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ÓÄÊ 517.9

Èäåíòèôèêàöèÿ êðàåâûõ óñëîâèé íà îäíîì èç êîíöîâ

îòðåçêà

c⃝ À.Ì. Àõòÿìîâ 1, Ð.Þ. Ãàëèìîâ 2 À.Â. Ìóôòàõîâ 3

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à íà îòðåçêå äëÿ äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ ÷åòâåðòîãî ïîðÿäêà. Êðàåâûå óñëîâèÿ íà îäíîì èç êîíöîâ îòðåçêà èçâåñòíû, à íà äðóãîì
íåèçâåñòíû. Èçâåñòíû ñîáñòâåííûå çíà÷åíèÿ êðàåâîé çàäà÷è. Òðåáóåòñÿ ïî ñîáñòâåííûì çíà-
÷åíèÿì ñïåêòðàëüíîé çàäà÷è âîññòàíîâèòü íåèçâåñòíûå êðàåâûå óñëîâèÿ íà îäíîì èç êîíöîâ
îòðåçêà. Â ðàáîòå äîêàçàíî ÷åòûðå òåîðåìû. Ïåðâûå äâå òåîðåìû ÿâëÿþòñÿ àëãåáðàè÷åñêèìè.
Â íèõ ïîêàçàíî, ÷òî ìàòðèöà ìîæåò áûòü âîññòàíîâëåíà ñ òî÷íîñòüþ äî ëèíåéíûõ ïðåîáðà-
çîâàíèé ñòðîê ïî ñâîèì ìèíîðàì ìàêñèìàëüíîãî ïîðÿäêà. Ïðè ýòîì äëÿ ìèíîðîâ äîëæíû
âûïîëíÿòüñÿ óñëîâèÿ ñîãëàñîâàíèÿ, êîòîðûå íàçûâàþòñÿ ñîîòíîøåíèÿìè Ïëþêêåðà. Â äâóõ
äðóãèõ òåîðåìàõ íà îñíîâå ïåðâûõ äâóõ òåîðåì äîêàçûâàåòñÿ äâîéñòâåííîñòü âîññòàíîâëå-
íèÿ êðàåâûõ óñëîâèé. Òðåòüÿ òåîðåìà ïîñâÿùåíà èäåíòèôèêàöèè êðàåâûõ óñëîâèé ïî âñåìó
ñïåêòðó ñîáñòâåííûõ çíà÷åíèé, à ÷åòâåðòàÿ � èäåíòèôèêàöèè êðàåâûõ óñëîâèé ïî êîíå÷íîìó
÷èñëó ñîáñòâåííûõ çíà÷åíèé. Ïîêàçàíî, ÷òî äëÿ èäåíòèôèêàöèè êðàåâûõ óñëîâèé äîñòàòî÷íî
èñïîëüçîâàíèÿ ÷åòûðåõ ñîáñòâåííûõ çíà÷åíèé. Ïðèâåäåíû ïðèìåðû ðåøåíèÿ çàäà÷è èäåíòè-
ôèêàöèè êðàåâûõ óñëîâèé.

Êëþ÷åâûå ñëîâà: êðàåâûå óñëîâèÿ, îáðàòíàÿ çàäà÷à, ñîáñòâåííûå çíà÷åíèÿ, äèôôåðåíöè-
àëüíîå óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà, ñîîòíîøåíèÿ Ïëþêêåðà.

1. Ââåäåíèå

Ðàññìîòðèì ñëåäóþùóþ äâóõòî÷å÷íóþ êðàåâóþ çàäà÷ó ñ îáûêíîâåííûì äèôôåðåíöè-
àëüíûì óðàâíåíèåì

y(4)(x) = λ y(x) = s4 y(x), x ∈ [0, 1], (1.1)

ïîðÿäêà 4 è êðàåâûìè óñëîâèÿìè

Uj(y) =
4∑

k=1

ajk y
(k−1)(0) = 0, j = 1, 2, (1.2)

1Àõòÿìîâ Àçàìàò Ìóõòàðîâè÷, ïðîôåññîð êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, ôàêóëüòåò
ìàòåìàòèêè è èíôîðìàöèîííûõ òåõíîëîãèé, Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (450074, Ðîññèÿ,
Ðåñïóáëèêà Áàøêîðòîñòàí, ã. Óôà, óë. Çàêè Âàëèäè, ä. 32), ãëàâíûé íàó÷íûé ñîòðóäíèê, ëàáîðàòîðèÿ
ìåõàíèêè òâåðäîãî òåëà, Èíñòèòóò ìåõàíèêè Óôèìñêîãî ÍÖ ÐÀÍ (450054, Ðîññèÿ, Ðåñïóáëèêà Áàøêîðòî-
ñòàí, ã. Óôà, Ïðîñïåêò Îêòÿáðÿ, 71), äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: http://orcid.org/0000-
0002-2080-6648, akhtyamovam@mail.ru

2 Ãàëèìîâ Ðóñòàì Þìàäèëîâè÷, àñïèðàíò êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, ôàêóëüòåò
ìàòåìàòèêè è èíôîðìàöèîííûõ òåõíîëîãèé, Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (450074, Ðîññèÿ,
Ðåñïóáëèêà Áàøêîðòîñòàí, ã. Óôà, óë. Çàêè Âàëèäè, ä. 32), ORCID: http://orcid.org/0000-0003-0772-184X,
GalimovRY@mail.ru

3Ìóôòàõîâ Àðòóð Âèëüåâè÷, ëåêòîð êàôåäðû ìàòåìàòèêè Èíæåíåðíîãî àêàäåìè÷åñêîãî êîë-
ëåäæà èì. Ñàìè Øàìóíà (77245, Èçðàèëü, ã. Àøäîä, óë. Æàáîòèíñêè, ä. 84), Ph.D., ORCID:
http://orcid.org/0000-0002-6557-7201, muftahov@yahoo.com
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U3(y) = y(1) = 0, U4(y) = y′(1) = 1. (1.3)

Ìàòðèöó èç êîýôôèöèåíòîâ êðàåâûõ óñëîâèé (1.2) îáîçíà÷èì ÷åðåç A :

A =

∥∥∥∥ a11 a12 a13 a14
a21 a22 a23 a24

∥∥∥∥ . (1.4)

×åðåç Aij áóäåì îáîçíà÷àòü ìèíîðû ìàòðèöû A , ñîñòàâëåííûå èç åå i -ãî è j -ãî ñòîëá-
öîâ:

Aij =

∣∣∣∣ a1i a1j
a2i a2j

∣∣∣∣ .
Âåçäå äàëåå áóäåì ïðåäïîëàãàòü, ÷òî ðàíã ìàòðèöû A ðàâåí äâóì:

rankA = 2.

Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà âîññòàíîâëåíèþ êðàåâûõ óñëîâèé (1.2) ïî ñîáñòâåííûì
çíà÷åíèÿì çàäà÷è (1.1)�(1.3). Áëèçêèå îáðàòíûå çàäà÷è ðàññìàòðèâàëèñü â [1-17]. Òàê, â
ðàáîòàõ [1, 2] îáñóæäàëèñü çàäà÷è èäåíòèôèêàöèè ïðóæèííî-ìàññîâûõ ñèñòåì ñ êîíå÷íûì
÷èñëîì ñòåïåíåé ñâîáîäû ïî ñîáñòâåííûì ÷àñòîòàì èõ êîëåáàíèé. Â òåîðèè îáðàòíûõ ñïåê-
òðàëüíûõ çàäà÷ [3-5] âîññòàíàâëèâàëèñü êàê êîýôôèöèåíòû äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ, òàê è êðàåâûõ óñëîâèé. Â êà÷åñòâå äàííûõ äëÿ âîññòàíîâëåíèÿ êðàåâûõ óñëîâèé
èñïîëüçîâàëèñü, êàê ïðàâèëî, íå îäèí òîëüêî ñïåêòð èëè åãî ÷àñòü (êàê â ïðåäëàãàåìîé
âíèìàíèþ ñòàòüå), à íåñêîëüêî ñïåêòðîâ èëè æå äðóãèå äîïîëíèòåëüíûå ñïåêòðàëüíûå
äàííûå (íàïðèìåð, ñïåêòðàëüíàÿ ôóíêöèÿ, ôóíêöèÿ Âåéëÿ èëè òàê íàçûâàåìûå âåñîâûå
÷èñëà). Ê òîìó æå, îñíîâíîé öåëüþ ýòèõ ðàáîò ÿâëÿåòñÿ âîññòàíîâëåíèå êîýôôèöèåíòîâ â
óðàâíåíèè, à íå â êðàåâûõ óñëîâèÿõ. Â [1], [2], [6-11] âîññòàíàâëèâàëàñü ÷àñòü êîýôôèöè-
åíòîâ êðàåâûõ óñëîâèé èëè óñëîâèé ñîïðÿæåíèÿ. Ïåðâûå ñèñòåìàòè÷åñêèå èññëåäîâàíèÿ
ïî èäåíòèôèêàöèè êðàåâûõ óñëîâèé íà÷àë â 90-õ ãîäàõ 20 âåêà Ç.Á. Îãàíèñÿí [12-14].
Ç. Á. Îãàíåñÿíîì èññëåäîâàëèñü íåñêîëüêî çàäà÷ èäåíòèôèêàöèè óñëîâèé çàêðåïëåíèÿ
ðàñïðåäåëåííûõ ìåõàíè÷åñêèõ ñèñòåì: çàäà÷à èäåíòèôèêàöèè êðàåâûõ óñëîâèé íà îáî-
èõ êîíöàõ ñòåðæíÿ [13], çàäà÷à èäåíòèôèêàöèè êðàåâûõ óñëîâèé êðóãîâîé ïëàñòèíû [12],
çàäà÷à èäåíòèôèêàöèè êðàåâûõ óñëîâèé ïðÿìîóãîëüíîé ïëàñòèíû [14]. Îäíàêî, èì âîñ-
ñòàíàâëèâàëèñü ëèøü êîýôôèöèåíòû êàíîíè÷åñêèõ óñëîâèé çàêðåïëåíèÿ. Ñëó÷àé, êîãäà
íåèçâåñòåí âèä êàíîíè÷åñêèõ óñëîâèé (ò.å., êîãäà íåèçâåñòíû âñå êîýôôèöèåíòû êðàåâûõ
óñëîâèé), èì ðàññìîòðåí íå áûë.

Â [15-17] èçó÷àëàñü èäåíòèôèêàöèÿ êðàåâûõ óñëîâèé, â êîòîðûõ íåèçâåñòíû âñå èõ
êîýôôèöåíòû. Ïîäîáíûå çàäà÷è âïåðâûå íà÷àëè èçó÷àòüñÿ àâòîðàìè äàííîé ñòàòüè è
ñâîäÿòñÿ ê èäåíòèôèêàöèè (ñ òî÷íîñòüþ äî ëèíåéíûõ ïðåîáðàçîâàíèèé ñòðîê) ìàòðèöû
èç êîýôôèöèåíòîâ êðàåâûõ óñëîâèé ïî åå ìèíîðàì. Â [15-17] âîññòàíàâëèâàëàñü íå ñàìà
îáùàÿ ìàòðèöà êðàåâûõ óñëîâèé, à ìàòðèöà, ïðî êîòîðóþ çàðàíåå èçâåñòíî, ÷òî íåêîòîðûå
åå ýëåìåíòû ðàâíû íóëþ (íàïðèìåð, ýëåìåíòû a12 , a13 , a21 , a24 äëÿ ìàòðèöû (1.4)). Ê
òîìó æå, âñå ýòè ðàáîòû èìåëè ïðåèìóùåñòâåííî ïðèêëàäíîé õàðàêòåð. Îñíîâíîé öåëüþ
ýòèõ ðàáîò áûëî âîññòàíîâëåíèå âèäîâ çàêðåïëåíèé ñòåðæíåé, ïëàñòèí è òðóáîïðîâîäîâ
ïî èõ çâó÷àíèþ èëè æå ñîçäàíèå òàêèõ çàêðåïëåíèé, êîòîðûå áû îáåñïå÷èâàëè íóæíûé
(áåçîïàñíûé) ñïåêòð ÷àñòîò êîëåáàíèé.

