
×ÅÁÛØÅÂÑÊÈÉ ÑÁÎ�ÍÈÊÒîì 11 Âûïóñê 1 (2010)Òðóäû VII Ìåæäóíàðîäíîé êîí�åðåíöèèÀëãåáðà è òåîðèÿ ÷èñåë: ñîâðåìåííûå ïðîáëåìû è ïðèëîæåíèÿ,ïîñâÿùåííîé ïàìÿòè ïðî�åññîðà Àíàòîëèÿ Àëåêñååâè÷à Êàðàöóáû����������������������ÑÒ�ÓÊÒÓ�ÍÀß ÔÎ�ÌÓËÀ ÄËßÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ {nθ} È Å� ÍÅÊÎÒÎ�ÛÅÏ�ÈËÎÆÅÍÈß Â ÂÎÏ�ÎÑÀÕ ÒÅÎ�ÈÈ ×ÈÑÅËÈ. È. Èëüÿñîâ (ã. Àêòîáå, Êàçàõñòàí)Ilyassova.G�gmail.
om1. Îñíîâíûå �îðìóëû. Îáîçíà÷åíèÿ. {α} � äðîáíàÿ ÷àñòü α, [α] � öåëàÿ÷àñòü α.Â äàëüíåéøåì ïîä ÷èñëàìè áóäåì ïîíèìàòü äåéñòâèòåëüíûå ÷èñëà. Ïóñòü
µ > 0. ×èñëà α è β íàçûâàþòñÿ ñðàâíèìûìè ïî ìîäóëþ µ, åñëè α− β = µn, ãäå
n � öåëîå ðàöèîíàëüíîå è îáîçíà÷àåòñÿ ýòîò �àêò

α ≡ β (modµ) .ßñíî, ÷òî êàæäîå ÷èñëî ñðàâíèìî ñ îäíèì òîëüêî ÷èñëîì èç ïðîìåæóòêà
[0, µ), îíî è íàçûâàåòñÿ îñòàòêîì çàäàííîãî ÷èñëà ïî ìîäóëþ µ. Ïîñëåäîâàòåëü-íîñòü îñòàòêîâ ρn, θ · n ≡ ρn (modµ), n = 0, 1, 2, ... áóäåì îáîçíà÷àòü R(θ, µ)[10℄.Ïóñòü ïîëîæèòåëüíûå θ è µ ëèíåéíî íåçàâèñèìû íàä ïîëåì ðàöèîíàëüíûõ÷èñåë, ïðè÷åì θ < µ. �àññìîòðèì âèäîèçìåíåííûé àëãîðèòì Åâêëèäà (äåëåíèåñ èçáûòêîì) äëÿ ýòèõ ÷èñåë.

µ = θ · a1 − ω1,
θ = ω1a2 − ω2,
ω1 = ω2a3 − ω3,
.......................,
ωn−1 = ωnan+1 − ωn+1

0 < ω1 < ω0, (θ = ω0)
0 < ω2 < ω1

0 < ω3 < ω2

....................
0 < ωn+1 < ωn

(1)Ïðîöåññ áóäåò áåñêîíå÷íûì â ñèëó ëèíåéíîé íåçàâèñèìîñòè θ è µ íàä ïîëåìðàöèîíàëüíûõ ÷èñåë. Äåéñòâèòåëüíî, ïðåäïîëàãàÿ îáðàòíîå, ïðè íåêîòîðîì nïîëó÷èëè áû, ÷òî ωn+1 = 0, (ωn 6= 0). Âûðàæàÿ ωn−1, ωn−2, ..., ω0 ÷åðåç ωn ïîëó-÷àåì, ÷òî θ = A ·ωn, µ = B ·ωn, ãäå A è B � íàòóðàëüíûå. Îòñþäà Bθ−Aµ = 0,÷òî ÿâëÿåòñÿ ïðîòèâîðå÷èåì.Èç (1) ïîëó÷àåì, ÷òî
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θ

µ
=

1

a1 −
1

a2 − . . . (2)Áåñêîíå÷íàÿ öåïíàÿ äðîáü â ïðàâûé ÷àñòè (2) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåìáåñêîíå÷íûõ ïîëóðåãóëÿðíûõ öåïíûõ äðîáåé [5℄. Îòìåòèì, ÷òî èç (1) ñëåäóþòâñå ai > 2, i = 1, 2, ....Ñõîäèìîñòü áåñêîíå÷íîé ïîëóðåãóëÿðíîé öåïíîé äðîáè â(2) ê θ
µ
äîêàçûâàåòñÿ îáû÷íûì ñïîñîáîì. Ïðè÷åì â ñèëó èððàöèîíàëüíîñòè θ

µáåñêîíå÷íîå ÷èñëî ðàç âñòðå÷àþòñÿ ai > 3.Çàìå÷àíèå. Ôîðìóëû ïåðåõîäà îò ïîëóðåãóëÿðíîé áåñêîíå÷íîé öåïíîé äðîáèâèäà
p+

