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B. H. Aybuuun, E. B. Koctiouenko

OSKRCTPEMAJIBHLIE 3ANTAYN TEOPHUN QYHKHMﬁ,
CBSA3AHHBIE C n-KPATHOW CUMMETPUEN

BBEJEHUE

l'eomerpuyeckas Teopus (PYHKIMIA KOMIIJIEKCHOI'O II€PEMEHHOTO
BoraTa npospieHusMu cummerpun [1, 2]. B gannoii pabore paccma-
TpUBAETCA N-KpaTHad CUMMETPUA, MO KOTOPOW MOHUMAETCA CUM-
MeTpusi OTHOCUTeJbHO ayueid argz = 0 4 2xk/n, k = 1,..,n. Mu
n3y4daeM HECKOJIbKO TPAAMIIMOHHBIX 3a/a4 Teopun (PYHKIMIA, B KOTO-
PBIX BKCTpeMaJtibHasd KOHQUrypalmsa obianaeT TaKoW CUMMeTpUeid.
Yka3aHHBIe 3a7a4l O0O'beAUHAET CIOCOD UX PENIEHUA: DKCTPEMAThb-
HYIO TIpo6JeMy MBI ONMKUCHIBAEM B TEPMHUHAX €MKOCTEW KOHIEHCATO-
POB, KOTOPHBIE 3aTEM OIEHUBAEM METOJaMU TEOPUM TTOTEHIMala. Bua
CUMMETPUM B KarKAOM KOHKDETHOM CJIydae CBfA3aH C COOTBETCTBY-
OIMell CUMMeTPHUER 9KCTPEMAJIbHOTO KOHAEHCATOPA, & MOCIEeNHAA —
¢ NPUHIMAIIOM CUMMETDPUM UL FapMoOHUYeCKUX (yHKIMA. B ocHoB-
HOM MBI UCITOJIB3YEM CBOMCTBA TIPUBENEHHBIX MO YA€, CUMMETPU3a-
Mo U pasgeiidioliee npeobpasopanue [2]. Heobxomumelie o6osnaue-
HUA U CBEJEHUA O MPUBEHIEHHBIX MOAYIAX COJepsKaTca B 3aMeTke [3]
(em. Tarke [4, 5]).

B §1 mammoii paboThl 06CyRKIAIOTCA ABY TOUEUHBIE TEOPEMBI MCKa~
’KEHUsA, CBA3AHHBIE C IBYKpaTHOW cuMmMerpueii. Mbl HauuHaem ¢ mpo-
CTOT'O J10KAa3aTelbCTBA TEOPEMBI MoUTH (GUIOCOPCKOro Xapakrepa:
cUMMeTpUYHas QYHKIUA ABJIAETCA SKCTPEMAJBLHOR B 3aa4de ¢ CUM-
MeTpHUYHBIMK yciloBuamMu (Teopema 1.1). Hecmorpsa Ha oBIMHOCTS,
VKa3aHHad TeOoPeMa COAEPKUT OAHY W3 JIYYIIUX OIEHOK CHU3Y IJiA
MOy TPOU3BOHBIX OJIHOJMCTHBIX B Kpyre (yHKIMIA (HepaBeH-
ctBo Pana). OTveuaroTca U ApyTHe CIEACTBUAA, B YACTHOCTH, IJIA
GYHKINHA, 3a/aHHBIX B KPYroBoM Kodblie. OOMA TOAX0H K TaKUM
OlleHKaM JAaeT u3BecTHadA Teopema Teiixmionnepa (cp. [6]). Ouen-
Ky MomyJiefi TPOM3BOJAHBIX CBEPXY MBI IOJNyYaeM M3 HEPaBEHCTBA
A nenunbina—Hexapu, KoTopoe MOKHO TPaKTOBATH KaK MOHOTOHHOCTh

PaBora BbimosHeHa npu ¢uHaHcOBoH mnonmepxke PPPU (rpamt 99-01-
00443), a Takske nporpaMMmbl ” Y HuBepcureTH Poccun” (rpant 991282).
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mpuBemgeHHOT0 MOoAyiA. [Ipu obcykaeHnn ABYTOUEUHBIX TEOPEM KC-
KayKeHWA B COBPEMEHHOMW JIMTepaType TaKOW MOAXOJ He pacCcMaTpu-
BaJyicsi. BMecte ¢ TeMm, Kak OBIJIO OTMeYeHO HAMHU paHee, MOHOTOH-
HOCTH MOAYJIA BiledeT MHOTHME UHTepecHble pesyabrathl [4, 5]. B ka-
YeCTBe MPUMEPA MBI TPUBOINUM 3/1€Ch ABYTOUYEUHYIO TEOPEMY WCKa-
*KeHUs ¢ ydactrem npoumspoanoit lIBapiia. Bo BTopom maparpade
U3BeCTHBIE pe3yibTaThl Penrens, ['pérma n Telixmronnepa amsa mMo-
AYJel KOJIEel pacipoCcTPaHAIOTCA Ha CiIydail KoJiell ¢ n-KpaTHOW CruM-
Mmetrpueit, n > 2. Ha sTom nyTtu Mbl ycuamBaeMm U o6obIiaeM TpUH-
U YaCTUYHON cuMMerpusaliuu Xo [7] U aHOHCUPOBAHHBIA paHee
pesyabTaT mepporo aBropa [2, c. 42]. Hakounern, B §3 A0Kka3bBalOTCA
TeopeMbl UCKAKEHUA AJIs OJAHOJMUCTHBIX B Kpyre jgubo Kojblle QyHK-
1K, B KOTOPBIX BKCTpeMalibHasd QYHKIMA obnafaeT n-KpaTHOW CUM-
MeTpueid, n > 2. K HuUM oTHOCATCA HepaBeHCTBA CHU3Y W CBEPXY JUJIA
MOJyJisA IPOU3BENEHUA TPOU3BOAHBIX, a TaKKe OIEHKa TaKOTO IIPO-
W3BEIEHUA CBEPXY € YUYETOM MOKPBITUA PaIAaJbHBIX OTPE3KOB.

§1. JIBYTOUEYHBIE TEOPEMBI MCKAKEHUSA

Haunem c mpocreiiiero ciaydas n-KpaTHOW cuMmeTpuu n = 2,
uand, 4To TO ke camoe, n = 1. B coorBercTtBum ¢ mpurimnom Kro-
pY, TAKUM BHAOM CHMMeTPHU 06JaNaloT SKCTpeMalibHble (yHKINN
B TaK HA3BIBAEMBIX ABYTOUYEYHBLIX TEOPEMAX MCKAKEHUA. DTUM TeO-
peMaM IocienHee BpeMsA YIelAeTCA 3HAUNTeNbHOE BHUMAHME (CM.,
HampuMep, [6, 8-12]). B oranume oT yKaszaHHOW JIUTEpaTypbl, MEI
paccMoTpuM cliepBa (QYHKIWU, 3a/aHHBbIE, BOOOIlEe I'OBOPSA, B MHO-
rocesazHoit obiactu. Urak, nyctb G — 067aCTh KOMIIJIEKCHOR cpephl
C,, cuMMeTpUUYHAA OTHOCHUTEIBLHO BEIECTBEHHOW ocn L U Takas, 4To
(C.\ G)U L cBasno. O6osnauum depes w = [(2) omay u3 (yHKMii,
KOH(OPMHO M 0JHOIMCTHO 0To6pamkaiomux obmacth G B chepy C,
TaK, YTO TOYKHU BENIECTBEHHOW OCHM M T'DAHWUYHBIE TOUKMU IE€PEXOIAT
B TOYKM Ha BelllecTBeHHOU ocu. [lo mpuarmuny cummerpun Pumana-
MIBapra, ¢yHrmmA w = I(z) MePEBOAUT TOYKM, CUMMETDPUYHBIE OTHO-
CUTEJLHO BEIECTBEHHOW OCH B TOYKMA, CUMMETPUYHBIE OTHOCUTEITBLHO
BeIeCTBEHHON ocH, T.e. oHa obiagaeT 2-KpaTHOW CUMMETpPHUER.

Teopema 1.1. Fcau dynkyus w = f(z) mepomopdra u odnoaucmna
e obaacmu G, mo 0ad A000LL PA3AUNHBLE MOodek a w b, omauwHuL om
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noawca f(z) u aexcawur na GN L, cnpasedanso nepasencmeo

[f(a)f @) [I(a)l'(b)]
|F(a) = f(B)12 7 |U(a) = U(B)[*
a 0ad A066LT pazaunnsy movex a u b obaacmu G, omaunnnz om noawca

U CUMMEMPUYHBLE OMHOCUMEAbHO deugecmaennol] ocu L, annoangemes
Hepagercmeo & Jpyzyio cmopony:

F @B @)
T~ JOF S i@ —10F (1-2)

Pasencmeo e (1.1) u (1.2) docmuzaemes dag cynepnosuyudl euda sol,
2de s — npouseoabNu i KonPopMunl aemomopPusm Komnaexcuotl cheput

(1.1)

Cy ma cebs.

JokaszarenscTBo. BreipaskeHue, crodiliee B JeBOM YacTh HEPABEHCTB
(1.1) m (1.2) aABIAeTCA XOPOIIO M3BECTHBIM APOGHO-TMHEHHBIM MHBA~
puanToMm. [losTomy masa cymeprosuimii s o [ AeliCTBUTEABHO UMeEET
MecTo pabeHcTBo. Ilepefimem Temeps K HepaBeHcTBY (1.1). B a1om
ciydae MOMKHO CUMTaTh, uTo @ < b. [lycts Az > 0 HacTOIBKO MaJoO,
uto Touku @' = a + Ax m b = b+ Ax Toxke nmpuHamIeKaT 006IaCTH
G, a mHOEecTBO G = G\ ([—00,a] U [d’,b] U [, +o0]) mpeacraBasger
coboit nBycBszHy1o ob6jacTh. BBeaem obo3HaueHue

) = fla) = f(a) (=) = [(b)
fla') = f(b)  f(z) = f(a)’

u nycthb (f(G')* ecTb pe3yapTaT KpYroBoi CUMMeETpU3AIMN 06IacTh

F(G') otHOCHTENBHO oTpUNATENBHOM MTomyocH [13, ¢. 206]. Jomoann-
TeJbHbIE KOHTUHY yMEL B OIIpeAeeHAN CUMMETPU3allii BEIGEpEM Tak,

uTo6bl 067acTh (f(G'))* npuHaIeKRaTa KONBILY

def — iry

G(f) = Cu \{[=1, 00U [IF(b)], +oc]}.

