUH noarpada K., rae j' # i, To Bioxenue G B
H'— u 3aaauM TOXKIECTBEHHO PaBHBIM ¢,

ecm M — NOIMHOXECTBO MHOKECTBA BEpIIMH noarpada K, To BIOXKEHHE TaloKe OyZieT COBIaaTth C ¢

+i?

OTIUYHOTrO OT K’

n+i®

ecnu M — NOIMHOXECTBO MHOKECTBa BepIuuH noxarpada K

n+i’

TO COOTBET-
CTBHE MeXIy BepminHamu rpadoB G u H — u omnpenenum Tak: Bepumusl G, nepexoasmue B K

n+i’

OymyT otobpaxarscs B Bepmuesl K, ; BepmuHbl G, nepexomsaume B K7 , OyayT oTobpaxkarscs B

n+i? n+i’

BEPINMHE! K ; OCTaBIIHECS BEPUIMHBI IEPEXOIAT COITIACHO ¢. Tak Kak ¢ (V) He MOXKeT GBITh CMeX-
HOt ¢ ¢ '(w), re w mpuHamIexuT rpady K, ¥ BepIMHEI rpada K, OTIMYAIOTCS OT BepwuH K,
TONBKO pedpaMH, CMEXHBIMH C V, TO ONPEEICHHOE COOTBETCTBHE OyneT BiokenueM G B H — u.

Utak, NOCTpOEHHOE BIIOXKEHHUE IPOTHBOPEYUT CBOWCTBY HENPHBOAMMOCTH A H, u, clenoBa-
TENIBHO, B 3TOM CIIy4ae @; MOXeET paBHATHCS uimH 0, umm 1.

6. Ecnu (a,_, >0)A(a_, =0)A(m, =1) A(m,,, >0), TOo a; moxeT paBHATbCA 1o 0, mau 1 (cM.
Tabn. 1). A tak kak m;= 1, TO ApYTHX BapHAHTOB HE MOXET OBITE.

7.Ecmu (a,_, =1)A(a,_, >0) A(m, =1) A(m,,, >0), 10, a;= 0 (cm. Tabu. 1). IIpearnonoxum Teneps,

’
YTO 3Ha4eHHEM a; MOXKeT ObITh 1. I[lycTe B H BepmIMHA v coeuHEHa ¢ BepmuHamu rpada K

n+i=1
(umeeMm a;_; = 1). Torna wacts rpacda H — rpad /', y KOTOPOro Het pedep, COSIUHSIONMMNX V C BEPIIU-
namu noarpada K, ,, 6yner pacumpenuem s G. ITokaxeM 3To, TOCTpoMB BIoXKeHHe rpada G B
H'— u ny1s mpou3BOIBHON BEPIIMHBI 4. PacCMOTPHUM ClIEQYyOIIHE CITyqaH.

¢ BepmmHa 1 npuHAAIEXUT KakoMy-To noarpady K4, ;. Tak kak a; , > 0, To HaWgeTcs moarpad
K, +i >, BEpIIHHBI KOTOPOTO CMEKHBI C v. Toraa npy BIOXEHUH BepIUUHBI rpada K., | nepeiayT B
BepiuHsbl noarpada K,,; » + v, a Bepmmnsl rpada K,,.; , — B BepmuHsl noarpada K., ; — u. OcraBimu-
ecsl BEpIIKHBI NIEpEHIyT caMH B CeO01.

e BepnmiHa # npuHaanexur noarpady K., CommacHo mpeanonoxeHuro, a; - m; - 1. Toraa mpu
BJIOKEHUU BepIUMHBI rpada K,,,; mepeiayT B BepmuHbl noarpada (K,+;— ) = v, a OCTaIbHBIE CaAMH B
ceos.

* Bepumna u npunagnexur noarpady K., j # i, j # i — 1. Torna onpenemnam sinoxenue rpapa G
B H'— u TOX/IECTBEHHO PaBHBIM BIOXKeHHUIO @ rpada G B H— u. OcTanoch 11oKas3arh, YTO IPH BIOXKE-
HUU @ ynaneHHble u3 H pebpa He UrparoT poid, TO €CTh BEPIIMHA ¢ (V) HE CMEXHA ¢ BEPIIMHAMH

¢ '(w), Toe w GepeTcs U3 HeKOToporo M — IIOAMHOXECTBA MHOXECTBA BepIIMH noarpada K, . Oge-
BUJIHO, YTO ¢ (V) CMeXHa TOJIBKO C BEpIUMHAMU ¢ (W), w € M, a BepuwmHbl ¢ '(w), w € M, CMEXHBI
TOJIBKO YT C ApyroM U ¢ ¢ '(v) (Tak xak B rpade G CBONCTBO CMEXHOCTU — TPAaH3UTUBHO). DTO
O3HavJaer, 4To B BepiuuHsl U3 M U{v} nepexoasT mpu BIOKXEHHH B BEPIIHHEI IIOJHOIO rpada CTeneHn
M +1<n+i
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ITokaxeM, uto |[M| + 1 <n + i. Eciii Ipenonoxurs, 4T0 BEPLUIMHBI IOIHOTO rpada cTenexu n + i
TIEpPEXO/IAT [PHU BIOKEHHUH B BepumHbl u3 M U{v}, To ocTaBumiics noarpad H''(rpad H Ge3s BepwuH

noxrpada K., -+ V) IomkeH BMewars rpa¢ G', noy4eHHsli u3. G ylajeHueM BEPLIMH MOITHOTO rpa-

