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SKCIIOHEHIINAJIBHA S
YCTOMYMBOCTDH 1 OITEHKU PEIIIEHUN
CHUCTEM ®YHKIIMOHAJBHO-
INO®PEPEHIIMAJIBHBIX YPABHEHUI

T. JI. Cabarymuna, B. B. MaJibiruna

s cucreM JIMHEHHBIX aBTOHOMHBIX M depeHnnaabHbIX YPaBHEHHTII C Mo~
cje/leficTBUeM Pa3BUBACTCA METOJ, MCCAEJ0BAHUA YCTOMYMBOCTH, COCTOS-
Uil B IIOCTPOCHUU BCIIOMOI'ATE/IbHONU CUCTEMbl, aCUMIITOTUYCCKUE CBOICTBA
KOTOPO#l O/IM3KM K aHAJOTMYHBIM CBOHCTBAM HCXOJHON cucrembl. Hapsity
C HOBBIMU IIpU3HAKAMU YyCTOMYUBOCTU HalJEeHbl TOYHbIE OIEHKU CKOPOCTU
CTPEMJIEHUsI PErieHnii K Hy/110. DPOEKTUBHOCTD Oy YEHHBIX PE3YJIbTATOB
UJLIIOCTPUPYETCA PAJOM IIPUMEPOB.

Karueswvie caosa u pasor: cucrembl (DyHKITMOHATBHO-U((DEPEHITHATBHBIX
ypaBHeHUIt, SKCIOHEHIHAIbHAS YCTONYNBOCTD, (DYHIAMEHTAJIbHAS MATPHU-
1A, OIEHKA CKOPOCTHU PEIeHusi, MOHOTOHHBIE OMepaTOPHI.

BBenenue

[HeJib Hacrosieit padorbl — 10JIyUYeHue HOBbIX 3(DHEKTUBHBIX TPU3HAKOB
YCTONYIUBOCTH JIj1sl CUCTEM JIMHEHHBIX aBTOHOMHBIX (pyHKIHOHAIBHO- 11 de-
pennuasbubix ypasaenuii (OAY). UccnenoBanue 6asupyercs Ha mjiee 110-
CTPOEHHU T. H. «CUCTEMbI CDABHEHUS», KOTOPas, C OJHOW CTOPOHBI, IMeeT 0O-
Jlee TMPOCTYIO CTPYKTYPY, & C APYroil CTOPOHBI — Te K€ aCHMITOTHYECKUe
CBOICTBA, 9TO M MCXOJ/(HAS CUCTEMA.

Dra cxema YCHENIHO IIPUMeHsiIach B pabore |8 K ucciieoBanuio yeroin-
BocTH 00bIKHOBeHHBIX Juddepennuanbubix ypapuenuit (O/1Y), B padore |10]
oHa OblL/Ia MepeHeceHa Ha cucTeMbl JuddepeHnuaaibHbIX YpaBHEHHI ¢ cocpe-
JOTOYEHHBIM, a B pabore 11| — Ha cHCTEMBI ¢ COCPEIOTOUCHHBIM U PACIIpe-
JleJIEHHBIM 3ala3apiBanneM. OTMeTnM, 9TO BO BCeX MepedrncJIeHHbIX paboTax
B Ka4eCTBEe CUCTEMbI cpaBHeHus BoiOupasiach cucrema OJLY ¢ pumarona bhoil
MaTpUIEil, 9T0 CYIECTBEHHO YIIPOIIAI0 UCCIIeI0BAHNE.

Pabora Boimonena npu nojjepkke MuHHCTEPCTBA HAYKHA U BBICIIENO 0OPA30BAHUST
Poccuiickoit @eaeparuu, npoekt Ne FSNM-2023-0005.
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C apyroii ctoponbl, JaBHo 66110 3aMedeno |9, 13], aro LY ¢ masbiv mo-
cjejieficrBueM 110 cBoiicTBaM OJIM3KU K OOBIKHOBEHHbIM: UX (DYH/IAMEHTA/Ib-
HOE pellleHHe IT0JIOXKUTE/IbHO Ha IMOJYOCH, & €C/IU TaKoe ypaBHEHHE YCTOii-
YUBO, TO (DyHJAMEHTAJIbHOE pellleHrne MOHOTOHHO yObIBAaeT K HYJIIO MO KC-
MOHEHIHATLHOMY 3aKOHY (XOTS He SBJISIETCS SKCIOHEHTON U He BBhIPAZKAeTCsl
qepes djieMeHTapHble MYHKIMK). DTH CBOHCTBA O3BOJISAIOT, BRIOUPast CHCTe-
Mbl DJIY ¢ nosioxuTe/IbHONR (DyHIAMEHTAJILHON Marpuleil B Kayecrse CH-
CTeMbI CPABHEHUsI, PACIINPUTH 06IaCTh IpUMeHeHus Meroa. B pabore [15]
Jutd cucreM auddepennuaabHO-pa3HOCTHBIX YpaBHEHUII YCTaHOBIEH KpHUTe-
PUil 9KCIOHEHIUAJIbHON YCTOMYUBOCTH, IIpUYEM CUCTEMa CpaBHEHUSA TaKzKe
ObL1a juddepernuaibHO-PA3HOCTHOII.

B jannoit padbore Mbl nokaxkem, 4o KJjacc Bcromoraresbubix OJIY mo-
KeT ObITh CYHIECTBEHHO PACIIUPEH: HAPSI/LY C COCPEIOTOUYEHHBIM, MOKHO PaC-
CMaTpUBATDh TaKKe pacipejie/iIeHHOe 3ana3/ibiBanue. Kpome Toro, Mbl nmpuse-
neM psii 3hdEeKTUBHBIX KPUTEpUeB, KOTOpble 00eCIednBalOT IIOJIOKHTE/ b
HOCTb (DYHIAMEHTAJIbHOII MATPUIIBI CUCTEMbI CPABHEHUSI.