N3 kKoHPOPMHOW WMHBAPUAHTHOCTU MOJIYJS ABYCBA3HOW o6sacTu u
npunnuna cumMerpusaimu [13, ¢. 211] cuenyer

mod G = mod f(G') < mod(f(G"))* < mod G(f).

Samensas Gynrnmio f(z) Ha [(2), uMeem

mod G = mod G(I).



86 B. H. I¥YBUHHMH, E. B. KOCTIOYEHEKO

Orcrona

7)) =[G

Ilens o6e uacTu aToro HepaBeHncTBa Ha (Axz)? U nepexos K npejesy
npu Az — 0, momyunm (1.1).
Ina jgorasareilbcTBa HepaBeHcTBa (1.2) cpaBHUM IpUBeEICHHBIE

Moay pu oTobpaskeHuax w = f(z) n w = {(z). Monoxnm
7 =Ha, b}, A={+1,-1}, ¥={rr}, W={f(a),f(b)}.
N3 cBoiicTB npuBeAeHHbIX Moayiei [4, 5] caenyer
1
M(G,Z,A,9) + —log | (a)f' ()] =

= 1
= M(F(G), W, A, 0) < M(Cu, W, A, 0) = =

Ona ¢yarimm w = [(z) B AaHHOI IEITOUKe MMeeT MeCTO PaBEHCTBO
([b, Teopema 3]). YUro u TpeGoBaiioch AOKA3aTh.

log |f(a) = F(b)I*.

PaccMmorprm gacTHEIA ciayuaii HepaseHcTBa (1.1), Korma oGmacThb

G ectn wpyr U ¥ {z : |z| < 1}. Hycre M — wmacc GpyHEIMI
w = f(z), MepoMOpPQHBIX M OJHONMCTHBIX B kKpyre U. OTmeTmM,
uto QyHRIMA Kiaacca M moxer umerb B U OJUH U TOJBKO OAUH
MOJITOC TTEePBOTO TOPAAKAa. B poiu »KcTpeMadbHOW (QYHEIMM 5TOTro
kiacca G6yner BeicTynaTh ¢yurmusa Kebe k(z) = z/(1 + z)?. O6o-
3HaunM 4depes d(zy, z2) = arth |(z1 — 22)/(1 — Z122)| runepbonmueckoe
paccTosHMe MeIy pa3lMYHLIMU TOUKaMU z1 M 2zs Kpyra U, a depes
¢ ={(2) = (2 + 21)/(1 + 2e"%Z)) — apobHO-TUHeiHOE 0TOGpaskeHUe
kpyra U Ha cebs, KOTOpoe TIpy TI0AXOIAINEM BeMeCTBEHHOM § Tepe-
ot Toukr 0 u thd(z1,22) cOOTBETCTBEHHO B TOYKM 21 U z3. Ilpw-
MmeHad HepaBeHcTBo (1.1) kK Qpyurmmam f(((z)), I(z) = k(z), f(z) €M
n touram 0, thd(z1, z2), f(zr) # oo, k= 1,2, monyuum

(1) = f(22)] < g sh(2d(z1, 2))V/IF (20) [ (22) (1= [ P)(1 = [22]?).

HaHHOE HepaBEHCTBO dKBUBaJeHTHO HepapercTBY Pana [14], KoTo-
poe, B CBOIO OUYepeb, BHITEKAET U3 XOPOIIO M3BECTHBIX TEODEM s
OTHOJIMCTHBIX HOPMHUPOBAHHBIX B Kpyre (yHKIWA (cM. Takke [9, 11,
12]). Mz apyrux KoOHGOPMHBIX BAPUAHTOB KIACCHUYECKAX TEOPEM MC-
KaKeHUA OTMEeTUM BapuaHT TeopeMbl Kebe [8, c¢. 144], Teopembr
['pyuckoro [9, ¢. 223] u I'pouyonaa [9, c. 225]. Bmecte ¢ TeMm, B
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COBpEMEHHBIX paboTaX MOJy4YeHBI HOBBIE JBY TOYEUHBIE TEOPEMBI MC-
KaKeHUA AJIA OAHOJMUCTHBIX B Kpyre Qyuruuii [8—12]. Hokaszareib-
CTBa ®TUX Pe3yJAbTATOB UCIONB3YIOT Gollee TOHKME MeTOIbl. B act-
Hoctu, B paborax Kum, Ma u Munast [8, 12] npumensieTcs moaxo
Brsrrepa [15], a Takske OlleHKM MBaplMaHa ¥ HAYAIBHBEIX KO®(PU-
IIMEHTOB B Kjacce OJHOJIUCTHBIX HOPMMpPOBaHHLIX GyHKIWM. Onnako
9TU MEeTO/bl HEIPUMEHUMBI, HAIpyUMep, A (YHKIMA, 3aJaHHLIX B
kouibite. sKenas npuBectu Gosee 0B pPe3yNLTAT, MBI PACCMOTPUM
3/1eCh yTBeDKIEHNE, colepikaliiee HepaBeHcTBO (1.1) 0 MHOTME Apy-
rMe TeopeMbl UCKayKeHUA B ciydae, koraa (¢ ecTb KPyroBoe KOJBITO
K={z:1<]2]< R}, 1< R < c0.

O6osnaunm depes M(R) raacc GyHrmmid w = f(z), Mmepomop-
HBIX ¥ OJHOJMUCTHBIX B KOJbIle K, A KOTOPHIX MHOMkecTBO f(K)
snadenmii f(z) B K neskur B obmactu |w| > 1 u KoTopble oToGpa-
AIOT OKPYRHOCTDb |z| = 1 B okpysuoCcTh |w| = 1. DKCcTpemanbHasn
¢yurmma Tpérma h(z) = h(z; R) KOHGOPMHO M OAHOIUCTHO 0TOBpa-
KaeT Kobilo K Ha BHEITHOCTH € IMHUYHOTO KPyTra ¢ paspe3oM w = P,
P = h(R; R). Herpynto ybemuThcs, 910

h(z; R) = Tsnz((%log zR+ 1)K(T/)/K(T)) 5

rae 7 = 7(R) = 1/P — pemenune ypapHenusa log R = gK(T/)/K(T),
K(7) — NosHbIA 2IIUIITUYECKAH MHTET DA TIEPBOTO POJA C MOYJIEM
m, ™ = V1 =712 sn(u;7) — samunrryeckaa ¢yHrima fArobu. Obo-
3HaUMM Takke depes [a, b, c,d] aHrapMoHMYecKoe OTHOIIEHVE UeTHI-
pex touer m(a), m(b), m(c) m m(d) Ha KOMIIeEKCHOW cdepe, Tae
m(w) = w+ 1/w.

Yreepwnmenume 1.2, [Tyems dynxyugs w = f(z) npunadaencum xaaccy
IM(R), u nyems r1, 7o, T3, T4 — ecUWecMBENHIE MOUKY Koavya K, ydo-
saemeopgouue vepasencmaeam —R <rp <ra<—lulrs<ra <R
Hlyems ws, W3 — NPOUIBOALHILE PAZAUNHBLE TROUKYU HA MHONCECMEE
F[ra,rs]\U), a w1 w wq — pasausnsie mouky na 0pyeofl koMmMnonenme
donoanenus obpaza voavyesol obaacmuy K\ {[—R,r]U[rs, rs]U[rs, R}
npu omobpancenuu w = f(z). Tozda cnpasedauswt nepasencmea

|[w3, wi, Wa, w4]| < —[h(rs), h(r1), h(ra), h(ra)],

|[ws, w2, w1, wa]| < [A(r3), h(ra), h(r1), h(ra)],
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Pasencmeo 8 xancdom uz npusedennvls coomuouwtenutl umeem Mecmo
moavko dag cynepnosuyuu Pynkyuu h(z) u dpobuo-aunedinozo asmo-
Mopusma enewnocmu kpyea |w| > 1 na cebq u dag movex wy, A64910-
wuzes 0bpazamu movwex vy uay rs5_p, k =1,2,3,4, coomeemcmeenno.

IloKa3aTebCcTBO BTOTO YTBEPHKIECHUA B MIACHHOM TJTaHe COBIIAla-
eT C JA0Ka3aTelbCTBOM TeOPeMEI 1.1 M MOUTH JO0CIOBHO COBIMAMAET C
COOTBETCTBYIOIIMM A0Ka3aTelbCTBOM B 3aMeTke [6], mpUMeHeHHbIM
K Qyurmmn m(f(z)). Boibupad TpoW3BONBHEIM 06pa3oM TOYKM I,
MOKHO TIOJIYUUTh DAJ ABYTOYEUHLIX TEOPEM MOKPBITUA A (QyHK-
i kracca M(R). B wactHOoCTH, TIpW 12 = 11 + Ar, ra = rs+ Aru
Ar — 0, monyunm aHajor HepaBeHcTBa PaHa, T.e. HepaencTso (1.1)
JULA KpYTOBOTO Koqiblia, rje f(z) Heobxoanmo 3amernTh Ha m(f(2)), a
l(z) = m(h(2)), f(z) € M(R). MbI He IPUBOIUM 31eCh BTO W APYTHE
HepaBeHCTBa, TaK KaK OHM BITOJHE AHAJOTWYHBI COOTBETCTBYIOIIAM
HepaBeHCTBaM A QYHKIME kiacca I U ero MoAKIACCOB, YTO OLLIK
paccMoTpeHBl HamMu oapobHo B pabore [6].

Mepeiimem Teneps k anammsy HepabencTtBa (1.2). Ilycts G = U,
fE€EMmu z1, 29 — NIPOU3BONBHEIE PAa3JMUHBIE TOUYKM Kpyra U, oTawd-
HBle 0T moioca GyHrnmu f(z). O6osnaunm depes ( = ((z) apobHo-
auHeiinoe oTobpakenun kpyra U Ha cebs, mepeBo Afllee CUMMET pUY-
Hble Touku +ic, ¢ > 0, B Toukm z; u z5. Ouenummo, 2¢/(1 + ¢?) =
thd(z1,22). 3amuceBas HepaperctBo (1.2) mma ¢pymrmmit f({(z)) u
[(z) = k(z), mocie HECTOKHEIX BBIYMCIEHWH TTOILY9nM

£ (1) = f(z2)] 2 thd(z1, 22) /[ () (22)1(1 = [a])(1 = [22]?). (1.3)

Hepasencrso (1.3) ornmutno oT pesynbraTos B [8—12] u B muTepa-
Type, Mo-BUAMMOMY, HE BCTPEYaJ0oCh, XOTA CIIENUAIMCTaM IIOHATHO,
KaK ero MOKHO IIOJNYUUTb U3 M3BECTHOIl TeopeMbl JlaBpeHTheBa 0
HEeHaJIeralonX 00JacTAX.