1

p1 + 1− 1

p2 + 1− . . .,ïðåäñòàâëÿþùåé èððàöèîíàëüíîå ÷èñëî θ, ê îáûêíîâåííîé áåñêîíå÷íîé öåïíîéäðîáè
q +

1

q1 +
1

q2 +
. . .èìååò âèä p = q, p1 = q1, pq2+1 = q3+1, pq2+q4+1 = q5+1, ... ,pq2+...+q2k+1 = q2k+1,à îñòàëüíûå pi ðàâíû åäèíèöû [10℄.Îïðåäåëåíèå 2. Ïîñëåäîâàòåëüíîñòü ω0, ω1, ..., ωn, ... íàçûâàåòñÿ áàçèñíîéïîñëåäîâàòåëüíîñòüþ R(θ, µ).ßñíî, ÷òî ω0 > ω1 > ... > ωn > .... Ëåãêî äîêàçàòü, ÷òî

lim
n→∞

ωn = 0Îïðåäåëåíèå 3. x0 = 1, x1 = a1, ..., xn+1 = an+1xn − xn−1, y0 = 0, y1 =
1, ..., yn+1 = an+1yn − yn−1 ïðè n > 1Ëåììà 1.

θxn = ωn + µyn, n > 0.Äîêàçàòåëüñòâî. Ïðè n = 0 ðàâåíñòâî ïðîâåðÿåòñÿ íåïîñðåäñòâåííî. Ïðè
n = 1 îíî ïîëó÷àåòñÿ èç ïåðâîãî ðàâåíñòâà (1).Ïóñòü òåïåðü ïðè n > 1, òîãäà ñ ó÷åòàì (1) èìååì, ÷òî

θxn+1 = θ(an+1xn − xn−1) = an+1θxn − θxn−1 =
= an+1(ωn + µyn)− (ωn−1 + µyn−1) = an+1ωn − ωn−1 + µ(an+1yn − yn−1) =
= ωn+1 + µyn+1Ëåììà äîêàçàíà ïî ïðèíöèïó ìàòåìàòè÷åñêîé èíäóêöèè.Îáîçíà÷åíèå. ai − 1 = pi, i = 1, 2, . . . ,



154 È. È. ÈËÜßÑÎÂÒåîðåìà 1. Êàæäîå íàòóðàëüíîå ÷èñëî x åäèíñòâåííûì îáðàçîì ïðåä-ñòàâëÿåòñÿ â âèäå
x = x0t1 + x1t2 + ...+ xktk+1 (3)ñ óñëîâèÿìè

1) tk+1 6= 0;
2) 0 6 ti 6 pi, ti� öåëûå i = 1, 2, ..., k + 1;
3) äëÿ ëþáûõ i è j, ãäå 1 6 i < j 6 k + 1;

(k > 1) (ti, ti+1, ...tj−1, tj) 6= (pi, pi+1 − 1, pj−1 − 1, pj).È êàæäîå ÷èñëî
x = x0t1 + x1t2 + ...+ xktk+1ñ óñëîâèÿìè 1), 2), 3) ìåíüøå ÷åì xk+1.Ëåììà 2. Ïðè 1 6 i < j (x−1 = 0)

xj + xi−2 = xi−1pi + xi(pi+1 − 1) + ...+ xj−2(pj−1 − 1) + xj−1pjÄîêàçàòåëüñòâî. Ïðîâåäåì ïî èíäåêñó j
1)j = i+ 1

xi−1pi + xipi+1 = xi−1ai − xi−1 + xipi+1 = |xi = aixi−1 − xi−2| =
= xi + xi−2 − xi−1 + xipi+1 = ai+1xi − xi−1 + xi−2 = xi+1 + xi−2

2)j > i+ 1

xj−1pi + xi(pi+1 − 1) + ...+ xj−2(pj−1 − 1) + xj−1pj =
= xi−1pi + xi(pi+1 − 1) + ...+ xj−2pj−1 − xj−2 + xj−1pj =
= xj−1 + xi−2 − xj−2 + xj−1pj = ajxj−1 − xj−2 + xi−2 = xj + xi−2Ëåììà äîêàçàíà.Ëåììà 3. Ïðè âûïîëíåíèè óñëîâèè 1), 2), 3)

x = x0t1 + x1t2 + ... + xktk+1 < xk+1.Äîêàçàòåëüñòâî. Åñëè x ñîñòîèò èç îäíîãî ñëàãàåìîãî
x = x0t1 6 x0p1 6 p1 < a1 = x1,òî ëåììà äîêàçàíà.Â äàëüíåéøåì ðàññìîòðèì ñëåäóþùèå ñëó÷àè:a) ti 6 pi − 1, i = 1, ..., k + 1

x0t1 + x1t2 + ... + xktk+1 6 x0(p1 − 1) + ...+ xk(pk+1 − 1) <
< x0p1 − x0 + ...+ xkpk+1 < xk+1 − x0 + x−1 < xk+1