Öåëè íàñòîÿùåé ñòàòüè íîñÿò áîëåå ôóíäàìåíòàëüíûé õàðàêòåð. Ïåðâàÿ öåëü � äîêà-
çàòåëüñòâî òåîðåì âîññòàíîâëåíèÿ îáùèõ êðàåâûõ óñëîâèé (íåîáÿçàòåëüíî èìåþùèõ ìåõà-
íè÷åñêèé ñìûñë). Âòîðàÿ öåëü � äåìîíñòðàöèÿ ñâÿçè çàäà÷ àëãåáðû è àíàëèçà, à èìåííî
çàäà÷ âîññòàíîâëåíèÿ êðàåâûõ óñëîâèé ïî ñîáñòâåííûì çíà÷åíèÿì è çàäà÷ èäåíòèôèêàöèè
ìàòðèö ïî åå ìèíîðàì.
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2. Äâîéñòâåííîñòü âîññòàíîâëåíèÿ êðàåâûõ óñëîâèé ïî âñåì ñîá-
ñòâåííûì çíà÷åíèÿì çàäà÷è

Äàëåå áóäåò ïîêàçàíà äâîéñòâåííîñòü âîññòàíîâëåíèÿ êðàåâûõ óñëîâèé (1.2) ïî âñåì
ñîáñòâåííûì çíà÷åíèÿì çàäà÷è (1.1)�(1.3). Äîêàçàòåëüñòâî îïèðàåòñÿ íà òåîðåìó Àäàìà-
ðà î öåëûõ ôóíêöèÿõ, èç êîòîðîé ñëåäóåò, â ÷àñòíîñòè, ÷òî åñëè äâå öåëûå ôóíêöèè
ïîðÿäêà ìåíüøå åäèíèöû èìåþò îäèíàêîâûå íóëè, òî îíè îòëè÷àþòñÿ ëèøü íåíóëåâûì
ìíîæèòåëåì. Îòñþäà áóäåò âûòåêàòü, ÷òî ñóùåñòâóþò òîëüêî äâà íàáîðà ìèíîðîâ, êîòî-
ðûå îòëè÷àþòñÿ ëèøü íåíóëåâûì ìíîæèòåëåì, íå çàâèñÿùèì îò èíäåêñîâ. Äëÿ êàæäîãî
èç ýòèõ äâóõ íàáîðîâ ìèíîðîâ ñ òî÷íîñòüþ äî ëèíåéíûõ ïðåîáðàçîâàíèé ñòðîê ñóùåñòâóåò
òîëüêî îäíà ìàòðèöà, èìåþùàÿ òàêîé íàáîð ìèíîðîâ. Ïîñëåäíåå äîêàçûâàåòñÿ ñ ïîìîùüþ
òåîðåìû 2.1, ïðèâîäèìîé íèæå.

Ò å î ð å ì à 2.1. [18] Ïóñòü ðàíã ó ìàòðèö A , Ã ðàçìåðà (2×4) , ìàêñèìàëüíûé,

òî åñòü rankA = rank Ã = 2 .
Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:
1) ìàòðèöó Ã ìîæíî ïîëó÷èòü èç ìàòðèöû A ñ ïîìîùüþ íåâûðîæäåííîãî ëèíåé-

íîãî ïðåîáðàçîâàíèÿ ñòðîê;
2) ìèíîðû ìàêñèìàëüíîãî ïîðÿäêà ìàòðèö A , Ã ñîâïàäàþò ñ òî÷íîñòüþ äî íåíó-

ëåâîãî ìíîæèòåëÿ, íå çàâèñÿùåãî îò èíäåêñîâ.
Èíòåðåñíî, ÷òî íå ëþáîé íàáîð ÷èñåë Aij, 1 ≤ i < j ≤ 4 , ÿâëÿåòñÿ íàáîðîì ìèíîðîâ

âòîðîãî ïîðÿäêà íåêîòîðîé ìàòðèöû A ðàçìåðà ( 2× 4 ) è ðàíãà 2. Äëÿ ýòîãî íåîáõîäèìî
âûïîëíåíèå òàê íàçûâàåìîãî ñîîòíîøåíèÿ Ïëþêêåðà.

Ò å î ð å ì à 2.2. [18] (ñîîòíîøåíèå Ïëþêêåðà) Äëÿ òîãî, ÷òîáû íàáîð ÷èñåë
Aij, 1 ≤ i < j ≤ 4 , íå âñå èç êîòîðûõ ðàâíû íóëþ, ÿâëÿëñÿ íàáîðîì ìèíîðîâ âòîðîãî
ïîðÿäêà íåêîòîðîé ìàòðèöû A ðàçìåðà (2 × 4) è ðàíãà 2, íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû âûïîëíÿëèñü ñëåäóþùåå ñîîòíîøåíèå, íàçûâàåìîå ñîîòíîøåíèåì Ïëþêêåðà:

A12A34 − A13A24 + A14A23 = 0. (2.1)

Ðàññìîòðèì íàðÿäó ñ êðàåâûìè óñëîâèÿìè (1.2) òàêæå è êðàåâûå óñëîâèÿ

Ũj(y) =
4∑

k=1

ãjk y
(k−1)(0) = 0, j = 1, 2. (2.2)

Ñîîòâåòñòâóþùóþ ìàòðèöó êîýôôèöèåíòîâ êðàåâûõ óñëîâèé (2.2) îáîçíà÷èì ÷åðåç Ã :

Ã =

∥∥∥∥ ã11 ã12 ã13 ã14
ã21 ã22 ã23 ã24

∥∥∥∥ . (2.3)

×åðåç Ãij áóäåì îáîçíà÷àòü ìèíîðû ìàòðèöû Ã , ñîñòàâëåííûå èç åå i -ãî è j -ãî ñòîëá-
öîâ:

Ãij =

∣∣∣∣ ã1i ã1j
ã2i ã2j

∣∣∣∣ .
Ðàññìîòðèì òàêæå è êðàåâûå óñëîâèÿ

Ũj(y) =
4∑

k=1

b̃jk y
(k−1)(0) = 0, j = 1, 2. (2.4)

À.Ì. Àõòÿìîâ, Ð.Þ. Ãàëèìîâ, À.Â. Ìóôòàõîâ. Èäåíòèôèêàöèÿ êðàåâûõ óñëîâèé . . .