IIpyBeseHHEIE TEOPEMBI MOKHO PaccMaTpUBaTh KaK OLEHKU BEIPa-
wmenus f(z1)f (22)/(f(z1) — f(22))?, ABAAIONIErOCA UHBADUAHTOM OT-
HOCHUTeNLHO MeGUYyCOBLIX aBToMOppuaMoB chephl. lomomnnm cetiuac
5TH OICHKM C IIPUBJIeUYEeHUEM APYTOoro U3BECTHOTO MHBAPUAHTA, — IIPO-

ussoanoit sapua: Sp(z) = f"(2)/f(z) — (3/2)(f"(2)/ ['(2))?.

Teopema 1.3. FEcau fynxyug f(z) npunadaencum xaaccy M u f(£r) #
00, MO UMEIOM MECTO HEPABEHCTAAL

F(r)f(=r) 3 4872
G0 - Fee T | Saome O

St(r)+ Sp(—r) — 12
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_— 12
‘Sf(?“) + Si(—r)+ m -

3 . () f(=r) 3(67“2 —rt_ 1)
2R {<f<r> e } S TEio e

Pasencmeo e (1.4) u (1.5) docmuzaemes dag cynepnosuguu Gynryuy
Kebe u npouszsoasrnozo 0pobno-auneliinozo aemomopdusia chepot.

(1.5)

HoxrazareancTBo. [Ipu mocraTouyno Maiiom p > () TOXOEKUM

i i i i
nn=r+pe'?, zm=r—pe'?, z3=—r+pe’, z4=-—r— pe'’,

W ={f(z1), f(22), f(23), f(za)}, A={1,-1,1,-1}, ¥ ={rr,rr}

N3 monoronnocTu IIPpUBEACHHOTO MOAYJIA CaeayeT

MfU), W, A, ) < M(Cy, W, A T).
[MepenuceiBasg jgeBy10 YacTh HepaBEHCTBA B TEPMUHAX BHYTPEHHUX
paauycos u ¢pyuruuii T'puna [4, ¢. 59], a Takske BOCIOJIb30BABIINCH
GopMyIoil A PUBEJECHHOTO MOIYJIA KOMILIeKCHOU cdepnr [5], mo-
Iy YIUM

SN (=1 h(z, 21) <0, (1.6)

k=11=1
rae

h(ex, 20) = log|(1 — 2z LS|y
Zr — &
h(zg, 2z1) = log |(1 — |2k |2) f'(2x)|. YuurbiBan pasziosxkenus ¢pyuruum f
B OKPECTHOCTAX TOYEK T U —T:
flz) = ap(z =) u f(2) :Zbk(z—i—r)k,
k=0 k=0
HAXO0 MM

[Qazew (e’ + e_w)] N

B 1—r2

h(z1,21) = log|ai(1 — r2)| + Re {p

3aze?®  2qle?tv 1 P2 [t 4 eie .
2 _ 4y _ _rjerre v 2
tp a a? 1—r2 2 1—r2 +ole?),

2ae'? r(ew + e_w)
+ 2
ai 1—r

h(za, z2) = log|ai(1 — r2)| + Re {p [—
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+p?

3aze?¥ 2a§ezw 1 P2 [ e 4 i
a a? 1—r2 2 1—r2

}+0(p2),

2bet?  p(et? 4 10
+ ( )] +

h(zg,zg):log|b1(1—r2)|—|—Re{p[ Z 2
| _

3hge?i?  9pLe2if 1 P2 [ eif 4 =it 2
2 29 _ e e N
o by b? 1—r2 2 1— 2 + o(p”),
2byet? i6 —if
h(z4’z4) :10g|b1(1—7°2)|—|—Re pl— € 7“(6 te ) +
by 1—r2

Sbae2tl  9p2e20 1 P2 [ eif 4 =it 2

+p2 3 _ 5 o (7)

}+ o(p?),

ip _ =iy 1

€
h(zl’zz):log|a1(1—7°2)|—|—Re{—p7° 11— +P2 |:1—7°2+

aze?i® P2 [el¥ — emi® .
pste PN

ay 2 1—r2
it _ o—if
heaz0) = loglin(1 = o)+ e {2 g [
L L 2 ,
+ by _?< 1—r2 ) }—l—o(p),

L+ r%)|ag—b are’? —biet? et — ¢t
h(zl,z?,):logw—l—f{e p 1 1 _ +
2r ap — bo 2r

by b2 11—z 2\ 1—12

+r(6w _ e—w)] : [azezw — bye2if (ei¥ — 102

L+7? ag — bo 872 B
1 (a6 —bref®\ 52 [eio — =i\ ile=6) +o(p?)

_ - - R — 4]
2 ag — bo 2 1472 1+ r2 P

1 2 —b iy b 76 iy 76
h(zl’a):logw_i{{e{p[aw + bie e’ +e

apg — bo B 2r +

r(e® + e~if) L 1962 — hoe2i? .\ (6% + %)
1+ 72 ag — by 8r2
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. a2 . a2 .
1 [ aie™ + byet? P2 [ et 4 emi? PUCL)) 9
e B ¥ o),

2 ap — bo 2 1472 1+ 72
L+ 7%)]ag — b aje’?4biet? el el
( )lao 0|+Re{p[—1 et

h =1
(22, 23) = log 27 ag — by 27

r(e® + e~if) L 42629 — bye??  (¢19 4 ei?)?
1472 P ag — b 8r?
1 (a1 4 bye'’ S e + et  eile=t) +o(p?)
- — - - R 2]
2\ a0 —bo 2\ 1+ 1+ 72 r
(14 7?)]ao — byl —aye®+4biet? v —et?
h(za, z4) = log o + Re<p + —

apg — bo 2r

_r(ew _ e—w)] o [azezw — bye2if N (e1¥ — ¢if)>

apg — bo 87“2

1 [ —ayet® + byet? § P2 et — omif § eile=*)
2 ao — bo 2 1+ 72 1+ 2

B mpenene npu p — 0 HepabercTso (1.6) nmpuaMMaeT BUA

}+dﬁ)

; bl ;A3 — Cl2
Re { 2¢ilete) Q0L 42— 24
{ (a0 — bo)? af

4e2if b3by — b% eiet0) 2¢i(e=9) 2
e _
Sl —r2)2

b? 2 (1+7r2)?
ITonaraa Temepb ¢ = 0 + 7, B CUiy HNpPOM3BOJBLHOCTU f, IOJIyYUM
(1.4), a satem iput ¢ = —0 + 7 — (1.5). Teopema morasaHa.

Teopemy 1.3, mo-BuamMoMy, MOKHO IMOJIyYMTHh M3 HEPABEHCTBA
(13) paGoter [17] miA ABYX OJAHONWCTHBEIX B Kpyre (GyHKIWA Ge3 06-
IMX 3HAYEeHWA. 3aMeTUM TakH&e, uTo HepaBeHcTBo 1.6 BocxomT K pa-
6oram Hexapu u FO. E. Anenunsina. Xopoliro n3BecTHREI BeCbMa 06-
e TeOopeMbl UCKAKEeHUA A (pYHKIMA B MHOTOCBS3HBIX 06IacTAX,
MoJlyUYeHHBIe ®TUMU aBTopaMmu (cM., Hampumep, [16, 17]). Yrasan-
HbLIE pPe3yNbTaThl COAep:kaT CBOOOIHBIE TapaMeTphl, BEIGOP KOTOPBIX
NIPUBOJNT K MHTEPECHBLIM YaCTHBIM CJIyYadM W ClelAcTBUAM. YacTh
TaKWUX CIEJACTBUNA MOJyYaeTCa TakA&e M3 MOHOTOHHOCTH TPUBEIeHHO-
ro moayas ([5, Teopemsr 10 u 11]).
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Kak u B caydae HepapenctBa (1.1), Hepabernctso (1.2) maer Tou-
HYIO OIlEHKY MOIyJeil NMpomsBoAHEIX B kiacce M(R). HocraTouro
npuMeHUTE ero K Gpyrrmmam m(f(z)) u m(h(z)). B nononneHue K aT0-
MY Pe3yabTaTy IIpUBEIEM ONEHKY CBEPXY JJISA MPOU3BOJLHBIX TOYEK
a n b rombita K, He o6sA3aTenbHO cuMMeTpudHBIX. [lycth ¢(z,({) —
¢yurmma 'puHa konpia K. Beipaskenue g(z,() depes Tera-GyHKIUMN
nAaHo, Hanpumep, B [18, c. 232].

Teopema 1.4. Jad awbol pynxyuu w = f(z) waacca M(R) « dag atw0-
bwr movex a, b € K, omavunnz om noawca f(z), cnpasedauso nepa-
gencmao

/() f' ()11 = F(a) f(B)I? < xp(29(a, b))
[f(a) = F@O)P(f(@))* = DA = 1) = r(K, a)r(K,b)

JoxkazarensctBo. llycts 7, A, ¥ u W rtakue ke, Kak U IpU JOKa-
3arenbcTBe HepaBeHeTBa (1.2), w nycrs D = {w : |w| > 1}. B cuny
MOHOTOHHOCTU MPUBENEHHOTO MOAYJIA, UMEEM

S

M(K,Z, A ¥
(X, ’ ’ )+87T

log |f'(a)f'(b)] =
= M(f(K),W,A,¥) < M(D,W,A,¥) =

1= f(a)f(b)]
HOESIORIN

= 8% {log[(|f(a)|2—1)(|f(b)|2_1)] —9log

Ocrasnoch 3aMeTUThL, YTO
1
M(K, Z,A¥) = 8—{log (K, a)r(K,b) — 2¢(a, b)}
7

TeopeMa JOKa3aHa.