Eime oxna 3a/i1aua, Koropasi peniaercss B pamMkax Haliei padorbl — 3¢-
dexTuBHAS OIEHKA CKOPOCTU CTPeMJIeHUs pertenus: K Hyso. s aBronom-
ubix @OJIV 3amas/piBaoniero Tuia, Kak U3BeCTHO, CTPEeMJIEHUE K HYJIIO BCErjia
MPOUCXO/IUT 110 SKCIIOHEHIMAJIHHOMY 3aKOHY, UTO O3HAYaeT CYIIEeCTBOBAHUE
TaKUX MOJOKUTENbHBIX MOCTOSHHBIX N u «, uro |z(t)] < Ne *. Ounaxo
0e3 yKaszanus oneHok N U « WK aJropurMa ux 3p@eKTUBHOTO BHIYUCICHUST
3a/1a9a 00 KCIOHEHIUAJBHON YCTOWYUBOCTH HE MOYKET CUMTATHCS 0 KOHIA
pemennoii. B paborax [11, 12|, rue B KadecTBe cucreMbl CDABHEHUs BbIOH-
pasuch OJLY, Takoil aJropur™ yJIajgoch peajn30BaThb 3a CUeT IMPUMEHEHUs
rexuuku M -marpun. B mamreit pabore Mbl HCIOJb3yeM OJIU3KHE K TEOPUU
M-MaTpur, MeTo/ bl MOHOTOHHBIX OIIEPATOPOB, HO IIPE/IBAPAEM TOT JTAII MO-
JlydeHreM TOYHBIX OneHOK N u o jijist (pyHJaMEHTAIbHOTO PEIeHUs] CUCTEMBbI
CpaBHEHUSI.

§1. ITocranoBKa 3ajia4u

[Iyctb R u R, — MHO>XKecTBa BelIeCTBEHHBIX W HEOTPUIATE/HHBIX Be-
mecrBeHHBIX dnces, C — mome KoMItekCHBIX [mces1, R™ — mpocTpaHCTBO
BeIeCTBEHHBIX N-MEpPHBIX BeKTOpoB, R™ ™ — ajredbpa n X n-MaTpHIL ¢ HyJIeM
© u eqununeit I. Hopmy B npocrpancrse R™ u corsiacoBanuyio ¢ Heit HOpMy
R™ ™ oboznaunm | - |.
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Hepasencrsa A > B nonnMaem Kak COTBETCTBYIOIINE HEPABEHCTBA JIJIs
Becex astemento marpun, A u B. Uepes diag{as, ..., a,} 6yaem obosnagars
JINArOHAJIHHYIO MATPUILY, HA TJIABHON INATOHAJIH KOTOPOil CTOST IHCAA 1, . . . , Uy,

PaccMmorpum JinHeiiHy10 aBTOHOMHYIO cucTeMy (byHKIHOHAIBHO-TudhdDe-
PEHIUATBHBIX YPaBHEHU

o0+ [ dQe)att—5) =10, teR., 1)

rie 7 € Ry, @Q: [0,7] - R™ — marpuna-dbyHKIus OrpaHideHHOl BapHaIy,
Q(0) = O, unrerpajbl MOHUMAIOTCA B cMbicae Pumana — CTuirbeca, BEKTOD-
dyuknusa f: R, — R” jokanbao cymmmpyema. Hauanbuyio ¢gpynknuio, He
Hapymas obuaoctu |1, ¢. 9-10], cauraem 4acTbio BHENIHErO BO3MyIeHus f.

Banuck cucrembl QyHKIMOHAIBHO-Iu( HepeHnnalibHbIX yPaBHEHW B BU-
ne (1) ¢ ucnonb3oBanumem uuTerpaia Cruirbeca BKIOYaeT B cebsd ypaBHe-
HUS C PA3HBIMHU BHJAMU Tocje/eiicrBusg. B gacraoctu, ecin () — KyCO4HO-
nocrosinaas Ha [0, 7] dynknus, To (1) 3agaer Hanbosiee 4acTO BCTPEYAIOIT-
ecst duppepenyuarbHo-pasHoCmHbLe YPasHEHUML:

i(t)"‘ZAkI(t—Tk):f(t)a teRy, (2)

e Ay — DOCTOSIHHBIE 1 X N-MATPHIIBL, T, — HEOTPHIATEIBHBIE BEIECTBEHHbIE
qucIIa.

Caeays |1, c. 9-10|, nazosém peweruem cucremst (1) JOKaIbHO abCOIOT-
HO HEHPEPHIBHYIO BEKTOP-(DYHKIHMIO, YI0BJIeTBOPIONyo (1) mouru BCroay.
B yKa3aHHBIX BBIIIE MPEIIOTOKeHuaX cucreMa (1) ¢ 3aJaHHbIM HATAIbHBIM
yeaosueM z(0) € R™ ono3HaYHO paspelrnMa U ee pPelleHie MPeJICTaBuMO B
Buje |1, c. 84].

x(t) = X(¢)x(0) + /0 X (t—s)f(s)ds. (3)

Marpuna-dyukmus X : R — R"*" uazwsiBaercs gyrdamenmanvrol mam-
puyed cucrembt (1). OHa OIHO3HAYHO ONPEJIEJSIeTCs KAK PEeIeHre MaTpu -
HOI'O ypaBHEHUs

X(t) + /0 dQ(s)X(t—s) =0, teRy, (4)

JOLOJIHeHHOTO HavasbHbiMu yejoBusivu X (0) = 1, X (£) = © upu £ < 0.
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3 (3) caeayer, uro nopejgenue Ja06OI0 PEIeHus! MOJHOCTHIO ONPEIe/Isi-
ercs cBoiicTBaMu (DyHIAMEHTAJILHON MaTPUILbI.