14 Æóðíàë ÑÂÌÎ. 2017. Òîì 19, � 3

Ñîîòâåòñòâóþùóþ ìàòðèöó êîýôôèöèåíòîâ êðàåâûõ óñëîâèé (2.4) îáîçíà÷èì ÷åðåç B̃ :

B̃ =

∥∥∥∥∥ b̃11 b̃12 b̃13 b̃14
b̃21 b̃22 b̃23 b̃24

∥∥∥∥∥ . (2.5)

×åðåç B̃ij áóäåì îáîçíà÷àòü ìèíîðû ìàòðèöû B̃ , ñîñòàâëåííûå èç åå i -ãî è j -ãî
ñòîëáöîâ:

B̃ij =

∣∣∣∣∣ b̃1i b̃1j
b̃2i b̃2j

∣∣∣∣∣ .
Î ï ð å ä å ë å í è å 2.1. Êðàåâûå óñëîâèÿ (2.2) è (2.4), à òàêæå èõ ìàòðèöû

(2.3) è (2.5) áóäåì íàçûâàòü ñìåæíûìè äðóã äðóãó, åñëè ñóùåñòâóåò òàêîå ÷èñëî k ̸= 0 ,
÷òî

Ã12 = kB̃12, Ã13 = kB̃13, Ã24 = kB̃24, Ã34 = kB̃34,

Ã14 = kB̃23, Ã23 = kB̃14.
(2.6)

Ò å î ð å ì à 2.3. (î äâîéñòâåííîñòè ðåøåíèÿ) . Ïóñòü ñîáñòâåííûå çíà÷åíèÿ

êðàåâûõ çàäà÷ (1.1)�(1.3) è (1.1), (2.2), (1.3) ñîâïàäàþò: λk = λ̃k , à òàêæå âûïîëíåíî

óñëîâèå rankA = rank Ã = 2 . Òîãäà ëèáî êðàåâûå óñëîâèÿ (1.2) ñîâïàäàþò c êðàåâûìè

óñëîâèÿìè (2.2), ò.å. ìàòðèöû A è Ã ñîâïàäàþò ñ òî÷íîñòüþ äî ëèíåéíûõ ïðåîáðàçî-
âàíèé ñòðîê, ëèáî êðàåâûå óñëîâèÿ (1.2) ñîâïàäàþò cî ñìåæíûìè êðàåâûìè óñëîâèÿìè

(2.4), ò.å. ìàòðèöû A è B̃ ñîâïàäàþò ñ òî÷íîñòüþ äî ëèíåéíûõ ïðåîáðàçîâàíèé ñòðîê

ïðè óñëîâèè, ÷òî äëÿ B̃ è Ã âûïîëíÿþòñÿ óñëîâèÿ (2.6).
Ä î ê à ç à ò å ë ü ñ ò â î.
Ñïåêòðàëüíàÿ çàäà÷à (1.1)�(1.3) èìååò ñëåäóþùèé õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü

∆(λ) :

∆(λ) =

∣∣∣∣∣∣∣∣
U1(y1) U1(y2) U1(y3) U1(y4)
U2(y1) U2(y2) U2(y3) U2(y4)
U3(y1) U3(y2) U3(y3) U3(y4)
U4(y1) U4(y2) U4(y3) U4(y4)

∣∣∣∣∣∣∣∣ =

=

∣∣∣∣∣∣∣∣
U1(y1) U1(y2) U1(y3) U1(y4)
U2(y1) U2(y2) U2(y3) U2(y4)
y1(1) y2(1) y3(1) y4(1)
y′1(1) y′2(1) y′3(1) y′4(1)

∣∣∣∣∣∣∣∣ ,
(2.7)

ãäå
y1 =

1
2
(ch(s x) + cos(s x)), y2 =

1
2 s

(sh(s x) + sin(s x)),
y3 =

1
2 s2

(ch(s x)− cos(s x)), y4 =
1

2 s3
(sh(s x)− sin(s x))

åñòü ëèíåéíî íåçàâèñèìûå ðåøåíèÿ óðàâíåíèÿ (1.1), óäîâëåòâîðÿþùèå óñëîâèþ

y
(r−1)
j (0, λ) =

{
0 ïðè j ̸= r,
1 ïðè j = r,

j, r = 1, 2, 3, 4.

À.Ì. Àõòÿìîâ, Ð.Þ. Ãàëèìîâ, À.Â. Ìóôòàõîâ. Èäåíòèôèêàöèÿ êðàåâûõ óñëîâèé . . .



Æóðíàë ÑÂÌÎ. 2017. Òîì 19, � 3 15

Îáîçíà÷èì ÷åðåç A1 è Z ìàòðèöû ñëåäóþùåãî âèäà:

A1 =

∥∥∥∥∥∥∥∥
a11 a12 a13 a14 0 0 0 0
a21 a22 a23 a24 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0

∥∥∥∥∥∥∥∥ ,

Z =

∥∥∥∥∥∥∥∥
y1(0) y′1(0) y′′1(0) y′′′1 (0) y1(1) y′1(1) y′′1(1) y′′′1 (1)
y2(0) y′2(0) y′′2(0) y′′′2 (0) y2(1) y′2(1) y′′2(1) y′′′2 (1)
y3(0) y′3(0) y′′3(0) y′′′3 (0) y3(1) y′3(1) y′′3(1) y′′′3 (1)
y4(0) y′4(0) y′′4(0) y′′′4 (0) y4(1) y′4(1) y′′4(1) y′′′4 (1)

∥∥∥∥∥∥∥∥ =

=

∥∥∥∥∥∥∥∥
1 0 0 0 y1(1) y′1(1) y′′1(1) y′′′1 (1)
0 1 0 0 y2(1) y′2(1) y′′2(1) y′′′2 (1)
0 0 1 0 y3(1) y′3(1) y′′3(1) y′′′3 (1)
0 0 0 1 y4(1) y′4(1) y′′4(1) y′′′4 (1)