B 3aksioueHne oTMeTUM, YTO B TeopurM (PYHKIMIA M3BECTHO HeMa-
JIO PE3yAhTATOB, KOTOPHIE TaKKe MOMKHO TPaKTOBATh KakK JBYyTOYed-
Hble TeopeMbl MCKaykeHWA. Hampumep, olleHKM BHYTPEHHETO Daauy-
ca, noaydennsie E. T'. Emenbsanoseim [19], uau treopeMbl uCKaKeHUA,
yuuTbhiBaolime reomerputo obpasa [3, 20]. lpyrue Tunbl 3amad c
ABYKPATHO CUMMETPUYHON DKCTpeMaJIbHON KOHPUIY palieil paccMo-
TPEeHBbI TaKkKe B CieaylolieM rnaparpade.
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§2. HEPABEHCTBA JJI MOJAYJEMR KOJIEI

IToa KoJNbIIOM IOHMMAETCA IpOU3BOIbHAA ABYCBA3HAA obnacTh G
KoMIITekcHoit cdeprr C,. ObosmaunmM depes mod G Moays b KoJTbIa
G OTHOCHMTENLHO CeMelcTBa KPUBLIX, pa3leiAOIINX ero I'paHUUYHbIe
KOMIIOHEHTHI, ¥ IIyCTh Py 1 K| — KOMIIOHEHTHI JOIMOJHeHUA Koabla G.
Mu1 conocraBiigeM koibily G kougeHcatop (Fy, Bh) [2]. UssectHo,
uro mod G = mod(Fy, Fy) def (cap(Eo, E1))71, rae cap(FEo, E1) — em-
KocTh KoHZeHcaTopa (Ey, Fy). Cpean obaacreil KaHOHUYECKOTO BUAA
HamuboJlee UACTO BCTPEYAIOTCA KPYroBhle KoJbla, Kodbla [ péTima u
Telixmionnepa. Ilocaennue aBa MOMydaroTCA ABWAKCHUAMU B ILIOC-
roctu C, m3 obnacreit G(P) = {z : |z| > 1} \ [-o00,=P], P> 1, u
T(P)=C, \ ([-o0,—PJU[0,1]), P > 0, COOTBETCTBEHHO.

Xopomo W3BECTHBI ClleAyIoue yTBEPMKIeHUA (CM., HalpuMep,

[21-22]).

Jlemma (Penrenn). Hsz scex woaey G, omdeagowur mouku 0 u 00, u
UMENUUT PUKCUPOBAHRYI0 KOHEUNYIO NA0UADs 8 A02apUPMueckol] Me-
mpuxe (27|z]))7|dz|, Mmakcumarsnbi ModYay useom moavko Koabua,
02ZPANUNEHHBLE KOHYEHMPULECKUMY OKPYHCHOCTRAMY C YEHMPOM 8 Ha-
waae Koopounam.

Jlemma (I'pérmr). Cpedu ecexr xoaey, 00na KOMROKEHMA AONOANEHUT
Komopwx codepaucum edunuwnuidl kpyez, a 0pyzas — mowky —P w 00, Koab-
o G(P), u moavko ono, 664a0aGem MAKCUMAALHIM MOJYLEM.

Jlemma (Tefixmionnep). Cpedu ecex xoney, omdeasouur napy mo-
wex {0,1} om napw {—oco,—P}, xoavyo T(P), u moavko ono, umeem
HAUb oAU MOOYAD.

Ham HOHaﬂO6HTCH aHaJOor'n »TUX JEMM, HO Yy¥Ke AJsd IIPOU3BOJIb-

HBIX KoHIeHCaTopoB (Fo, F1), mone kotoprix G = C, \ (Fy U E1) He
06s13aTebHO ABJIAETCA KOMbIIOM. Bclony Huke NpuHATO 0Bo3HaUYeHM e

Dk:{z:rew 0<r< oo, |9 —27Tk/n|<7r/n}, k=1,..,n, n>1.

B wactHocTn, mpu n = 1, Dy = C,. Byaem roBoputh, UTo CBA3HAA
kommonenta G/ muoxectBa G N Dy, 1 < k < n, n > 1, ornenser
rourn 0 1 0o B Dy, ecam momosHerne Dy \ G! MokHO pa3buTh Ha 1Ba
HelepeCceKaIomnXca 3aMKHY ThIX MHOKecTBa F u F', 0/IHO M3 KOTOPBIX
conepxut Touky 0, apyroe — oo, mpuuem ENOG’ C Eom FNOG' C Fy.
B TepMmunax KoHAeHCATOPOB U 6e3 YTBEDKIAEHUA O PABEHCTBE aHAJIOT
jgeMMbl Penress GpopMmynnpyercs cileyIonimM o6pa3om.
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Jlemma 2.1. Ecau cyuecmeyem cessHad KOMNOHEHMA NOAT KOHOEH-
camopa (Eo, F1), omdeasowar mouku 0 u oo ¢ C,, u naowads smodl
KOMRONENBL 8 A02aPUPMULECKOT Mempuke He npecocrodum Hekomo-

poti geaununu S, 0 < S < 0o, mo
mod (Ey, F1) < mod{z :r < |z| < R}, (2.1)

20e v u R — awbbie gewecmeenmble Hucad, Y008AEMEOPTOULUE YCAOBUI

S = (1/2m) log(R/r).

Hoka3aTedbCTBO ®TOTO YTBEPHKIACHUA JTETKO MONYUUTH U3 MTPUHITA-
na ycpeausmomeid cummerpusauu Mapryca [23].

ITepeitnem Temepb kK o6obmieHuo jgemm ['pérma m Teitxmioiie-
pa. Bcroay Hmwke t o3HauaeT KOMILIEKCHBIM mapamerp, Ret > 0;
w = di(z) = (z = t)/(z + 1) — apobuo-nuueiinas Qyurims, d; *(w)
— QyHrnusg, obpatHad K w = di(z). JlnA MpoW3BONBHBIX KOMIIIEKC-
HBIX YUCeldl &, b U BeNmeCTBEeHHBIX r U R, yI0BIETBOPAIONUX yCIO-
Busim: Rea > 0, Reb > 0, a # b, r < |b| < R, r < |a|] < R,
0 < r < R < o0, oGosnaunm yepes G(t,r, a, b, R) nBycCBA3HYI0 061aCTh
{z v < |z]| < R, 2z & [-d,d'] U[-R,=V] U [V, R]}, rine Berme-
cTBennele uncaa a', b, ' m R’ onpemnessaioTcA ciaemyiomyuMu COOT-
womennsamu: dyy(a’) = —|di(a)|, djy(b') = |ds(b)], 7' = |d|_t|1(—ew)|,
R = |d|_t|1(ei(”_w)|, f — yron, moa KOTOPHIM M3 TOYKU  BUJIEH OT-
pesok [—ir,ir], a ¢ — yroJ, moj KOTODPLIM U3 TOW 3Ke TOUKU BUIEH
oTpesok [—iR,iR]. 3aMeTuM, 4TO B Cily4yae I0JOKUTEIbHBIX { Bbl-
noausgerca ' = r u R/ = R, a ecam JOMONHUTENLHO a U b — TI0JO-
EMTeNbHble, TpudeM ¢ < ¢ < b, 1o G(t,r,a,b,R) = {z : r < |z] <
R,z ¢ [—a,a]U[-R,—b]U[b, R]}. B aTom citydae ipn ¢ = r, R = o0
mi6o npu r = 0, b = R o6macts G(t,7,a,b, R) ABnAeTca KOHGOPMHBEIM
BapuaHToM Koublta I'pérma G(P), a mpu r = 0, R = co — KoJbIa
Tetixmronnepa T(P).

Byaem roBOpuUTH, UTO MpPOU3BOJBHOE MHOMKECTBO F coenuHser
TOUKY a ¢ MHOMKECTBOM F', eciii CyMIeCTBYeT CBA3HAsd KOMITOHEHTa
MHOMKecTBa F, comepskalliag TOUKY ¢ U HEKOTOPYIO TOURy b € F.

JIemmMma 2.2. Ilyems a, b, 7 u R maxue xce, xax u eviwe, u nycms KoH-
derncamop (Ey, E1) ydosaemeopsem caedyouum ycaosusm: naacmuna
Ey codepacum xpye |z| < r u coedungem mouky a ¢ monwkoll —a, a naa-
cmuna Ey codepacum muoncecmeo |z| > R u coedungem mouxu b u —b.
Toz0a das awboeo t, Ret > 0, cnpasedauso nepasencmeo

mod(FEy, 1) < mod G(¢,r,a,b, R). (2.2)
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Feau, donoanumensno, nose G wondewcamopa (Eo, E1), geagemes
KoabyoM, mo pasencmeo 6 (2.2) docmuzaemca moavko npu co8nadenuu
G ¢ woavyom G(t,r,a,b, R), ¢ mounocmuio, 6wms moxcem, 0o codsuza
€004b MHUMOT OCU.

HokazareabctBo. O6osnauum uepes (B}, E}) o6pas konmencatopa
(Eo, E1) npu orobpasenuu w = di(z). Haacruna El conepsur muo-
wectBo Ko = di({z : |z] < r}) m coemunser Toury di(a) ¢ TOUKOIA,
CUMMETPUYHOR il 0OTHOCUTENRHO OKpykHoCTH |w| = 1, a mimacTuna
Ei comepsur Ky = di({z : |2| > R}) u coemunsier toury di(b) ¢ Tou-
KOM, CUMMETPUYHON el OTHOCUTENBHO TOW Ke OKPYKHOCTH.Y IJIbI,
Mo/ KOTOPEIMU 13 Toukn w = 0 Bumael ayru Ko N {w : |w| = 1} u
K1 N{w: |w| =1}, obosmaunm uepes 6 u ¢', coorBercTBerHO. [1pU-
MeHUM Tereph K KoHieHcaTopy (ES, E) KpyroByio cuMMeTpu3almio
OTHOCUTEHHO OTPUIATENLHON BelllecTBeHHOH monyocu [2]. meem

cap(Fo, F1) = cap(Eg, Ey) > cap Cr (E}, E}).

Haactuna EZ moayuennoro komgencaropa (EZ, E?) = Cr(E}, EY)
coenmnAeT Toury —|di(a)| ¢ cMMMeTPHUYHOM eii TOUKOH OTHOCUTEIh-
o |w| = 1, a nmacruna E} — rtoury |di(b)| Takke ¢ cummerpuu-
HOU eli Toukoill ortHocurenbho |w| = 1. Tapmonuveckas mMepa Ayru
KoN{w : |w| = 1} otHocuTennHo Kpyra |w| < 1, BBlumMciennas B Touke
w =0, pasua §' /27 u, B cBOIO ouepen, COBMAMaeT C TapMOHUYECKOH
Mepoii oTpeska [—ir, ir] oTHocUTeNbHO HodymnockocT Rez > 0, BbI-
YUCIEHHOW B Touke z = t (cM., Hampumep, [24]). Hocnennas pabaa
6/7 wu, snauut, §'/2 = 6. Ananoruuno, ¢’ /2 = 7 — . Illpu kpyrosoi
CHMMETPHU3aIMA TIeHTPhl I'PAaHUYHLIX OKPYKHOCTEH MHOMXKecTB Ko 7
K1 mepemau Ha BEIIECTBEHHYIO OCh, TpUHYEM yTJIblI, IO KOTOPLIMUA
n3 Toukr w = 0 BUAHLI AyTW, TOJy4YeHHBIE B Pe3ylbTaTe CUMMETPU-
samm w3 Ko N{w : |w| = 1} uw K1 N{w : |w| = 1}, no-npexuemy
paBubl & m ¢'. Bosspamasch K IJIOCKOCTH z = d|_t|1(w)’ Ha X0 UM,
uTo mpoobpas kougencaropa (EZ, E?) comepsur UCKOMBIA KOHIEH-
carop ¢ moueMm G(t,r, a,b, R). [lo cBOWCTBY MOHOTOHHOCTH €MKOCTH,
mojiydaeM HepaBeHCTBO (2.2).