Ounpepesienne 1. Cucremy (1) Ha30BEM 9KCNOHEHUUAALHO YemOoTuuEoT,
ecom cymectBytor N, a > ( Takme, 9To npu Beex ¢ € R, BBIMOTHAETCA Hepa-
BEHCTBO:

| X (t)] < Ne . (5)
Crenyroniyto MaTpuiry-QyHKITHIO

Gly) = —I + / & dQ(s), 7 € R,

Oy/ieM Ha3blBaTh Tapakmepucmuseckol dynryued cucremsr (1).

3ameuanune 1. Jlamnac-obpa3 dyuknum X nmeer BuI:

- —1
<p[+/0 e‘psdQ(s)) , pecC.

-1
D10 BRIpaxkenue copuagaer ¢ (G(y)) , ecan p = —7, TJe ¥ - BEIMIECTBEHHOE
TUCIIO.

Teopema 1 (|16]). Ilycrs v € [0,«) u cupasesinbo nepasencrso (5).
Toria umeer MecTo paBeHCTBO

/OOOX(t)e'Yt dt = G1(7).

Joxasameavemso. Ilycrs v € [0, «). Tlepennmem (4) B Buje

(X)) —yX(t)e = — /OT e’ dQ(s)X (t — 5)e"=%. (6)

[Ipounrerpupyem ob6e croponbt pasencrsa (6) or 0 10 ¢ 1 cMEHHM HOPsI/IOK
HHTEIPUPOBAHUS (ITO BO3MOKHO 10 Teopeme Dybumu [5, ¢. 317]):

X(t)e — / X(s)e’ds

= - /0 ( / e dQ(E) X (s s)ﬂs_f)) ds
:_/evfdQ (/Xs— )erts )ds)
—— [[etaqe ([ xeeas).



IKCNOHERYUAALHAA YCMOTYUBOCMS U 0UeHKY peutenud cucmem 134

[Tepeitném k npegeny upu t — oo. C yderom onenku (5), CXOAUMOCTH HHTE-
rpaJa fOOOX(t)e'Yt dt u reopemsbr Jlebera |5, ¢. 302-303] nosyuaem:

1+7/ X(s e'ysds—/e%dQ /X Ve ds,
/X )e?* ds.

U3 nociiejiiero paBeHcTBa CIEAYIOT 00a yTBEPKIeHUs TeOPeMbI. ]

Caencrue 1. Ecin cucrema (1) sKcrmoHeHIHATIBHO yCTOHIHBA, TO MAT-
T
pHIa fo dQ(s) obparuma, nupuiem

/OOOX(t)dt: (/OTdQ(s))_l.

Caencrsue 2 (|15, 3|). Ecan cucrema (2) skcrioneHnnaibHO yeToiauBa,
TO MaTpHUIa Zi\n/[:l A,, obparuma, npudem

-1
/ Xt <Z 4 ) .
Omnpenenenne 2 (|15]). Hasosem marpuiy A noaostcumenvro obpamu-
Mo, eCJTH OHa mMeeT obpaTHyo n A1 > 0.

Caencrsue 3. Ecin jpist pyrnamenranpnoii marpuipr cucremsl (1) crpa-
BEJIIHBA JIBYCTOPOHHSSI OI[EHKA

O < X(t) < Ne™™,

10 marpuna [ dQ(s) nosoxurensno obparnma.

§2. Cucrema cpaBHeHUS

Bbiesum B Marpuie () 9acTh JI€MEHTOB [VIABHON JHArOHAJIN U HEPeIn-
mewm cucremy (1) B Buze

x(t) + Ax(t) + /w dR(s)z(t — s) = /U dP(s)x(t —s)+ f(t), teR;. (7)

0 0
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Baecr A = diag{ay, as,...,a,}, ar € R; R(s) = diag{ri(s),r2(s),...,u(s)},
7(8) — MOHOTOHHBIE (DYHKIMK; BCE 3/JIEMEHTbl MarTpulibl-pyHkiuu P HeyObi-
Balomue; w,o € R,

Cucremy, KoTopast oupejessiercs JieBoii dactbio (7)

(t) + Ax(t) + /w dR(s)x(t —s) =0, teR,,

nasee OymeM Ha3bIBATh CUCMEMOT CPABHEHUA.
Tak kak marpunpl A u R(S) guaroHa/ibHble, TO CUCTEMY CPABHEHUS] MOZK-
HO pacCMaTpuBaTh KaK COBOKYITHOCTH HE3aBUCUMBIX CKAJAPHBIX YPaBHEHU

() + arx(t) + /Ow r(t—s)dri(s) =0, teRy, k=1n. (8)

st byHIaMEHTATBHBIX PElleHnii CKaIsgpPHbIX ypaBHeHuil Bua (8) B pa-
Gorax |6, 7| ObLIH Oy YeHBI TOYHBIE IBYCTOPOHHUE ONeHKH. [IpuBeieM 3/1ech
STU pe3yJIbTAThI.

§3. OmenKu i CKaJAPHBIX ypPaBHEHMI

PaccMOTpUM CKaJISIpHOE YpaBHEHHE BUJIA
(t) + ax(t) + / x(t—s)dr(s) =0, teRy, 9)
0

rie a € R, w > 0, r — dyuxnus orpanndennoit Bapuauu, r(0) = 0, unTe-

rpaj nonumaercs B cMbicsie Pumana — Cruiarbeca. Yepes xg = zo(t) Gyaem

obo3HavYaTh (hyHIaMeHTaIbHOE pelieHne ypapHerus: (9).
Xapakrepucrudeckasi byHkius ypapuenust (9) umeer Buj

g(v) = —v +a—|—/ e dr(s), ~veR.
0

XOPpoIio U3BeCTeH CJeyoNuil KpUuTepuil 1oJ10KuTe/ IbHoCTH (PyH1aMeH-
TaJIbHOI'O pelleHusd.