∥∥∥∥∥∥∥∥ ,
ãäå

y1(1) =
1
2

(
ch(s) + cos(s)

)
, y′1(1) =

1
2
s
(
sh(s)− sin(s)

)
,

y′′1(1) =
1
2
s2
(
ch(s)− cos(s)

)
, y′′′1 (1) =

1
2
s3
(
sh(s) + sin(s)

)
,

y2(1) =
1
2 s

(
sh(s) + sin(s)

)
, y′2(1) =

1
2

(
ch(s) + cos(s)

)
,

y′′2(1) =
1
2
s
(
sh(s)− sin(s)

)
, y′′′2 (1) =

1
2
s2
(
sh(s)− cos(s)

)
,

y3(1) =
1

2 s2

(
sh(s)− cos(s)

)
, y′3(1) =

1
2 s

(
sh(s) + sin(s)

)
,

y′′3(1) =
1
2

(
ch(s) + cos(s)

)
, y′′′3 (1) =

1
2
s
(
sh(s)− sin(s)

)
,

y4(1) =
1

2 s3

(
sh(s)− sin(s)

)
, y′4(1) =

1
2 s2

(
ch(s)− cos(s)

)
,

y′′4(1) =
1
2 s

(
sh(s) + sin(s)

)
, y′′′4 (1) =

1
2

(
ch(s) + cos(s)

)
.

Ñ ïîìîùüþ ìàòðèö A1 è Z îïðåäåëèòåëü (2.7) ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðà-
çîì

∆(λ) ≡ det(A1 · ZT ).

Ðàçëîæèâ ïîñëåäíèé îïðåäåëèòåëü ñ ïîìîùüþ ôîðìóëû Áèíå-Êîøè [19], ïîëó÷èì

∆(λ) =
∑

1≤i1<i2<i3<i4≤4

Mi1,i2,i3,i4 Zi1,i2,i3,i4(λ) = 0. (2.8)

Çäåñü ÷åðåç Mi1,i2,i3,i4 îáîçíà÷åíû ìèíîðû, ñîñòàâëåííûå èç i1 -ãî, i2 -ãî, i3 -ãî, i4 -ãî
ñòîëáöîâ ìàòðèöû A1 ñîîòâåòñòâåííî, à ÷åðåç Zi1,i2,i3,i4 îáîçíà÷åíû ìèíîðû, ñîñòàâëåííûå
èç i1 -ãî, i2 -ãî, i3 -ãî, i4 -ãî ñòîëáöîâ ìàòðèöû Z , èëè ÷òî òî æå ñàìîå, ñòðîê òðàíñïîíè-
ðîâàííîé ìàòðèöû ZT .

Ñ ïîìîùüþ ìèíîðîâ Aij îïðåäåëèòåëü (2.8) çàïèøåòñÿ â ñëåäóþùåé ôîðìå:

∆(λ) =
∑

1≤i1<i2≤4

Ai1,i2 Si1,i2(λ), (2.9)

ãäå ôóíêöèè Si1,i2(λ) îò λ (îò s ) ïðè λ ̸= 0 èìåþò ñëåäóþùèé âèä
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S12(λ) =
1

2 s4

(
1− ch(s) cos(s)

)
,

S13(λ) =
1

2 s3

(
sh(s) cos(s) − ch(s) sin(s)

)
,

S14(λ) =
1

2 s2
sh(s) sin(s),

S23(λ) =
1

2 s2
sh(s) sin(s),

S24(λ) =
1
2 s

(
− sh(s) cos(s) − ch(s) sin(s)

)
,

S34(λ) =
1
2 s

(
1 + ch(s) cos(s)

)
.

Ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1.1)�(1.3) ÿâëÿþòñÿ êîðíÿìè õàðàêòåðèñòè÷åñêîãî óðàâ-
íåíèÿ, êîòîðîå èìååò âèä (2.9), ïðè÷åì àëãåáðàè÷åñêàÿ êðàòíîñòü ñîáñòâåííîãî çíà÷åíèÿ
ñîâïàäàåò ñ êðàòíîñòüþ êîðíÿ ôóíêöèè ∆(λ) [3].

Àíàëîãè÷íî, ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1.1),(2.2),(1.3) ÿâëÿþòñÿ êîðíÿìè

∆̃(λ) =
∑

1≤i1<i2≤4

Ãi1,i2 Si1,i2(λ). (2.10)

Äëÿ îïðåäåëèòåëÿ ∆(λ) èìåþò ìåñòî ñëåäóþùèå äâå âîçìîæíîñòè [3]:
1) ∆(λ) ≡ 0 , òîãäà êàæäîå ÷èñëî λ åñòü ñîáñòâåííîå çíà÷åíèå;
2) ∆(λ) ̸≡ 0 , òîãäà ñóùåñòâóåò íå áîëåå ñ÷åòíîãî ÷èñëà ñîáñòâåííûõ çíà÷åíèé, íå

èìåþùèõ ïðåäåëüíûõ òî÷åê.
Ïåðâûé ñëó÷àé äëÿ çàäà÷è (1.1)�(1.3) íåâîçìîæåí. Ýòî ñëåäóåò èç ïðåäñòàâëåíèÿ õà-

ðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ (2.9). Èç (2.9) ñëåäóåò òàêæå, ÷òî çàäà÷à (1.1)�(1.3) íå
ìîæåò èìåòü êîíå÷íîå ÷èñëî ñîáñòâåííûõ çíà÷åíèé.