TIpeamonoxuM Temeps, uTo B (2.2) mMeer MecTo paBeHCcTBO. Torma
n3 pesyabTaTa ;KeHKMHCa 0 paBEeHCTBE PU KpyTOBOW CMMMETpU3a-
mn [13] cieayer, uro ToukM a, —d@, b, —b M { MOIKHBI JeHaTH Ha
oJIHOM TpAMOii, a ecim r > 0 uau R < 00 — To Ha BeIIeCTBEHHOM OCH.
IIpu »1oM kKombIto (G 06A3aHO coBmagaTh ¢ koibioM G(t, 7 a,b, R) ¢
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TOYHOCTBIO, OLIThH MOKET, 40 CABUTI'a BAOJIb MHUMOIT ocu. Jlemma J0-
Ka3aHa.

HerpymHo BuaeTh, YTO IIpU MOAXOAAMMX HapaMeTpax jJemMma 2.2
conep:xUT temmbl ['pérmma n Telixmionaepa. PaccMoTpum Tenepb 06-
obmennsa apyroro poaa (cp. [7]).

IMpu n06bix R, r u b, ynosuaersopstomux ycaopusam: 0 < r < |b| €
R < oo, Reb > 0, onpenenum aBycBA3HyO 061aCTh

Hi(r,b,R)={z:r<|z| < R, 2 ¢ [-R, -V UV, R]},

rae b = d;71(|d,(b)]). Anasoruuno, npu n106b1X 7, R U @ TaKUX, UTO
0<r< el < R< oo, Rea > 0, mocrpoum kombiio Ha(r,a, R) = {z:
F< < R 2 @ [}, rae o = d=H(—|d (@)

Jlemma 2.3. Ilyems 0 < r < |b] < R < o0, Reb > 0. Fcau donoa-
Hewue k¥ naacmune By xondewcamopa (Eg, B1) ne codepaucum movex
71, 22, COAZAHMME PABENCTBOM 2122 = T2, @ naacmuna Ey codepacum
Mmuomcecmeo |z| > R u coedunsem mowuku b u —b, mo cnpasedauso
HEPasencmeo

mod(FEy, F1) < mod Hy(r, b, R). (2.3)

Feau, donoanumensno, nose G wondewcamopa (Eo, E1), geagemes
KoabyoM, mo pagerncmeo e (2.3) docmuzaemed MoAvko npu co8nade-

nuw G ¢ Hy(r, b, R).

HokazareabctBo. O6osnauum uepes (B}, E}) o6pas konmencatopa
(Fo, E1) npu orobpamenun w = d,.(2). Muosxectso C,, \ B} He comep-
MUT TOUEK W1, Wy, CBA3AHHBIX paBEHCTBOM w1 = —ws. JlefAcTBuTeh-
HO, W3 paBeHCTBA dyp(21) = —d,(22) IPU HEKOTOPHIX 21,22 € C.\ Ep
BJIEMEHTAaPHO BBITEKAET, UTO Z1Z2 = r”, & TaKMe TOYKM HE COJeprKaT-
cas C, \ Fy o yciosmio. Ilpumensas gajee KpyroByIo CHMMeTpH-
3aliI0 OTHOCHUTENBLHO OTPUIATENLHON BeNecTBEeHHON TOJyoCH, Ha-
xomum, uro maactuna EZ komaencaropa (EZ, E?) := Cr(E}, Ef) co-
JePHNAT ToNymIockocTh Rew < 0, a mmactuna E? coemunseT Tou-
kr |de(b)] m —1/|d-(b)| m comepsmr muONRecTBO dp({z : |z| > R}).
Bosspamasck k miockoctu z = d, H(w), 3akaioyaeM, uto 1npoobpas
konzencatopa (E3, E?) comepuT UCKOMBIA KOHAEHCATOD C TOJeM
Hy(r,b, R). B pesyibrare nmeem

cap (Eo, Ey) = cap(Eg, £Y) > cap (Eg, B}) 2 (mod Hy(r,b, R))™".

Y TBep:kIeHNE O paBEeHCTBE MPOBepAETCA TaK ke, KaK M B JeMMe 2.
Jemma 2.3 mokasaHa.
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Kombunupys o6obiienus jgemm Penremns, I'pérma u Tefixmrion-
Jgepa, PUBEAEM CIEAYIONNA Pe3yabTaT A KOJell, BOCXOAANMA K
OPWHIMILY YacTUIHOW cuMMeTpusannu Xo [7] (cM. Takke [2, c. 42]).

Teopema 2.4. Iycms G — deycassnas obaacme na chepe C,, u nycms
Ey, By — xomnonenmsr Qonoanenus amodl obaacmu. Ilpednosomxcum,
wmo 0ad kaxmcdozo k = 1,..,n (n > 2) obaacms G ydosaemeopsem no
kpatined Mepe 00HoMY U3 caedyouur ycaosui.

(1) Cywecmeyem cessnas xomnonenma mroxcecmea G Dy, om-
deasowas mouku 0 u 0o & Dy, 4 naouwads smoti KoMnoHeHmyl
6 aozapupmuveckoll Mempure He npesocrodum wexomopol se-
auvunsy Sy, 0 < S < o0,

(2) Ipu wexomopwz vy, ap, by v Rp, 0 < rp < Rp < 00, ag,
by € DpN{z :ry < |z| < Ry}, 0dna xomnonenwma donoame-
nug G, nanpumep Eqy, codepaucum cexmop {z: |z| <rg} N Dy u
coedungem mouxy ay ¢ epanuyedl Dy, a dpyeas (E1) codepacum
cekmop {z :|z| > R} N Dy u coedunsem mouky by ¢ epanuyed
Dy,

(3) Ipu wexomopwiz ri, by v Ry, 0 <rp < Ry < o0, by € Dy N{z:
ri < |z| < Ri}, 0o0na uz xomnonenm donoanenus G, donycmunm
Ey, codepacum cexkmop {z : |z| > Rr} N Dy u coedunsem mouxy
by ¢ epanuyed Dy. Muoxncecmeo G U E1 ne codepacum mowuex
21, %9, CBIZANHBE PABEHCMEOM 2129 = r%e“k”/”.

(4) Ipu wexomopwiz ry, ap « Ry, 0 < rp < Ry < 00, ap € Dy N{z:
ry < |2| < Ri}, o0na uz xomnonenm donoanenus G, donycmunm
Ey, codepacum cexmop {z : |z| < rp} N Dy u coedungem mouxy
ay ¢ epanuyeli Dy. Munowcecmeo G U FEy ne codepacum monex
21,22, CBIZAHNBIE PABEHCNBOM 2129 = R%e“k”/”.

Tozda cnpagedaueo Hepasencmao

-1

1 n
mod G < < — mod Gj)~! , 2.5
S med ) (25
20e¢ woavua Gg, k = 1,..,n, onpedeaens caedyouus o6pazom: ecau
npu dannom k obaacms G ydosaemeopaem ycacsuw (1), mo Gy =
{z ¢+ rpy < |z| < Rp} ¢ npoussoaswwmu rip, Rp maxumu, wmo
Sy = (1/27n)log(Ri/rk); ecau xce ucrodnas obaacms ydosaemeopd-

em yeaosuo (2), mo Gy = {z : 2*? ¢ G(t,rz/z,az/z,bz/z,RZ/z)},
20e 1 — awboe xomnaexcuoe wucao ¢ Ret > 0; e caywae, xozda npu
danmom k obaacmy G ydosaemeopgem ycaosuw (3), G umeem sud
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{z : 2M? ¢ Hl(rz/z,bz/z,RZ/z)}, a & caynae (4) Gy = {z : 2"/? ¢
n/2 n/2 n/2

Hz(?“k/ aak/ aRk/ )}7

Pasencmeo & (2.5) umeem mecmo moavko 0ad N-Kpamuo cume-

mpuunozo xoavyya G, coenadawuyezo ¢ odnum uz xoaey Gy, 1 < k < n,
2de, 8 cayuae evnoanenud yeaosud (2), napamemp t ewbupaemes se-

2 2
UECTNEEHHBIM U YODOBAECNEOPTIOULUM HEPAEEHCMEY |aZ/ | <t < |bZ/ |.

HoxazareascTBo. O6o3naunm depes C(k) = (Eo(k), F1(k)) pesynb-
TaT pasjelAolero npeobpasopaHua KoHiaeHcaropa C = (FEy, Fy)
¢ moseM G oTHOCHTeNbHO cemeiictBa (Gymrimii { = pp(z) = 27/?
(2 € Di, Re( > 0). Tlo Teopeme 1.8 paGoTer [2],

n

1
cap C' > §anp C(k).

k=1

Kasawiii ns kongencatopos C(k), k = 1,..,n, 6yaer ynoBieTBopAThH
no KpaliHel Mepe OMHOMY U3 CJIIeAYIOIUX YCJIOBUMA.

(1") Cssasmas rommoHeHTa moss koHAeHcaTopa C(k), orTmemnser
Toukn 0 1 o0 B @C. IInomans »Toil KOMIOHEHTHI B JoTapud-
MUYECKOii MeTpUKe He MpeBOoCXoaUT Beauuunbl n?Sg /2 (mio-
ma b yBeawuuiach B n?/4 pas npu otobpaskenun ( = Zn/2
U ele yABOMJIACH 3a CUeT NO0GABIEHUA TPU pa3aeAronieM
mpeobpa3oBaHuy “MOJOBUHLI KOHIEHCATOPa B MOJIYIIIOCKO-
ctu Re¢ < 0).