Teopema 2 (|2]|). Pyngamenraibroe penrenue ypasrenus (9) mooxn-
TesibHO 11pu Beex t > 0, ecjin u TOJIBKO ecjin (DYHKITHST § UMeeT Ha BeIl[eCTBEH-
HOJ ocH XOTsi ObI OJ[HH KODEHb.
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B ciayuasx, korga dbyHKIMs 7 sBIIsieTCsi MOHOTOHHO( (HeBO3pacTaromeit
Wi HeyObIBAIOIIEeit ), st Dy HIaMeHTaIbHOrO perenust ypasaenust (9) mosy-
YeHBbI JBYCTOPOHHUE SKCIIOHEHIHATbHBIE OIEHKH.

Teopema 3 (|6, 7|). Ilycre hynkums r neybpiBatomasi. Torna sxBuBa-
JICHTHBI CJICLYIOIIHE YTBEDK ICHHS.

o Dynyamenranbroe perenne ypasaenus (9) umeer npu HeKOTopbix v, N
0 JIByCTOPOHHIOIO OIIEHKY

0<xo(t) < Ne ™, teR,. (10)

e Cymecrsyer ¢ > 0, rakoe uro g(¢) =0, ¢’(¢) < 0.

*

e Cnpasegmper nepasencrsa g(0) > 0, ¢'(0) < 0 m [ e F9%dr(s) < (7,
rje (* — eJIHHCTBEHHBI KOPEeHb YDABHEHHS

/Cse(““)sdr(s):/ elCFD3dr(s).
0 0

Eciu ynaercs naiitn koperb ypasaerus ¢(¢) = 0, To onenky (10) MozKHO
cienarb 3pekTuBHOI.

Teopema 4 (|6, 7|). Ecin B ypapuennun (9) ¢ynkmms r HeyObIBaiomasi,
a JIs XapaKTepHCTHIECKOH (DYHKIHH IIPH HEKOTOPOM BemiecTBeHHOM ( > 0
soiiojaenbl yeiaosus §(C) = 0, ¢'(¢) < 0, 1o ¢yHramenTa/IbHOE pelieHe
vpasrenus (9) umeer JBYCTOPOHHIOIO OLEHKY

e < x(t) < — teR,, (11)

H, KpoMe TOro, tllglo xo(t)est = — PIGE

3ameuanue 2. [lokaszare/ib SKCIOHEHTHI H IIOCTOSHHBIE 1 n B

1
90
onenke (11) Tounsre.

Teopema 5 (|6, 7|). Ilycrs ¢pyukmus r nepospacraoias. Torna sxkBuBa-
JICHTHBI CJICYIONIHE VTBEDIK TCHHS.

o Dynyamenranbroe pemrenne ypapuennst (9) nmeer onenky (10).
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o DyHKIIMS § UMeeT BelleCTBEeHHbIH KOPEHb.

e a+r(w)>0.
Teopemy 5 TakzKe MOZKHO yCUJIUTb, €C/JIU HalijleH KopeHb (DYHKIHA ¢.

Teopema 6 ([6, 7|). Eciu B ypapuennn (9) yrkmst r HeBo3pacraromas
u upu HeKoropom serectsenrom ( > 0 cupaseguso pasercrso g(C) = 0, 1o
dbyHamenTagabaoe penrenne ypapuenns: (9) uMeer JByCTOPOHHIOIO OICHKY

me™ < mo(t) <e ¢, teRy, (12)
. Ct — 1
", KPOMe TOro, tlgg} xo(t)e 7O
Bameuanmne 3. [lokasare/b SKCIIOHEHTHI ¥ HOCTOSHHBIE 11, = n[lin] xo(t)est
te|0,w
u 1 B onenxe (12) rounsre.

Bepuemest Kk cucreme cpashenusi (8). Banumiem ee byHaMEHTAIbHYIO
MaTpPHILY
Xo(t) = diag {xo1(t), zo2(t), ..., xon(t)},
rje Tor — dyHIAMEHTAJbHBIE DelleHus: ypaBHeHuii (8), u XapakKrepucrude-
CKYI0 (pYHKIIHIO:

Go(7v) = diag {g1(7), g2(7), -+ g ()},

IJie g, — COOTBETCTBEHHO, Xapakrepucrudeckue (yHkiun ypasaenuii (8).
Cunraem, uro npu k = 1, m dynkmun ry, neyObiBajouye u /s (HyHKImi
gk BBITIOJTHEHDI ycjioBus TeopeMbl 4, a npu k = m + 1, n GyHknuu r, HeBO3-
pacrarommue u i (GYHKIUN g, BBIIOJHEHBI YcaoBuS TeopeMbl 6. Yepes (i
0003HAYNM HAMMEHbIIIe MOJOKUTeIbHbIe KODHU (DYHKITII gy.
U3 teopem 4 u 6 1ojiydaem OLEHKH Jijist 3JIEMEHTOB (DYH/IaMEeHTaIbHOIM
marpupbt Xo(t):

1
9% (Ck)

ectn k=m+ Ln, 1o mye < aop(t) < e (14)

eciu  k=1,m, 1o e %< zog(t) < — e ¢k (13)

Takum obpasoM, /g pyHIaMEHTAIbHOU MaTPHILI CHCTEMbl CPaBHEHUS
clpaBe//InBa OleHKA,

O < Xo(t) < Nem®@'  tec Ry, (15)
e Co = min {1, oy ..., G}, N = diag{—gi(—lﬁ),...,—m,l, S
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§4. OcHOBHBIE Pe3yJIbTATHI

Ucnonb3ys (8) B KauecTBe CHCTEMbI CDABHEHUST, Oy YUM JIBYCTOPOHHIOIO
OleHKY (DyHIaMEeHTATbHON MaTpHIBl cucTeMbl (7).

13 pasencrsa (4) ciaeqyer, aro dyHmamentaibaast Mmarpuna cucrembt (7)
OJIHO3HAYHO OIIPee/Isercs KaK pelleHne MaTPUUHOIO YPaBHeHUd

X(t)+ AX(1) +/ dR(s)X (t —s) = / dP(s)X(t—s), teRy, (16)
0 0
nonoaaenHoro Hadanabubivu yeaosusayvu X (0) = 1, X () = © mpu £ < 0.