Èç âèäà ôóíêöèé Si1,i2(λ) â ðàçëîæåíèè (2.9) ñëåäóåò, ÷òî ∆(λ) ÿâëÿåòñÿ öåëîé ôóíê-
öèåé ïîðÿäêà 1/4. Ïîýòîìó èç òåîðåìû Àäàìàðà î ïðåäñòàâëåíèè öåëîé ôóíêöèè ñ ïîìî-
ùüþ ñâîèõ êîðíåé ñëåäóåò, ÷òî

∆(λ) ≡ C ∆̃(λ),

ãäå C � íåêîòîðàÿ íåíóëåâàÿ êîíñòàíòà. Îòñþäà, à òàêæå èç (2.9) è (2.10) ïîëó÷àåì∑
1≤i1<i2≤4

(
Ai1,i2 − C Ãi1,i2

)
Si1,i2(λ) ≡ 0. (2.11)

Íåòðóäíî çàìåòèòü, ÷òî ïÿòü ôóíêöèé S12(λ) , S13(λ) , S14(λ) = S23(λ) , S24(λ) è S34(λ)
èç ðàçëîæåíèÿ (2.9) ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè. Îòñþäà è èç (2.11) ñëåäóåò, ÷òî

A12 = C Ã12, A13 = C Ã13, A14 + A23 = C (Ã14 + Ã23),

A24 = C Ã24, A34 = C Ã34.
(2.12)

Äëÿ íàõîæäåíèÿ ìèíîðîâ A14 è A23 âîñïîëüçóåìñÿ òåì, ÷òî ïðîèçâîëüíûå ÷èñëà íå
ìîãóò áûòü ìèíîðàìè ìàòðèöû. Äëÿ òîãî, ÷òîáû ÷èñëà A12 , A13 , A14 , A23 , A24 , A34

áûëè ìèíîðàìè ìàòðèöû íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëèñü òàê íàçûâàåìûå
ñîîòíîøåíèÿ Ïëþêêåðà (ñì. òåîðåìó 2.2):

A12A34 − A13A24 + A14A23 = 0, (2.13)

Ã12 Ã34 − Ã13 Ã24 + Ã14 Ã23 = 0. (2.14)

Èç (2.12), (2.13) è (2.14) ïîëó÷àåì äâà íàáîðà ðàâåíñòâ

A12 = C Ã12, A13 = C Ã13, A24 = C Ã24, A34 = C Ã34,

A14 = C Ã14, A23 = C Ã23.
(2.15)
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A12 = C Ã12, A13 = C Ã13, A24 = C Ã24, A34 = C Ã34,

A14 = C Ã23, A23 = C Ã14.
(2.16)

Îòêóäà ëèáî êðàåâûå óñëîâèÿ (1.2) ñîâïàäàþò c êðàåâûìè óñëîâèÿìè (2.2), ò.å. ìàòðèöû

A è Ã ñîâïàäàþò ñ òî÷íîñòüþ äî ëèíåéíûõ ïðåîáðàçîâàíèé ñòðîê, ëèáî êðàåâûå óñëîâèÿ
(1.2) ñîâïàäàþò cî ñìåæíûìè êðàåâûìè óñëîâèÿìè (2.4), ò.å. ìàòðèöû A è B̃ ñîâïàäàþò ñ

òî÷íîñòüþ äî ëèíåéíûõ ïðåîáðàçîâàíèé ñòðîê ïðè óñëîâèè, ÷òî äëÿ B̃ è Ã âûïîëíÿþòñÿ
óñëîâèÿ (2.6).

Âûïèøåì ìàòðèöû Ã è ñìåæíóþ åé B̃ ïî ìèíîðàì A â ÿâíîì âèäå.
1) Åñëè A12 ̸= 0 , òî ìû ìîæåì ïîëó÷èòü ìàòðèöó Ã â âèäå∥∥∥∥ 1 0 ã13 ã14

0 1 ã23 ã24

∥∥∥∥ .
Òîãäà Ã12 = 1 è ñîãëàñíî ôîðìóëå (2.15) ïîëó÷åì C = 1

A12
. Îòñþäà ã13 = −Ã23 =

−A23

A12
, ã14 = −Ã24 = −A24

A12
, ã23 = Ã13 =

A13

A12
, ã24 = Ã14 =

A14

A12
.

Òî åñòü ∥∥∥∥ 1 0 −A23

A12
−A24

A12

0 1 A13

A12

A14

A12

∥∥∥∥ .
Íî òàê êàê ìû èùåì ìàòðèöó Ã ñ òî÷íîñòüþ äî íåâûðîæäåííîãî ëèíåéíîãî ïðåîá-

ðàçîâàíèÿ ñòðîê, òî, óìíîæèâ îáå ñòðîêè ýòîé ìàòðèöû íà íåíóëåâîé ìíîæèòåëü A12,
èìååì

Ã =

∥∥∥∥ A12 0 −A23 −A24

0 A12 A13 A14

∥∥∥∥ .
À ïîìåíÿâ ìåñòàìè A14 è A23 , íàéäåì ñìåæíóþ ìàòðèöó

B̃ =

∥∥∥∥ A12 0 −A14 −A24

0 A12 A13 A23

∥∥∥∥ .
Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè ïîëó÷èì, ÷òî

Ã12 = A12A12, Ã13 = A12A13, Ã24 = A12A24, Ã34 = A12A34,

Ã14 = A12A14, Ã23 = A12A23,

à òàêæå
B̃12 = A12A12, B̃13 = A12A13, B̃24 = A12A24, B̃34 = A12A34,

B̃14 = A12A23, B̃23 = A12A14.

Ýòî ñîîòâåòñòâóåò ôîðìóëàì (2.15),(2.16), åñëè âìåñòî ïåðâîãî ìíîæèòåëÿ A12 ïîäñòà-
âèòü 1

C
.