(2') Opmna muactuna kouaencatopa C(k) comepxut kpyr {C : (| <

/2 /2

n/2 n o n
Tk } U CoeAUHAET TOUKY Clk C TOYKOU —Clk , a Apyras —

2
cogepskut muoxectBo {¢ : [¢] > RZ/ } u coenunser Touku
n/2 n/2
b, " m —b,'".
(3") Omma muactuna koHAeHcaTopa C(k) COTEPKUT MHOMKECTBO

{C K] > Rz/z} U COeUHsAET TOUKU bz/z " —bz/z. Hononuenue

K JApPYroii TJIacTWHe He COAEpHMUT Todek (1, (2, CBA3ZAHHBLIX
PaBEHCTBOM (1(2 = 7} .
(4") Omna muactuna kouaeHncatopa C(k) comepxut kpyr {C : [¢| <

/2 n/2

n/2 n o
Tk/ } n CoeqUHSAET TOYUKHN a, u—a, . Homonuenue K Apyrou

IJIACTUHE HE COAEPKUT Todek (1, (2, CBA3AHHBEIX PaBEHCTBOM
G162 = R
Ipu BBIMONHEHNK oaHOTO 13 yeiopwmii (17), (2') n (3') Bocmonbayemes,
cooTBeTCTBEHHO, demMmamu 2.1, 2.2 u 2.3. Cayuaii (4') cBomurca K
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(3") orobpakennem 1 = 1/(. Toaydnm HepaBeHCTBA
cap C(k) > (mod G(k))™', k=1,.,n,

rae koubila (k) — cuenmylomme: B mepBoMm caydae G(k) mmeer
sua {¢ : r(k) < [¢|] < R(k)} ¢ npowmssombuevu r(k), R(k) npwm
veaosuu n?S;/2 = (1/27)log(R(k)/r(k)); Bo BTOpoM — G(k) =
G(t, rz/z, az/z, bZ/z, RZ/z), B TpetbeM — G(k) = Hl(rz/z, bZ/z, Rz/z) ",
HakoHell, B yeTBepToM — G(k) = Hz(rz/z,az/z,RZ/z). Koaena G(k),
1 € k € n, cUMMETPUYHEI Kak OTHOCMTEIHLHO MHMMOM, Tak M OTHO-
cUTeJbHO BelmecTBeHHOW ocu. OTobpaskenue z = pI;l(C) = (2" paér
MCKOMBIE N-KPaTHO CUMMeTpPUYHbIE Koablla (g, TpUYEM KasKI0i 13 n
CUMMETPHUYHBIX cocTaBaAommx (5 0JHOJIMCTHO COOTBETCTBYET ITO-
nmoBuHa Kogbla G(k). OroHYaTebHO UMeeM

(mod G(/c))_1 = %(mod Gk)_l.

HepaberncrtBo (2.5) morasano. CorsacHo TPWHIWIY pPasidelAlolie-
ro mpeobpa3oBaHuA, B cilIydae paBeHcTBa B (2.5) koapmo G Hoink-
HO OBITH CHMMMETPUYHO OTHOCUTEILHO MPAMBIX, COAEpPrKAIIMX JIyYn
{z rargz = n(2k — 1)/n}, k = 1,..,n. CienoBaTenbHO, MOJIA KOH-
npercaropoB C(k) Tarke ABIAAIOTCA KOJBIAMU M OCTAETCA BOCIOIb-
30BaThbCA €JAMHCTBEHHOCTHIO B JjieMMe Penresa m jgemmax 2.2, 2.3.
Teopema mgokasama.

B psme gacTHBIX ciy4daeB Moaynb koabna G(t,r, a, b, R) HeTpymHO
COCUNTATh ¢ MCIOJb30BAHUEM SIIUNTUYECKAX MHTerpaios (cp. [2,
c. 41-42]). Cuenytonmii pe3yabTaT BEITEKaeT U3 yciobua (2) Teo-
pembr 24 mpu ry, =0 Ry =00, k=1,..,n.

CaencrBue 2.5. Fcau G — dsycesgsnad obaacmsy u dad xaxwcdozo k =
1,.,n (n > 2) odna uz xomnonenm donoanenud G coedunaem nexomo-
pyio mouky ap € Dy ¢ epanuyeds Dy, a dpyzad xomMnonenma Qonoanenus
coedungem wexkomopyw mouxy by € Dy ¢ zpanuyed Dy, mo ewnoans-
emcs HEPABEHCMEO
n K -1
mod G < E Zﬁ , (2.6)

N et K(\/l - q,%)

ede qp = dit(=ldi(a} ")) /dr (de(Bp/*))). t — awboe ¢ Ret > 0,

2 2 . .
ReaZ/ > 0, RebZ/ > 0, K(*) - noannd saaunmuveckud unmezpas
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nepeozo poda. B wacmuocmu, ecau ap = rpet2FT/0 by = Rpet?kTin gy
2 2
TZ/ <t< RZ/ . mo qp = /17 /R . Pasencmeo e (2.6) umeem mecmo

MOABKO 04T N-KPATMHO CUMMEMPUYHO020 Koavya Tefltmionsepa
Co\({z:0<2"<r" Uz 2" > R"}), O<r<R<oo,

ap = re2FTINp = ReVETIY k=1, n, npu <t < RYA

bl

3aMeTuM, UTO MepPBbIE MOMBITKN PACIIPOCTPAHUTEL DKCTPEMAJbHbBIE
cBoiictBa koier ['pérma u TelixMmionisepa Ha WX N-KPATHO CHUMMeE-
TPUYHBIE AHAJIOIM BBIMOJIHEHb KUTAACKUM MaTeMaTukoM X» [7]. B
ero paboTe UTOTOBLIA pe3yiibTaT cPOPMYAMPOBAH B BUIAE TEOPEMBI,
TaK e cojeprKallell YeThIpe yCIOBUA M HepaBeHCTBO Buaa (2.5), HO
€O CpeAHrUM apudMeTUYeCKUM B IpaBoil yactu. YerBeproe ycnoBue
TeopeMbl B [T] ABJIAETCA YACTHBIM CIydaeM TOM CUTyalMU B yCJO-
Bu (2) Teopembr 2.4, korma rp = 0, Ry = oo, ap = rpet2hm/n
by = Rpet® /7 k=1, n. K coxanennio, paGora [7] nanucana He-
GperHO U OCTaJIbHBbIE TPU YCIOBUsA CHOPMYJIUPOBAHBI C OMUOKAMMU.

"

MerTon moKa3aTelbcTBa B ®Tol pafoTe 0CHOBAH Ha 3aKOHAX KOMIIO-
UM T MOAY el ceMefcTB KpuBBIX (cM. 06 sToMm [2, ¢. 40]).

§3. HEPABEHCTBA JAJ5 OJHOJUCTHBIX &YHKITNMI

B mammoMm maparpade paccMaTpUBAIOTCA 3aAaUN, B KOTOPBIX 9KC-
TpeMaJbHasA QYHKIUA obiafgaeT n- KpaTHOW cuMmmerpueir, n > 2. B
OTIWYME OT YACTHOTO CJyvasd n = 2 TakWe 3ajJaud MeHee U3BeCT-
HBI. MBI BOCITOMIBb3yeMcA T€OPEMOR MpeABIAyINero maparpada, a Tak-
’Ke BHOBH MOHOTOHHOCTBLIO TMPUBEIEHHOTO MOAYIA U PAa3aeAroniuM
npeobpaszoBanmem. Takoii MoaAxoa 0AMHAKOBO MPUMEHWM A ()YHK-
i knaccos M u M(R), BBemennrix B §1. B wacTHOCTH, Teope-
My 2.4 MOMKHO WHTEPIPETUPOBATH KakK TEOpPEMY MOKPBITUA B KIac-
ce M(R). DTOT pe3yabTAT COAEPKNAT DAL KIACCHUECKAX TEOPEM B
AaHHOM Kiacce QyHEImMA. ONycKasd 37eCh 5TH CIEICTBUA W APYTHUE
pPe3yALTATHI, MBI OTPAHUUMMCH OIMEHKOU CHU3Y A MOIYJeid pous-
BOJHBIX B Kiacce M, OIMEHKOW cBepXy I MOAYIEH MPOU3BOIHBIX
B knacce M(R) M cMeMIAHHON TeOPEMO MOKPBITUA-MCKAKEHNA TaK
#e B riacce M(R). OnHoli M3 BKCTpEMANBHEIX (QYHKIMA B KIac-
ce M apisgerca GpyHEMA kn(z) def (k(z")Y/™, koropas KoHpOpMHO
U OAHONUCTHO oToGpaskaeT Kpyr U Ha w-MIOCKOCTH C pa3pe3aMu
mo aydam arg(w”) = 0, |w| > ¥/1/4. Drcrpemanbhoii GpyHEIMER B
riacce M(R) ABIAeTCA n-KpaTHO cUMMeTpuuHas GpyHEKImA ['pérma
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hn(2) = h(z;n, R) def Yh(zn; Rr), /1 =1, KOHYOPMHO ¥ O IHOMACTHO
oTobpaskaroman koibilo K Ha obnacth |w| > 1 ¢ paspesamu mo ny-
gam arg(w”) =0, P, < |w]* < oo, ne P, = A(R™; R*). B momonHeHne
K omlipenesenuio knacca M(R) yraskeM, YTO MO NPUHITANY CUMMETDHAN
mobasa pyHKIMA w = f(z) 9TOr0 Kilacca HOMYCKaeT aHAJIUTAYECKOE
npoposskeHne B Koibilo K* = {z : 1/R < |z| < R}. B naubHeiiniem
yEKa3aHHOEe MpoJoiKeHue 6yneM obosHayaTh Toi ke OykBoii f(z).
Caenyomuii pe3ynbrar ycuiaupaer teopemy 2.23 paborwr [2].

Teopema 3.1. ITycmy gynxyus w = f(z) npunadaencum xaaccy M, u
nyemsy zp, k = 1,..,n (n > 2), — npouseoasnsie mouku, ydosremeo-
paowue yeaosusm: |zy| = v, 0 < r < 1, u f(z) € D, k = 1,.. n.
Tozda

11

k=1

1—r"
(L)

2 ) f ()
Re f%(z)

(3.1)

Pasencmeo umeem mecmo dag Pynxyudl euda f(z) = ckp(z) v mouex
zp = re2FTIN =1, n, 20e ¢ — NPOUIBOABHAT NOAOHCUMEAVHAT NO-
CINOAHHAA.