Ucnonb3ysa dopmyry (3), nepenuniem ypasuenue (16) B 9KBHBaJIEHTHOI
HHTErpaJbHOil dopme:

X(t) = Xo(t) + (TX)(t), teRy, (17)

rie
(TY)(#) = /0 Xt — 5) /0 AP (O)Y (s — 0) ds.

SameTnM, 9T0 oneparop 1’ gBigeTcd WHTErpaJbHBIM ollepaTopoM Boub-
Tepphl, CIeI0BATENbHO, er0 CHEKTPAJIbHBII paanyc paBeH Hym0. Ecan GyHk-
nust P ue yosiBaer ua [0, o], o oneparop 7' uHBapHaHTEH OTHOCHTEJILHO KOHY-
ca HEOTPUIATE/IbHBIX MATPUI-(DYHKIHH. DTH (PAKTHI MO3BOJISIOT TPUMEHUTD
K oneparopy 1 cieayromuil n3BeCTHBIN pe3ysibTar.

IIpengioxxenue 1 ([4, Teopema 9.3, ¢.86|). Ecuau g marpumnpr V > ©
CIIPABEIINBO HEPABEHCTBO

V<TV+X, (TV+X,<V),
oV < X (X <V), pme X — pemenne ypasuenns X = TX + X,.

Jlemma 1. Ecin Xo(t) > 0, a marpuna-yukmust P e yobisaer, 1o ¢QyH-
Jgamvenraipabie Marpuisr cucreM (7) u (8) csszanbl Hepasencrsom X (t) >

Xo(t).

Jokasamenvcmeso. llycrs V = O, Toryma u3 npeamoxkenus 1 cieayer, 9To

X(t) > O, a u3z paBencrsa (17) ¢ y4eToMm yCJIOBHIl JIEMMBI [10Jy9aeM, 9TO
X(t) > Xo(t). O
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Sameuanne 4. Tak kak st marpunst Xo(t) vepasencrsa (13) u (14)
12107 3MEKTUBHYI0 OUEHKY CHU3Y, TO B CHJLY JIEMMbI 1 T€ »Ke CaMble OLeHKH
BepHbI U st MaTpuisl X (t).

I[TIycre v € [0, o). Oboznaunm

Ue) = [ maP), G = Goln) ~U)
H(y)=1-Gy'(mUH).
Bamerum, 910

H(7) =G5 (1)G(y), H'(y) =G (1)Go(),

caeoBaresibo, Ha [0, (o] marpunpt H(y) n G(7y) 1010KuTeIbHO 00PATUMBI
OJIHOBPEMEHHO.

Jlemma 2. Ecjmmi it pyHIaMeHTa bHOH MATPHI[EI CHCTEMBI CPABHEHHS
BointosiHensl ornenkn (15) u npu wekoropom v € [0, (o] marpuna H(vy) mo-
JIOXKATEJILHO obparnMa, T0 Juisi (pyHjIaMenTaibHoi Marpuibl cucrembl (7)
CIIPABEIUBA, JIBYCTOPOHHSIS OI[EHKA

O < X(t)<H 'Y y)Ne ™, teR,. (18)

Jloxasameavcmeo. Obosmaunm C = H~'(y)N, rge N — quaronanbHast
matpuna B onenke (15). Takum obpaszom, C' > O u

C=N+G(MUH)C.

[Tomoxum V(t) = Ce ™ u ybGeaumcst, 9TO BBIIOJHEHO BTOPOE U3 yCJOBUI
B upejiokenun 1. [eficrBuresbro, ucnosub3yst teopemy 1 u onenky (18),
oIy 4aeM

(TV)(t) + Xo(t) / Xo(t —s / P(9)Ce 0 ds

< Ne 4 / Xt =) [ ap(@)erce s
0

= Ne™™ + < / Xo(t —s5)e7™9 ) /0 “"’dP(G)) Ce™

< Ne ' 4+ (/ Xo(s)e™® ds) U(y)Ce™
(N+Gy'(MUW)C) e ™ = Ce " =V (t).

B cuity npeioxkenus 1 orciona caeayer, uro X (t) < Ce™ . O
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Teopema 7. Ilycrs st pyHsaMeHTaIbHON MATPHUI[BI CHCTEMBI CDABHE-
aust Boiosinensr onenkn (15). Ecin marpuia H(0) nostoxnresibao obparuma,
10 cucrema (7) 9KCIOHEHITHAIBHO YCTOHIHBA.

Jlokasamenvemeo. Tak Kak BCe BHEIMArOHAILHBIE 3JIEMEHTBI MATPUILbI
H(0) meoTpunare bHbl, TO OHA IOJOKUTEIHLHO OOpATUMA TOLJA U TOJBKO
TOrJIA, KOIJIA BCE ee yIVIOBbIe MUHODBI IOJIOKUTEAbHbI [14].

O6oszuaunm yepes My(y) (k = 1,n) yriosbie munopbt Mmarputist H (7). TTo-
ckosIbKY M. (7) cocraBiieHbl U3 CyMM M IPOU3BEIEHUI HEIPEPbIBHBIX (DyHK-
nuit, To u3 Toro, ¥ro My (0) > 0, ciemyer, 4To CyIecTBYeT HEeHYJIeBOii mpo-
MexRyTOK [0, %), Ha KoTopoM My () > 0. Buaunr, marpuna H(7y) momoxn-
TesibHO obpaTuMa Ha MHOXKecrBe [0,7), rie v* = min ;. Ceblika Ha Jemmy
2 3aBeplaeT JI0Ka3aTeJIbCTRO. ]

CaencrBue 4. Ilycrb jyjisi pyHjiaMeHTabHOH MaTPUIIBI CUCTEMbI CPaB-
nenust Boinosensl onenkn (15). Cucrema (7) SKCHOHOHI_U/IaJIbHO ycroidusa,
ecin i Tosbko ec Marpuna G(0) = A+ [" dR(s)— [ dP(s) nomoxuresno
obparumMma.