¢a crenenu n + i. ['pad H'' cocrout u3 2;0 m; —1 nonusIx rpaos. M3 Takoro jxe KOIMYeCTBa M0
HeIX TpadoB cocrout u rpad G'. Tak kak G’ BknageBaercsa B H'', To ocrapmemycs noarpady K,
rpada H'' 1OIDKEH COOTBETCTBOBATh MONHBIH rpad) crenenu n + i B rpade G'. Ho B G’ Her Takoro
rpadya, 4TO IPOTHBOPEYHT CYIIECTBOBAHMIO BIoXeHus ¢. CnenosarensHo, [M| + 1 <n + i. Ha camom
gene M|+ 1<n+i-1 (unaue, ecmu [M|=n +i— 1, To B €AMHCTBEHHYIO BEPIIMHY, HE IPUHA/IJIEKA-
Iy M, HO CMEXHYIO TOJBKO C BEPIIHHAMH H3 3TOT0 MHOXECTBA, OyleT 0TOOpaxaThCs BEpLIMHA
CTEIICHU HYIlb, YTO HEBO3MOXHO). Takum 06pazoM, OyeT HapylIeHO CBOMCTBO pacIIMpeHus IS Ipa-
da H — u (110 KONMU4eCTBY BEPIINH CTENIEHH He MEHbIIEH n+i — 1), a 3HAYUT, IPEATIONOKEHHE HEBEPHO
¥ [IOCTPOEHHOE BiIOXKeHUE @ Oyzner u BinoxenueM G B H' — u.

Htak, IOCTPOSHHOE BIOXKEHUE IPOTHBOPEYHT CBOMCTBY HENPHUBOAMMOCTH JUIs f1, a 3HAYHT, €CiH
a;1=1,a;.5>0,m;=1, my; > 1, To a; MOXET PaBHATLCA TONBKO 0.

Cmydan 1 — 7 MCYEpIBIBAIOT BCE BO3MOXHEIE BAPHAHTBI, H B KaXJOM M3 3THX CIIy4aeB ObLIO
TMIOKA3aHO, 4TO @;, rae 0 < i </, He MOXeT IIPUHUMATh 3HAYEHUH, OTIINYHBIX OT YKa3aHHBIX B TaOJHIIE.
Taxum o0pasom, mro6oe THP qms G OyneT mocTpoeHo 1o NPEACTABIEHHOMY aJIrOPUTMY. O

IIpumep. Tlocrpoenme Bcex THP gna rpada G, 3agaHHOTO BEKTOPOM
(1,0,1,10,1,0,0,2,3,3,3,0,1,1,1,1,1) 1 HEKOTOPHIM QUKCHPOBAHHBEIM YHCIOM 7 > 1.
IIporeaypa mOCTpoeHHs 0ToOpaxkeHa B TabI. 2.
Tabnuua 2

Q
S
p=a

S
S

8
S
N o o |~ o
N o oo -
3
B3

[

=)
— O O WO
— (O W O
— o [© [—
— O IO WO
— O W (O
— O | =

3

=)

a4
ais- 101
die- | 1

(el (el (e B (ol
o - 1O |
—

o = 1O -
(=)

S (—
(sl Ll (el L
3
o

3
B
Sl lowwwbdolo—[=S—|[-

Taxum o6pasom, y rpada G BocemHamuars HenzoMopduex THP, onpenenseMbIx BeKTopamu:

(1,0,1,0,1,0,0,2,0,3,0,0,1,0,1,0,1) (1,0,1,0,1,0,0,2,1,0,3,0,1,1,0,1,0)
(1,0,1,0,1,0,0,2,0,3,0,0,1,0,1,1,0) (1,0,1,0,1,0,0,2,1,1,0,0,1,0,1,0,1)
(1,0,1,0,1,0,0,2,0,3,0,0,1,1,0,1,0) (1,0,1,0,1,0,0,2,1,1,0,0,1,0,1,1,0)
(1,0,1,0,1,0,0,2,1,0,3,0,1,0,1,0,1) (1,0,1,0,1,0,0,2,1,1,0,0,1,1,0,1,0)
(1,0,1,0,1,0,0,2,1,0,3,0,1,0,1,1,0) (1,0,1,1,0,0,0,2,0,3,0,0,1,0,1,0,1)
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