JokazaTesbcTBo. PaccMoTpuM nBa KoHZeHCATOpPa

c* = (U:_l[o’ reiZkﬂ'/n]’ U:_l[(r_i_Ar)eiZkﬂ'/n’ eiZkﬂ'/n] U {Z : Z¢U})

¢= (Uzzl[o’ Zk]’ U::l[Zk + ZkA?”/?“, Zk/?”] U {Z LR ¢ U}) )

e TOoNOKUTENbHOe Unciio Ar BEIGPaHO HACTOJIBKO MAJBIM, UTOOHI
rourn f(zp + 2 Ar/r) mo-peskHEMY TPUHAIIERKAIA CeRTOpaM Dj.
IMyrem auccummerpusanuu [2, ¢. 33—36] kounercarop C' MoxKeT GBITH
nosyder n3 C* u, ciie 10BaTENBHO, A €eMKOCTEN KOHIEHCATOPOB BhI-
MTOJTHAETCA HEPABEHCTBO

cap C* > cap C. (3.2)

O6osnaunm uepes f(C) o6pas roHmeHcaTopa C' mpu oTOGpaskeHUN
w = f(z). CormacHo cieacTBuio 2.5, cupaBeiiMBa OleHKA

cap F(C) > 2i %

(3.3)
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riue qp = 1/d1_1(|dt(f”/2(zk + zkAr/r))D, t = f?(x), Ret > 0. Ias

ITOJIHOT'O DJIJUIITUYECKOTO MHTET paJla K(T) VMET MECTO CJeAYIoIIne

ACUMIITOTHYECKAe pasiioskenns [18, c. 116]:

4
v1-—r2?

1@%?3%:%+4J?7@ r—1,

Takum o6pazom,

K(r) =In +o(l), T—1,

K 2 4
(gx) = fl—— 1o(1), k=1,..,n.

K(vi—g) ™ Vi-dq

3nech 1 HImKe o1 o( 1) ToHNMaeTCA BeIUYrHA, CTPEMAIIAACH K HY IO
mpu Ar — 0.

C apyroii croponsl, kougercaTop C* KOH(GOPMHO SKBUBAJEHTEH
KOHIEHCATOPY ({z 0L, {22 2 R”}),

|: Tn/2—|—7“_n/2
(

2/n
1
7“—|—Ar)”/2—|—(r—|—Ar)—”/2] o R>1

n ero eMKOCTDb

K(VR-") 4n 4
capC*=n———>— = —In—n—— + 0(1).
K(Vi—R7) T VIR

C yuerom HepaBeHCTB (3.2) u (3.3), IpUXoAUM K COOTHOIIEHUIO

(1—q7)

! (14 o(1)). (3.4)

1<k:7
SU—RrR)y

PaccMoTpuUM OTAENLHO BhlpaskeHMs, BXOJAINMEe B IIPaBylo YacTb
(3.4):
nAr(l —r? +o(1))

1—R ™=
R r(r+ Ar)r(r* 4+ r=n + 2)’

(3.5)

L= |di(f 2 (2 4 Ar /7))
- 1_|_ |dt(f"/2(2k —|—ZkA7°/7°))|’

dk
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ve, pu £ = 712 (z),

d(f2 (2 + 2 Ar /1)) = S (4 2 Ar/r) — fn/Z(Zk).

Fr2 (2 + 2e Arfr) + 212 ()

Tak rax
A
f"/z(zk + ZkAT/T) = f”/z(zk) + EZk "

5T ) + o(Ar),

TO

fn/Z—l(Zk)f/(Zk)
Re fn/2(zy,)
Moacrasidas (3.5) un (3.6) B (3.4) u ycrpemasaa Ar K HyJIo, MoNyva-

eM nckoMoe HepaBeHcTBo (3.1). PaBeHcTBO MpoBepsAeTca HEMOCpe -
ctBerHo. Teopema mokaszana.

1 — ¢ =nAr

+o(Ar), Ar—0. (3.6)

HepabencTso (3.1) GvIIO mMoMydeHO paHee MPU AOMONHUTEITHHOM
yeaosum: arg f(zx) = 27k/n, k = 1,..,n, [2, c¢.59]. B srom cayudae
meBas dacTh (3.1) mMeer Bua

o/ T o)/ f ()l

Teopema 3.2. Fcau gynxyus w = f(z) npunadarexmcum xaaccy M(R),
mo das awbuz ¢, 0 < p < a/n, n>1, uawvbuz p, | <p < R, setnoa-
HAEMCA HEPABEHCTNEO

2n 2n B
H F(zr) H | £(zx) —f(Zl)|(_1) ' <
k=1 k=1

k#l
2n

h/(pneintp;Rn)
npn—l(h(pneintp;Rn) _ h(pne—zntp’Rn)) ?

(3.7)

20e

zoj_1 = pexp(i(—¢ +27j/n)), 225 = pexp(i(e +2mj/n)), j=1,..,n.
Pasencmeo e (3.7) docmuzaemed dag Pynxyuil w = hp(z) « mex m, npu
KOMOpWT cucmeMa mowex {zp} cummempuyuna ommocumeavho aywed
arg(z™) = 0.

Iokazateabcrso. [omoskum Z = {z}, W = {f(z)}, A = {(=1)*},

U= {ppr’}, pp =g =1, k=1,..,2n. llpumenss mocienoBaTeIbHO
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popmyny (14) paBorsr [4], cBoficTBO MOHOTOHHOCTH NPUBENEHHOTO
MOAYIA ¥ GOPMYIY AJIA MPUBEIEHHOTO MOIY IS KOMITJIEKCHOU Cheprt
[5, c. 78, 84], nonyuaem

,* » -
M(K™, 7, 8,%) = M(f(K"), W, A, %) = c—5 3 log|f'(z1)] <
k=1

< M(Ty, W, A, W)

2Z:log|f Zk)

1 2n
=—= 19— > (=) log|f(z) — f(= |—Zlog|f %)
81N

k=1

k£l
Ecan umcio m TakoBo, UTO CHCTeMa TOYEK {zp} CHUMMETPUYHA
oTHOCHUTeNbHO nyueid arg(z™) = 0, To cucrema touek {hm(z)}
CMMMeTpUYHA OTHOCUTeNbHO iydeid arg(w™) = 0. CiaemoBareib-

2n
Ho, ¢ymrmma . (—1)flog|lw — hpy(z;)| paBEa Hymio Ha Tpanure
obmactu hy,(K*). o teopeme 3 pabothl [5] 3akilouaeM, UTO A
¢yuRIMM Dy (2) TPM TAKMX M B TIPUBEIEHHBIX BBINIE COOTHOIIE-
HUAX MMeeT MecTo paBeHcTBo. OCTaloch IMOKa3aTh, UTO BeJMYM-
na exp(—8wn?M(K*,Z, A, ¥)) cobnagaer ¢ npasoii yactbio (3.7).
Bocnosnb3yeMca moBegenneM MpUBEIEHHOTO MOAYJA MpU KOH(POPM-
HoM oTobpaskenmu. Ilycts KX = {¢ : 1/R" < |{| < R"}, Z, =
{pne—irui)’pnein(é}’ Ap = {_L 1}a v, = {r/npn—l’r/npn—l}. Torna mo
reopeme 4 [5] ¢ npumeneruem popmyanbl 6 [4] u yyerom cummerpuun

Gyrrmmn H(() def h(¢; R™), monmydaem

1
M(K*, Z,A0) = =M(K?*, Zy, Ay, 0,)) =
n

1 (I pn zn¢>) .
21 n’ -9 A" ing n ing —
—SW[ Ogil/ gr:(p"e™ e ph e ?)
(H(K*),H(p”em“’)) — ;
21 n -9 (H(p" ing H{( " ing _

n zn 1 el n_—in n zn
o ()| = M(To {H ("), H(" ™)), A W)
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1 . 1
—— H/ n _ing —— [-9] 1 n—1
1 log [H'(p" e %) = o— [=2log(1/np" ")+

; : 1 .
+ 2log [H(p"e™ ") — H(p"e™)[] = ——log [I'(p" ¢
4mn
Teopema mgokasama.

Meromgom pazjeddioniero npeobpasopanusa obaacreid [2] MoxHO
MOJIyYNTh OIEHKY CBEpXy JJISA IpOU3BEeAeHUA MO Ly el IIpOon3Bo HbIX
B cillydae MPOM3BOJNBHOTO (He 06A3aTelIbHO YETHOI0) YMCIa COMHO-
EUTeseil, 0JHAKO TOJBKO JJIA CUMMETPUYHEIX TOYEK Ha OKPYAKHOCTH
|z|] = 1. Dror dakr Gein ormeuen panee A. FO. CouwHmubM [25,
c. 135]. Nmenno, uz 2.17 paborsl [2] derko ciegyer HepaBEHCTBO

‘ﬁ f/(ei(€+27rk/n))‘ < ‘ﬁ hil(ei(ﬂ'/n+2ﬂ'k/n))‘ — |h;z(em/n)|n,
k=1 k=1

rae f(z) € M(R). EcrecTBeHHO OBIIO OBl MPEANONOKNATD, UTO A
¢yurmmit knacca M(R) BBITONHAETCA

n
k=1

Omrako, paccmaTpuBas cynepnosunun so f € M(R), rae s — ApoGHO-
muHelHbIA aBToMopdu3M obiactu |w| > 1 Ha cebdA, merko ybexma-
eMcs, 4To JeBasd dacTh (3.8) MoskeT GBITH CKOJb YI'OAHO MaJjioil Be-
mranHoii. Ilo-BumuMomy, rumoresa (3.8) HeBepHa maske IJIA pery-
AAPHBIX QyHKIWIA Kiacca M(R). Bmecte ¢ Tem, ecnm f(z) € M(R)
v ToukM 2k, k = 1,..,n, n > 2, Ha okpyxHOCTH |2| = 1 TakoBwI,
aro f(z,) = @H2mR/M) k= 1 .. n, ¢ — BemecTBeHHOE WMCIIO, TO
BBIMIOJIHAETCA HEPABEHCTBO

f/(ei(€+27rk/n))‘ > |hL (D))" (3.8)

TII7 ol = )™

HeiictBuTenbho, coraacuo teopeme 1 [26], npu r > 1 u gocrarouno
6JIM3KOM K €IMHUIlE, MUHUMYM BBIPaKEeHUTO

H [A?/z(r, o+ 27k/n) — A;n/z(r, o+ 27k/n)
k=1

maer ¢yurnma e'¥hy(z). 3mech Af(r, §) osHavaer paccToAHME OT
HadaJla KOOpPAMHAT [0 OGJMMAKaMIIell TpaHMUYHON TOUYKM MHOMKECTBa
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f{z 1 < |z| < r}), nexameii vHa nyde arg w = 0, 1 < |w|. Sameyas,
uro As(r, o+ 27k) =14 |f'(ze)|l(r=1) +o(r—=1), r =1, k=1,.. n,
MOJIyYUM OTCIONa TpebyeMoe HepaBEHCTRO.

Hoka3aTenbCTBY Cienyloleli TeopeMbl MPEAIOIIeM ABe JTEMME,
KacaloNMeca BLIMUCIEHUA NPUBEAEHHBIX MOIYJel CUMMETDPUYHBIX
KOHQUTY pallnii.