Aokasamenvcmeo. HeobXoamMocTh BBITEKaeT W3 CJIEJICTBUSA 3, a JIOCTa-
TOYHOCTb — U3 TeopeMbl 7 u (paKTa OJJHOBPEMEHHOI 110/I02KUTE/IbHOM 00pa-
rumoctu marpur, H(0) u G(0). O

Bameuanue 5. CiejcrBue 4 coBHAJAET ¢ KPUTEPUIMU IKCIOHEHIUAI b
HOIl yCTONHYUBOCTH, MOTYyYeHHBIMU B pabore [15] ayis caydas, Korma cucre-
ma (7) mmeer BHT

—I—ZAkzvt—wk = x(t—oj), teRy,

k=1

IIMk

u B pabore [11] mag coaydas, korma cucrema (7) UMeeT BUJ

x(t) + Ax(t) ZB:L’t—O'])—l—/OF(S)ZE(t—I—S)dS, t € R,.

Obparumcs eme pas K JOKa3aTeabCTBY TeopeMbl 7. JIerko 3ameruTs, 4To
YCJIOBUSI TEOPEMBL 7 00ECIIeYnBAIOT HE HPOCTO IKCIIOHEHIHAIBHYIO YCTOHIH-
BocTh cucrembl (7), HO Bbinoanenue onenku (18) ma muoxkecrse [0,7*). Ma-
HUILYJIUPYsI 1APAMETPOM 7y BHYTPU YKA3aHHOI'O MHTEPBAJIA, MOKHO CJe/IaTh
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GoJiee CUIBHBIM [10KA3aTeJb IKCIIOHEHTD (HO IIPU 9TOM yBeJndnTh Koadu-
IUEHT IPU YKCIOHEHTE) WM OCTABHTDL LOKa3aresb Oojee caadbiM (3a cuer
1ero ymeHbuTh Koddhdunuent). Takum obpasom, onenka (18) maer mesoe
cemeiicTBO 3 HEKTUBHBIX OIEHOK, €CU MBI YMeeM OIpeeadaTh Jucao v*. B
JTOKa3aTeabCTBE TeOPEMBI 7 MBI OIIPeIeJ NI er0o KaK HANMEHbBIIIHiT I3 ePBBIX
HOJIOKUTEJIbHBIX KOpHeil ypasuenuii My(v) = 0. Ho B geiicrBurensroctu
cupase/iyiuB 60Jj1ee CuJIbHbIN (hakT.

JIemma 3. Ilycrp marpuna H(0) momoxurespHo obparuMa u vy — Hep-
BBl mostokuTeTbHBI Koperns ypasrernus det H(y) = 0. Torga H(y) mo.o-
KuTeapHo obparuma npu seex 7y € [0,7).

Jlokasamenvcmso. Ormerum, aro marpuia H () keasunenoioscumens-
Ha: BCE ee BHEIMATOHAJIBHBIE JIEMEHTHI HEMOJTOKUTETHHBI.

Haz0BéM KBa3WHENOJIOKUTETBHYIO MATPHUILY NpasusbHol, eCI TP 3a-
MeHe JII0OOT0 ee cToJI0Ia JIIOObIM HEHOJIOKUTEJbHBIM CTOJIOIOM 1OJIy YaeTCs
MaTpPHIA, OLPEIEJUTE/ b KOTOPON HEHOJIOKUTE/IeH, U HENPABUALHOT B IIPO-
TUBHOM CJly4ae.

Kaxk usBectHo [8, 1. 6|, mosoxkuTebHas 06pATHMOCTD KBA3UHEIOI0KH-
TeJIbHOIT MATPHUIIBI PABHOCHIbHA MOJIOKUTETHHOCTH BCEX ee IJIABHBIX MHUHO-
pos. Takum obpaszom, Bce ruasubie Munopsl Py (0) marpunst H (0) mosoxu-
TesibHbl. B cuity HenpepbiBHOCTH Jist HeKoroporo 0 > 0 u Bcex v € [0,0)
umeeMm Pi(y) > 0. B 910M 1yHKTE JOKa3aTe/IbCTBA IIOKAKEM, 4TO Jiist Y €
[0,0) Bce raBHBIE HOAMATPHIBI (T.€. MATPUIIBI, MOJIYyYIaeMble BHIYCPKHBA-
HUEM CTPOK H CTOJIOIOB C OJIMHAKOBBIMI MHOYKECTBAMU HOMEDPOB) MaTPUIIBI
H(7y) ocrarorcs npasujibubiMu. [[jist 97010 HOKazKeM, 9T0 U3 CyHIeCTBOBAHUS
HElPABUJIbHON IJIABHON noaMarpuibl Marpuibl H () ciaepyer cyniecrBoBa-
HUE €€ HeIIPABU/ILHOI [JIABHOM 110IMATPHIIBI MEHBILErO pa3Mepa. TeM cambim
1e/1b OyIeT JIOCTUTHYTA, IIOCKOJIbKY BCe MaTPHILI pasMepa 1 X 1 npaBuibHBIE.

Homycrum, uro cymecrsyer riapuas nogvarpuua Hy, = (hij)y,_, Mar-
purpl H () u HenosmoxureabHbli crosbder g = col (gq,. .., k), 3aMeHsId KO-
TOpPbIM M-t crojider, MaTpuiibl Hy, nojydaem marpuily M ¢ 110J102KUTE/IbHBIM
oupe/jiejure/ieM. Pa3jioKum 9T0T Olpeje/uTe/ib 10 m-My CToJIOILy:

hia Pim—1 himsr ha
. h ........... hh ............. h
det M = -1 m—+i : i—1,1 - .- i—1l,m—1 i—1l,m+1 - - - i—1,k
;( )" hivip -0 higim—1 Pigimer - higigk
h1 Pkm—1 Pkem+1 Pk i
k
= Z(—l)mHgi det H; y = gy det Hppy p — Z gi det G pm,
i—1 i€ {1, m—Lym1,.. k)
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riae marpunbl G, HOJIydaroTcs u3 Marpul H; ,, 1epecTaHoBKOH’ i-ro cTo/iona
Ha Mecto (m—1)-ro (ecan i < m) win (i —1)-ro nHa Mecro m-ro (ecau ¢ > m),
9TOOBI BCe 3JIeMEHTHI 1j ; OKa3aJuch Ha IVIaBHOH nmaronanm. B cmmy Toro,
aro ¢; < 0,4 = 1,k, u det H,, ,», > 0, mosydaeM, 9TO OIUH U3 OIpeeTuTe-
neit det G, © # m, MOJOKHUTETEH, & TO O3HAYAET, YTO OJHA M3 IVIABHBIX
noaMarpuil nopsaka k — 1 marpunpl Hj HenpaBuIbHAA.