Îñòàëüíûå ñëó÷àè çàïèñûâàþòñÿ àíàëîãè÷íî.
2) Åñëè A13 ̸= 0 , òî

Ã =

∥∥∥∥ A13 A23 0 −A34

0 A12 A13 A14

∥∥∥∥ , B̃ =

∥∥∥∥ A13 A14 0 −A34

0 A12 A13 A23

∥∥∥∥ .
3) Åñëè A24 ̸= 0 , òî

Ã =

∥∥∥∥ A14 A24 A34 0
−A12 0 A23 A24

∥∥∥∥ , B̃ =

∥∥∥∥ A23 A24 A34 0
−A12 0 A14 A24

∥∥∥∥ .
4) Åñëè A34 ̸= 0 , òî

Ã =

∥∥∥∥ A14 A24 A34 0
−A13 −A23 0 A34

∥∥∥∥ , B̃ =

∥∥∥∥ A23 A24 A34 0
−A13 −A14 0 A34

∥∥∥∥ .
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5) Åñëè A14 ̸= 0 , òî

Ã =

∥∥∥∥ A14 A24 A34 0
0 A12 A13 A14

∥∥∥∥ , B̃ =

∥∥∥∥ A13 A14 0 −A34

−A12 0 A14 A24

∥∥∥∥ .
6) Åñëè A23 ̸= 0 , òî

Ã =

∥∥∥∥ A13 A23 0 −A34

−A12 0 A23 A24

∥∥∥∥ , B̃ =

∥∥∥∥ A23 A24 A34 0
0 A12 A13 A23

∥∥∥∥ .
3. Äâîéñòâåííîñòü âîññòàíîâëåíèÿ êðàåâûõ óñëîâèé ïî ÷åòûðåì

ñîáñòâåííûì çíà÷åíèÿì çàäà÷è

Ò å î ð å ì à 3.1. Ïóñòü rankA = 2 , ÷åòûðå ñîáñòâåííûõ çíà÷åíèÿ λj (j =
1, 2, 3, 4) çàäà÷è (1.1)�(1.3) óäîâëåòâîðÿþò óñëîâèþ rankF = 4 , ãäå

F = ∥S12(λj), S13(λj), S24(λj), S34(λj), S14(λj)∥j=1,2,3,4,

òîãäà çàäà÷à èäåíòèôèêàöèè êðàåâûõ óñëîâèé ïî ýòèì ÷åòûðåì ñîáñòâåííûì çíà÷åíèÿì
èìååò äâà ðåøåíèÿ. Ïðè÷åì ìèíîðû ìàòðèöû A íàõîäÿòñÿ ïî ñëåäóþùèì ôîðìóëàì

A12 = F2345,
A13 = −F1345,
A24 = F1245,
A34 = −F1235,

A14 =
1
2
(F1234 ∓

√
F1234F1234 − 4F2345F1235 + 4F1345F1245),

A23 =
1
2
(F1234 ±

√
F1234F1234 − 4F2345F1235 + 4F1345F1245),

(3.1)

ãäå Fijkl � ìèíîðû ìàòðèöû F , ñîñòàâëåííûå èç åå i -ãî, j -ãî, k -ãî è l -ãî ñòîëáöîâ;
à ñîîòâåòñòâóþùèå ìàòðèöû A íàõîäÿòñÿ ñ ïîìîùüþ ýòèõ ìèíîðîâ ïî ñëåäóþùèì
ôîðìóëàì:

1) åñëè A12 ̸= 0 , òî A =

∥∥∥∥ A12 0 −A23 −A24

0 A12 A13 A14;

∥∥∥∥ ;
2) åñëè A13 ̸= 0 , òî A =

∥∥∥∥ A13 A23 0 −A34

0 A12 A13 A14;

∥∥∥∥ ;
3) åñëè A24 ̸= 0 , òî A =

∥∥∥∥ A14 A24 A34 0
−A12 0 A23 A24;

∥∥∥∥ ;
4) åñëè A34 ̸= 0 , òî A =

∥∥∥∥ A14 A24 A34 0
−A13 −A23 0 A34;

∥∥∥∥ ;
5) åñëè A14 ̸= 0 , òî A =

∥∥∥∥ A14 A24 A34 0
0 A12 A13 A14;

∥∥∥∥ ;
6) åñëè A23 ̸= 0 , òî A =

∥∥∥∥ A13 A23 0 −A34

−A12 0 A23 A24;

∥∥∥∥ .
Ä î ê à ç à ò å ë ü ñ ò â î.
×åòûðå ñîáñòâåííûõ çíà÷åíèÿ λj (j = 1, 2, 3, 4) çàäà÷è L ÿâëÿþòñÿ êîðíÿìè ôóíêöèè

(2.11). Ñëåäîâàòåëüíî, îíè óäîâëåòâîðÿþò ñëåäóþùåé ñèñòåìå óðàâíåíèé:

∆(λj) = A12 S12(λj) + A13 S13(λj) + A24 S24(λj)+
+A34 S34(λj) + (A14 + A23)S14(λj) = 0.

Ýòà ñèñòåìà èìååò åäèíñòâåííîå ñ òî÷íîñòüþ äî íåíóëåâîãî ìíîæèòåëÿ ðåøåíèå:

A12 = F2345t, A13 = −F1345t, A24 = F1245t,
A34 = −F1235t, (A14 + A23) = F1234t.
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Ïóñòü A23 = c , òîãäà

A12 = F2345 t, A13 = −F1345 t, A24 = F1245 t,
A34 = −F1235 t A14 = F1234 t− c. A23 = c

(3.2)

Èç ñîîòíîøåíèé Ïëþêêåðà èìååì

0 = A12A34 − A13A24 + A14A23 = −F2345F1235t
2 + F1345F1245t

2 + F1234t · c− c2.

Ðåøàÿ êâàäðàòíîå óðàâíåíèå îòíîñèòåëüíî íåèçâåñòíîé c , èìååì

c =
1

2
(F5 ±

√
F1234F1234 − 4F2345F1235 + 4F1345F1245)t.

Ïîäñòàâèâ ïîëó÷åííîå c , à òàêæå t = 1 â (3.2), ïîëó÷èì (3.1). Îòñþäà è èç ïðåäñòàâëåíèé

äëÿ ìàòðèö Ã è B̃ (ñì. âûøå) ñëåäóåò óòâåðæäåíèå òåîðåìû.