Jdemma 3.3. IIyems Z = {1,e271/n . 2mitn=D/my A = [1,1,..,1},
W ={rr.. r} Tozla

. 1 . > 2/k
M(K* 7, A, W) = —%n{log(R ny = :71+R2nk}'
k=1

JokaszaTeancTBo. [lo olpemeleHNIo IpUBEAeHHOTO MOIYJIA,
. L . 1
M(K*, Z,A)¥) = }1_{1(1) (|C’(r,h AT+ %logr) ,

rae kougeHncatop C(r; K*, 7, A, ¥) MOKHO CUNUTATH CHMMETDUYHBIM
OTHOCUTEILHO OKpyskHOCTU |2| = 1 m ayueir argz = wk/n, k =
0,..,2n—1, [3,4]. O6o3Haunm yepes w(z) MOTEHIMAIBHYIO (YHKIIO
®TOro KOHJEHCAaTOopa, KOTOpas Takke o00JanaeT yKa3aHHOW CUMMe-

Tpueii. BBesem oTobpaskenue w = 5((267”/”)”/24—(,2@“/")_"/2)’ mepe-

Boasmee 06nacTs G = {z€e K :Jarg z| < w/n}ra DN{w:Imw > 0},
rae D — obnacTb, orpaHUYeHHaA »JJIUICOM ¢ pOKycaMi B Toukax +1
u nostyocavu (RY? 4 R="2)/2, (R*? — R=7/2)/2. Tlycte 2 = z(w) —

obpaTHOe oTOOpaskeHue, U MYyCTh

sy = { 2.

w(z(w)), Imw

8’ (3.9)

IN NV

YunuThlBad NPUHINI CUMMETPUM [AJIA TapMOHMYeCKHX OYHKIWUHA U
npunamn Jnpuxie, 3akaodaeM

-1
G

-1
- 1
= {n// |Vw|2dudv} = g|C’(r;D,{0},{1},{(n/2)r})|.
D
BHoBE 110 ollpeAeeHUIo IPUBEIeHHOr0 MO 1Y JIf,

M(D, {0}, {1}, {(n/2)r}) =
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. 1
= hr% <|C(r; D, {0}, {1}, {(n/?)r})| + py log r) .

Takum o6pazom,

MK Z,A,9) = LMD, 0}, {1}, {(n/2)r ) =

= o log[r(D,0)/(n/2)].

Ocranoch BOCHONBb30BATHCA GOPMYJIIOA NI BEIUMCIIEHUA BHY TPEHHE-
ro paauyca obuactu D [27, c. 315].

Jlemma 3.4. ITyems Q@ = C, \{z =2 +i0: |z| < 1/a, aubo |z| > 1/a},
Z=A{i,—i}, A={1,1}, O = {pr,ur}, edea>1, p > 0. Tozda

M(Q,Z, A W) = ilog[(a—l— 1/a)/u].

JlokazaTeqnLCcTBO. AHaJOTMYHO JOKAa3aTedbCTBY MNpeAbLAyInei Te-
OpeMBI, PacCMOTPUM CHUMMETPUUHBLIA OTHOCUTEILHO BeIleCTBEeHHOM
ocu u okpyxHOCTH |z| = 1 kommencarop C(r;Q, 7, A, ¥), u mycTb
w(z) — ero norenimanbHasa GyHenud. O6o3HauMM Yepes z(w) BETBb
¢yHEIIMHN, 06paTHOW ¢yHKIM dykoBckoro w = (z+1/2)/2, oTobpa-

FAIOIYIO BEPXHIOK MoymnockocTh Imw > 0 va {z: |z| > 1, Im z >

0} e Onpenensas &(w) Tak ke, kak B (3.9), monydaem

-1

= {2//Cw |va|2dudv}_1 = %|C(T;D,{0},{1},{w°})|,

rae obsacTh ) Ha BTOT pa3 e€CTh W- IIOCKOCTh C pa3pe3aMu BIOJb
aydeit {w=u+iv:v=0,|ul> (a+ 1/a)/2}. Orcrona,

M(Q,7,A,8) = SM(D, {0}, {1}, {ur}) =

1 1
= loglr(D,0)/4] = - logl(a+ 1/a)/4]
Jlemma mokasaHa.

Mycts Gyurmms w = f(z) npuHamiaexnt kiaaccy M(R). Ob6osHa-
unM depes Af(f) paccrosHme oT Hadasa KOOPIAUHAT IO OJIIDHai-
meid TpaHnyHOR Todkn obnactu f(K), nmemxalieil Ha OTKPBITOM JIyde
argw = 0, 1 < |w|] < co. Ecau npu mannom § yKaszaHHOU TOYKMU He
cymecTByeT, To monaraeM Az(6) = +oo.
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Teopema 3.5. Jaa dynkyudl w = f(z) waacca M(R) cnpacedaneo we-
pasencmao

- |f (21
1 Ag(ag)™Pr 4 Ag(ay)=m/ o S

k=1

2" = 2n/k
< Ty OXP (; = Ran) , (3.10)
20 zp = exp(2mik/n), n 2 2, ax = (Pr41 + 28)/2, Br = Pr41 — P,
or = arg f(zr), k = 1,..,n, @ny1 = @1 + 27, nenpepuenad eemed
apeymenma svbpana max, wmo p1 < @y < ... < @,. Pasencmeo s
(3.10) docmuzaemes das Pynryun w = hy, (/" 2).

JHMokrazaTreancTBo. BBeneMm cemeiicTBo obmacteil

{Dr}iz, Dr=Aw:pr <argw < grpr}, k=1,..,n,

u ceMelicTBO PyHKIMA {p;}h_q, ¢ = pr(w) = i(e_iwkw)ﬂ/ﬁk, oTobpa-

MKaIOIMMX COOTBETCTBEHHO obmacTy D Ha NpaByIo TOJYIIOCKOCTD
Re¢ > 0. Tycrs {CrtP_, — Pe3yJIbTaT pasIesAionero npeobpaso-
BaHuA koHmeHcaTopa C(r; f(K™*), W, A, ¥) 0THOCHTENBLHO CEMeRCTBA
GyHEIMH

{pk};cl:la W:{f(zl)a"af(zn)}a
A={1,..,1}, U= (=), |f (z0)|r}

[2, c. 27]. BBuay KOH(OOPMHONM MHBAPUAHTHOCTH EMKOCTH U 10 TEOPe-
me 1.8 [2], ass eMKocTel KOHAEHCATOPOB BBIIOJHACTCA HEPABEHCTBO

cap C(r; K*, Z, A, W) = cap C(r; f(K™), W, A, @) >

n

1

>§;Cap0k, Z:{Zla"azn}’ \IJI{T,..,T}.

Hanee, monoxum
Cr = s HSym(s(Cy))), k=1,..,n,

rae s(¢) = (¢ —9)/(( + i), a Sym o3HaYaeT CUMMETPU3AIAI0 OTHOCH-
TeJNbHO eJUHUYHOK okpyskHocTHU [2, ¢. 25]. HakoHerr, nomosxkum

Cr = O (r; Qu, i, =i}, (1,1}, {pr, per}),
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riae

Qi = Co\{C= €40 6] < Ap(on) ™7 ambo €] > Ag(en)/™ ),

pr = ﬁlx/lf’(%)f’(%ﬂ)l, k=1,..n.
k

W3 teopembr 1.7 [2] 1 MOHOTOHHOCTH €MKOCTH CJIEAYET
cap Cy, > cap C} > capCp, k=1,..n.

CyMMUDPYA BBIIUCAHHBIE COOTHOIIEHUS, 10y YUM
1 n
Lok
cap C(r; K*, Z,A,0) > §anp Cy.
k=1

O1crona

n

n*M(K*, Z,0,%) <> 2M(Q, {i, —i}, {1, 1}, {ar, pxr})

k=1
(em. [2, c. 12]). 3aBepmaer mokasarenbcTBO HepaBeHcTBa (3.10)
npuMeHeHue jemMMm 3.3 1 3.4, a TakKe KIACCUUYECKOIO0 HEPABEHCTBA!

Hﬁ;/n < %Zﬁk = 2%
k=1 k=1

Hna pyurmmn f(z) = hn(e”/”z) BO BCeX MPUBEIEHHBIX BBIITE COOTHO-
MMEHUAX UMeEeT MECTO PaBeHCTBO, CJIEA0BATEIBHO, PABEHCTBO MMEET
mecto 1 B (3.10). Teopema moraszaHa.

B sakmouenue oTMeTUM, YTO TEOpEMBI UCKazkeHUA B §1, 3 mpuso-
JAT K OIeHKaM K09 (UIMEHTOB B HEKOTOPBIX KJIACCaX OJHOJIUCTHBIX
¢yurimii. Hanpumep, mycth yHEmmMa w = f(z) NpUHAMIEKAT KIACCY
M u nycts, pononuutenbHo, f(0) = 0, f/(0) = 1. Torna B HEROTO-
poii okpecTHOCTH Todkn z = 0 GpyHEIMA f(2) TpeacTaBIAeTCA B BUIE
CTENEHHOTO pALa

f(z):z+a2z2+a3z3—|—....

MMonaras B HepaBeHcTBe Pana (§1) 21 = —re'?, z9 = re'?, u ycrpe-
masaa r — 0, moayuum cooTHomenue Ree?*? (a3 — az) < 1, koTopoe
BBU/Y MPOW3BOJBHOCTH { MAeT KIACCUYIECKOE HEPABEHCTBO

3 —aal <1 (1S(0)] <6).
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JI060onBITHO, YTO BTO e HEPABEHCTBO BHITEKAET M3 OIEHKA B JPY-
ryio cropony (1.3). Eme uaTepecHee ToT $akr, 4TO yCTPEMIAA B
cootHommennn (1.4) r ¥ HyJI0, TTOIYYNM OIEHRY

|2a5 —4daqsay — 3a§ + 8a§a3 — 3a§| <1

DTa oleHKa SKBUBAJEHTHA HEPABEHCTBY |S}’(0) —SJ% (0)] < 60, u 6pLTA
nojgyderna panee [5, c¢.91] Tak ke U3 MOHOTOHHOCTU IPUBEIEHHOIO
MOy A, HO OTHOCUTENbHO Habopa M3 Tpex Touek (a He YeTHIpEX Kak
B HallleM ciydae). DKCTpeMaibHON QYHKIMEH B BBHIMMCAHHBIX HEpa-
BeHCTBax sABnfAercA PyHrmMA Kebe k(z). damee, teopema 3.1 mpm
n=2,21=—2=7rur— (0 gaeT olleHKY

|as|” = (7/4)(Re a2)® + Re ag + 1 > 0,

rie skcTpemadbHoli 6yaer dyurims f(z) = z/(1427%) = z—234+25—. . .
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