2. Teuepb 3amerum, 4To JiemMMa OyeT Jl0Ka3aHa, €C/Iu /I YIVIOBbIX MU-
HOpOB MarTpuipl H () Gyaer MOKa3aHO CJeNyolee: eI JJisi HEKOTOPBIX
ke {l,....n—1}my > 0 mveem My(y) = 0u My(y) > 0,4 = 1,k,
v € 10,7), 10 Miy1(71) < 0. Iokazkem 31o0.

O6osnaanm H(y) = (hi;j(7))i;=1 U 4epes py; oupejesuTe/n MaTpHIL,
0Opa30BaHHbIX LiepecedeHueM 1epsbix k crpok marpuibt H () u ee crosibnos
¢ mepBoro 1o (k + 1)-ii, kpome i-ro. 3amernm, 4ro

M1 () = gt o1 (0) M (y) + Z(_1)k+1+ihk+1,i(7)ﬂk,i(7)-

i=1

Ecmu Mg(v1) = 0 u Myyq(71) > 0, TO cpeau ciaraeMbiX B mpaBoil da-
CTH B CHJIy HEIPEPBLIBHOCTH €CTh IIOJOXKUTEIbHBIC /I HEKOTOPBIX Y < 7i.
Ho (—=1)hsi1i > 0, a unciaa (—1)¥ () paBHbl onpeeuTe/ 1M MaTpHIL,
[OJIy9eHHBIX 3aMEHOi ¢To/101a B ryiaBHON nogmarpune Hj pasmepa k X k
marpuiibl H (7) HenosiokureibbiM cTosionoM. Takum obpasom, marpuna Hy
menpasmibHadg. A 310 B ety M;(y) > 0,7 = 1,k, v € [0,71), KaK moKa3aHo
B IIyHKTe 1, HEBEPHO.

Takum 06pa3om, chOpMYIIPOBAHHOE BLILIE YTBEPXKICHAE JOKA3AHO, a U3
HErO CJIeyeT JIieMMa. U

U3 nevm 2 u 3 mostydaem ciaemayromniil pe3yabrar.

Teopema 8. I[Iycrb i GyHIAMEHTAIBHOI MATPHIIBI CHCTEMbI CPABHE-
mmst BermostHensl onenkn (15), marpuma H(0) momoxkurenbHo obparnva, a
~o — HepBblii MOJTOKHUTEbHBIH KopeHb ypaBaenns det H(vy) = 0. Torga st
dbyHgamentaabaoii Marpuibl cucrembl (7) npu Beex 7y € [0,70) cupasepinba
JABYCTOpOHHsIsE onenka (18).

§5. IIpumepsnr

[IposemoncTpupyem paboTy MOy YEHHBIX PE3Y/IbTATOB HA HECKOJIbKUX IIPU-
Mepax, BbIOUpas B Ka4ecTBe cUcTeM cpaBHeHus (pyHKImoHaIbHO-11uddhepen-
IUa bHble YPABHEHUS C PA3JIMIHBIMU BHIAMU IIOCIEICHCTBUSI.
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ITpumep 1. Paccmorpum cucremy DJLY, st KOTOpOit cucrema cpas-
HEHUs COJEPKUT COCPEJOTOYEHHOE 3alas/biBanue, npudeM (ynkius r1(s)
HeyOpiBaomasi, a ro(s) = 0.

1
1(t) + 1.5z (t — 0.2) = / xo(t — s)ds,
0

Dyngamenraibias Marpuia cucrembl cpasaennst Xo(t) = diag{xo1(t), zo2(t)}.
OueBuno, uro xop(t) = e 1 naityém Tounble ouenku jiist ByHIaMeHTa b
HOI'O perieHus Toi(t) ypaBHeHus:

Bboinuiiiem xapakTepucTuieckyio (pyHKIHUO
g1(7) = —v + 15"

1 ee IPOU3BO/IHYIO:
g1(\) = —1+0.3¢".

BelumciuM BelecTBeHHbIe KOPHU ypaBHeHus ¢p(7y) = 0:
v1 ~ 8.90669, v, ~ 2.44701.

Uckombrit nokazaresnb (1 ~= 2.44701. Orcrona

1
gi(¢)  1+02¢

Omenky j/is pertenusi ypapaenus (19) MOXKHO 3allicaTh B BUJIE

~ 1.95849.

e 20 <o (1) < 1.9585 e 24T ¢ >0,
Broranconm

Go(y) = diag{—v + 1.5e%27, —~ + 1.2},

1 1
Gyl(7) = di
0 (7) lag{—7+1.560-2v’ —7+1.2}’

U _ 0 L—y_l H _ 1 _WL—\/_I
(7) - 05 _I_ 0.36'\/ 0 ) (7) - _0.5+0.36'y 1 9

—y+1.2
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(0.5+0.3¢7) <=2

det H(v)=1—
et H(y) (—y + 1.2)(—y + 1.5¢027)’
1 1 1 e’—1
H! _ . —y+1.5e927  ~ )
0= ety (s 77
Torna
1 1.9585 R ——
_ -1 _ —v+1.5¢927
C=H"(7N det H(7) (1.9585 . 70?;213;7 1 )

1 Yo ~ 0.336883 — mepBblil nosoKuUTENBbHBII Hy b ypaBuenus det H(y) = 0.
Ouepuyno, uro H~1(0) > O, Teopema 8 npumMeHuMa.
Haiiém marpuity C' i IBYX pa3HbIX 3HAYEHUI :

21.0752 9.70739
mpu y = 0.3 mvees = {51010 10 7609 | -
Cod o (A40963 1.65557
mpu y = U.1 nMeeM ~ \3.33349 2.25153 )"

Jlna mo6oit maper C, v nmoayuaem onenky diag{e 24 e~ 12} < X(t) <

Ce_'yt, te R+.