Ï ð è ì å ð 3.1. Ðàññìîòðèì ñïåêòðàëüíóþ çàäà÷ó (1.1)�(1.3). Ïóñòü ÷åòûðå åå
ñîáñòâåííûõ çíà÷åíèÿ ðàâíû λ1 = 1, 997223 , λ2 = 5, 147641 , λ3 = 8, 211375 , λ4 =
11, 29144 . Èìååì

F =

∥∥∥∥∥∥∥∥
0, 08019321 −0, 3082798 −0, 4807437 −0, 2759807 0, 4127170
−0, 02511372 0, 4188344 4, 0533856 18, 63372 −1, 471618
0, 07095227 −2, 139469 −65, 81141 −321, 5744 12, 79132
−0, 3592985 17, 36832 1179, 806 5841, 537 −150, 3001

∥∥∥∥∥∥∥∥ .
Ò.ê. rankF = 4 , òî ìû ìîæåì ïðèìåíèòü òåîðåìó 4 è íàéòè ìàòðèöó A . Âû÷èñ-

ëèì ñîãëàñíî òåîðåìå 4 ìèíîðû ìàòðèöû F :

F2345 = −416, 6869, F1345 = −83, 33738, F1245 = −138, 8956,
F1235 = −27, 77913, F1234 = 3, 3179 10−10.

Ò.ê. F2345 ̸= 0 , òî ñ òî÷íîñòüþ äî ëèíåéíûõ ïðåîáðàçîâàíèé èìååì

A =

∥∥∥∥ 1 0 0, 0000010 −0, 3333333
0 1 −0, 2000000 0, 0000010

∥∥∥∥ .
Âòîðîå ðåøåíèå ñîâïàäàåò ñ ïåðâûì. Åñëè ñ÷èòàòü, ÷òî 0, 0000010 ≈ 0 è

0, 3333333 ≈ 1
3
, òî èñêîìûå êðàåâûå óñëîâèÿ (1.2), (1.3) èìåþò âèä:

y′′′(0)− 3 y(0) = 0, y′′(0)− 5 y′(0) = 0.

Ôèçè÷åñêèé ñìûñë ýòèõ óñëîâèé � óïðóãîå çàêðåïëåíèå ñ âåðòèêàëüíîé è âðàùàòåëü-
íîé ïðóæèíàìè (ñì. âòîðîå óïðóãîå çàêðåïëåíèå [20], ñ. 153).

Çàìåòèì, ÷òî â [17] âîññòàíàâëèâàëàñü ìàòðèöà êðàåâûõ óñëîâèé âèäà

A0 =

∥∥∥∥ a11 0 0 a14
0 a22 a23 0

∥∥∥∥ ,
ò.å. çàðàíåå ïðåäïîëàãàëîñü, ÷òî çàðàíåå èçâåñòíî ðàâåíñòâî íóëþ îïðåäåëèòåëåé A14 è
A23 . Áûëî ïîêàçàíî, ÷òî â ýòîì ñëó÷àå ìàòðèöà A0 âîññòàíàâëèâàåòñÿ îäíîçíà÷íî ïî òðåì
ñîáñòâåííûì çíà÷åíèÿì λ1 = 1, 997223 , λ2 = 5, 147641 , λ3 = 8, 211375 .
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Ï ð è ì å ð 3.2. Ïóñòü ÷åòûðå ñîáñòâåííûõ çíà÷åíèÿ ñïåêòðàëüíîé çàäà÷è (1.1)�
(1.3). ðàâíû λ1 = 2, 119313 , λ2 = 4, 918095 , λ3 = 7, 988934 , λ4 = 11, 09140 . Èìååì

F =

∥∥∥∥∥∥∥∥
0, 07935780 −0, 3016374 −0, 3454111 −0, 6009212 0, 3897136
−0, 01108129 0, 3400282 5, 385060 7, 483029 −1, 383472
0, 02446689 −1, 6268584 −79, 00599 −98, 66302 11, 44314
−0, 1036594 13, 11523 1330, 458 1569.751 −132, 7102

∥∥∥∥∥∥∥∥ .
Ò.ê. rankF = 4 , òî ìû ìîæåì ïðèìåíèòü òåîðåìó 4 è íàéòè ìàòðèöó A . Âû÷èñ-

ëèì ñîãëàñíî òåîðåìå 4 ìèíîðû ìàòðèöû F :

F2345 = 25, 00860, F1345 = −50, 01719, F1245 = −25, 00860,
F1235 = 25, 00860, F1234 = 50, 01719.

Ò.ê. F2345 ̸= 0 , òî ñ òî÷íîñòüþ äî ëèíåéíûõ ïðåîáðàçîâàíèé èìååì

A =

∥∥∥∥ 1 0 1 1
0 1 2 3

∥∥∥∥ èëè A =

∥∥∥∥ 1 0 −3 1
0 1 2 −1

∥∥∥∥ .
Âòîðîå ðåøåíèå íå ñîâïàäàåò ñ ïåðâûì. Â äàííîì ïðèìåðå çàäà÷à îòûñêàíèÿ êðàåâûõ

óñëîâèé (1.2), (1.3) èìååò äâà ðåøåíèÿ:

y(0) + y′′(0) + y′′′(0) = 0, y′(0) + 2 y′′(0) + 3 y′′′(0) = 0

èëè
y(0) + y′′(0)− 3 y′′′(0) = 0, y′(0) + 2 y′′(0)− y′′′(0) = 0.
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Identi�cation of boundary conditions at one of the ends of

a segment

c⃝ A.M. Akhtyamov 4, R.Y. Galimov5, A.V. Mouftakhov6

Abstract. We consider a boundary value problem on an interval for a fourth-order di�erential
equation. The boundary conditions at one end of the segment are known, but at the other end of
the segment they are unknown. The eigenvalues of the boundary value problem are known as well.
The problem is to reconstruct the unknown boundary conditions at one of the ends of the segment.
Four theorems are proved in the paper. The �rst two theorems are algebraic. They show that
the matrix can be reconstructed accurate within linear transformations of rows with respect to
its minors of maximal order. In this case, the matching conditions (so called Plucker relations)
must be satis�ed for the minors. In two other theorems, on the basis of the �rst two theorems, we
prove the duality of the reconstruction of boundary conditions. The third theorem is devoted to
the identi�cation of boundary conditions by the entire spectrum of eigenvalues, and the fourth is
to identify boundary conditions with respect to a �nite number of eigenvalues. It is shown that it is
su�cient to use four eigenvalues to identify the boundary conditions. Examples of the identi�cation
problem's solution are given.

KeyWords: boundary conditions, inverse problem, eigenvalues, di�erential equation of the fourth
order, Plucker relations
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