IIpumep 2. Paccmorpum cucremy @JLV, cojeprkaliyio 1 COCPeI0TOYEH-
HbIe, I pacipeje/leHHbIe 3alla3/plBannd. B cucreme cpaBHeHHsa 00e (DyHKIHH

r1(s) u r2(s) HEBO3pacTaOIIHe.

iﬂ0+2m@y—l;xﬂ$ds—%m@—2):O5A:m@—sﬁ&

1

B pabore |7| misa ypaBHeHuii cpaBHeHs

t
1
1(t) + 221 (t) — / x1(s)ds — §x1(t —2)=0, teR,,
t—1

ix0+@@%~i?mQ—U:0,

2e

teR,.
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HailJleHbl TOYHbIE OLEHKU (DYHIAMEHTAJIbHbIX PelleHuil:

0.026e 01 < 201 (1) < e 018 t e R,
e T <zp(t)<e 2z, teR,.

Hasiee nojrydaem:

GO(V) = dla‘g{_/y_'_ 2 — % - %62’\/7 - + 11— Le’\/}v

2,/
0 0.5<t ! e N
U(v)z( ' ) Hy) = y 7
. ’ _ 1
03 0 v
eV —1
det H(y) = 1= o —"
() (o)
1 Q{.Sl : e’—1
1 —y2-E—= ey Y
H—l - = ¥ 2
(’7) det H(’}/) 0.3 1 )

e

1
5

Yo &~ 0.088147 — nepBblil MOMOKUTENBHBI HYTH ypaBHenus det H(y) = 0.

[TockobKy
5(2y/e—1)  5(2y/e—1)
H—l(o) — < 7v/e—5 7ve—5 ) > O,

5(2y/e—1) NG
TVe—5 TVe—5

TO TeopemMa 8 IPUMEHUMA.
Haiigém marpuity C = H ' ()N jj1s HECKOJILKUX 3HAUYEHUIT :

upu v = 0.08 ummeem C = (10-3846 18.5026) |

5.26714 10.3846
2.89932  3.99609
upu v = 0.05 umeem C = <1,37804 2.89932) ’

npa v = 0.02 mmeem C = <2~01042 2.25866) '

0.899374 2.01042

Tlsist 11060it napbi C, v mosyuaem onenxy diag{0.026e=0183% ¢~} < X (1) <
Ce ', teR,.
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ITpumep 3. Pacemorpum cucremy @JIY, B cucreme cpaBHeHust KOTOPOit
dbyukuus r1(s) HeyObiBaromas, a ro(s) HEBO3pACTAIOIIA.

(

l’l(t) — O5l’1(t) + 21’1(t — 01) + /fjo , 1’1(8) ds =

1
= 0.6x1(t — 0.3) + 0.5/ xo(t — ) ds,
0

\l"g(t) + 151’2(t) — l’g(t — 1) = 031’1(t)

B pabore |7| misa ypaBHeHuii cpaBHeHs

t

&1 (t) — 0.521(t) + 224 (t — 0.1) +/ x1(s)ds =0, teR,,

t—0.2

l’g(t)+15l’2(t) —l’g(t—l) =0, t GR_H

ObL/IM HANJIEHbl TOYHbIE OIEHKHU (DYHIAMEHTAJIbHBIX PelIeHuit:

e—2.261t S $01(t) S 1'3856—2.2601‘/7
0'2826—0.236t S x02(t) S 6—0.235t7

te Ry,
teR,.

CTpOI/IM BCIIOMOTI'aTe/JIbHbIE MaTPHUIIbI

Go(vy) = diag {—7 — 0.5+ 2% + &3_1, —y+ 15— e“*} :

0.6¢%%7 0.5
U(v)zz( ! ),

0.3 0
.6e"" 5 el—
1— 0.6e%-37 i 0 -1
0.2y 1 027 1
. —~—0. 0.1~ € —~—0. 0.1~ v
H(y) = 'y 05+20e3 +— 7=0.5+2e017 45— ’
[ Y e 1
-1
0.37 0.15&—=
det H(y) =1 — 06 et — T :
—7—0.5+260'17+T (—«,—0.5+260~1V+ ) (—v+1.5—e7)
1 0.5 e’—1
0.2
H () 1 0542601y &=L T
v = 0.3 0.6€9-3Y )
det H(’y) 55— 1-— oy

0.
_»Y_O.5_|_260A1fy_i_eT

HAXO/MM TEePBbIH MOJOKUTETbHBINH KOpeHb ypasuenus det H(y) = 0: v =~

0.157756. IlockonbKy

17/8

o 5/8
H(0) = (51/40 11/8) =0,
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TO Mbl B YCJIOBUSIX IIPUMEHHMOCTH T€OPEMbI 8.
Haitngm marpuny C' = H1(y)N s HeckoibKux 3Hauenui 7:

upi v = 015 mueen O — (22.9427 5.64408) ’

36.5785 9.99858

4.79267 1.12179
4.87672 2.14147)°

3.4532 0.769603)

upu 7 = 0.1 wumeem C:(

upu v = 0.05 umeem C = (2,59815 1.57904

Jlns moGoii naper C, y mosydaem onenky diag{e™ %201 (.282¢70-2361} < X (1) <
Ce_'yt, te R+.
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