ÑÒ�ÓÊÒÓ�ÍÀß ÔÎ�ÌÓËÀ ÄËß ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ {nθ}... 155ïî ëåììå 2á) Ñðåäè ti îäíî ëèøü ti = pi. Â ýòîì ñëó÷àå
x 6 x0(p1 − 1) + ...+ xkpk+1 = x0p1 − x0 + ... + xkpk+1 =
= xk+1 + x−1 − x0 < xk+1â) Ñðåäè ti ðàâíûõ pi áîëüøå îäíîãî, è ïóñòü ti = pi, tj = pj , i < j ïåðâàÿíà÷àëüíàÿ ïàðà. Òîãäà ïî óñëîâèþ 3) ñóùåñòâóåò 0 6 ts 6 ps − 2, i < s < j

x = x0t1 + ...+ xi−1pi + ... + xj−1pj + ... + xktk+1 <
< x0t1 + ...+ xj + x−1 − xs + xjtj+1 + ..+ xktk+1 6

6 x0t1 + ... + xj(tj+1 + 1) + ... + xktk+1.Ïî óñëîâèþ 3) tj+1 6 pj+1− 1. Ïðîäîëæàÿ ïðåäûäóùåå ðàññóæäåíèå, ïðèõîäèìê à) èëè á). Îòñþäà ñëåäóåò, ÷òî x < xk+1.Ñëåäñòâèå 1. Åñëè
x = x0t1 + x1t2 + ...+ xktk+1

x′ = x0t
′

1 + x1t
′

2 + ... + xkt
′
k+1ñ óñëîâèÿìè 1), 2), 3), òî ïðè tk+1 = t′k+1, ti = t′i, ti+1 < t′i+1 x < x′.Äîêàçàòåëüñòâî. (òåîðåìû) Ïóñòü x íåêîòîðîå íàòóðàëüíîå ÷èñëî. ßñíî,÷òî ñóùåñòâóåò íîìåð k, ïðè êîòîðîì

xk 6 x < xk+1.Ïðîèçâåäåì äåëåíèå ñ îñòàòêîì x íà xk, ïîëó÷åííûé îñòàòîê íà xk−1 è ò.ä.:
x = xktk+1 + rk, 0 6 rk < xk
rk = xk−1tk + rk−1, 0 6 rk−1 < xk−1

...........................................
r2 = x1t2 + r1, 0 6 r1 < x2
r1 = x0t1 + 0, (x0 = 1)Â ðåçóëüòàòå ïîëó÷àåì, ÷òî x = x0t1 + x1t2 + ...xk−1tk + xktk+1 ñ tk+1 6= 0.Òàê êàê x < xk+1 ò.å.

xktk+1 + rk < ak+1xk − xk−1Îòñþäà
xktk+1 < ak+1xkèëè
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tk+1 < ak+1ò.å. tk+1 < pk+1. Ïðîäîëæàÿ, àíàëîãè÷íûì ðàññóæäåíèåì ïîëó÷àåì, ÷òî

tk < pk, . . . , t2 < p2, t1 < p1.Òàêèì îáðàçîì, âûïîëíÿþòñÿ óñëîâèÿ 1), 2) òåîðåìû.Òåïåðü äîêàæåì âûïîëíèìîñòü óñëîâèÿ 3).Òàê êàê
rj = xj−1tj + rj−1, 0 6 rj−1 < xj−1

rj−1 = xj−2tj−1 + rj−2, 0 6 rj−2 < xj−2

...........................................
ri+1 = xiti+1 + ri, 0 6 ri < xi
ri = xi−1ti + ri−1, 0 6 ri−1 < xi−1,òî

rj = xi−1ti + xiti+1 + ... + xj−2tj−1 + xj−1tj + ri−1.Åñëè ïðåäïîëîæèòü, ÷òî
(ti, ti+1, ...tj−1, tj) = (pi, pi+1 − 1, pj−1 − 1, pj),òî ïî ïóíêòó á) ñëåäñòâèÿ ëåììû 2 ïîëó÷èëè áû, ÷òî

rj > xj ,ýòî ïðîòèâîðå÷èò òîìó, ÷òî rj < xj . Ñëåäîâàòåëüíî, âûïîëíÿåòñÿ óñëîâèå 3)Åäèíñòâåííîñòü ïðåäñòàâëåíèÿ (3) ñëåäóåò èç ñëåäñòâèÿ ëåììû 3. Òåîðåìàäîêàçàíà.Òåîðåìà 2. Êàæäîå îòëè÷íîå îò íóëÿ ÷èñëî λ ∈ R(θ, µ) åäèíñòâåííûìîáðàçîì ïðåäñòàâëÿåòñÿ â âèäå
λ = ω0t1 + ω1t2 + ... + ωktk+1, k > 0 (4)
 óñëîâèÿìè

1) tk+1 6= 0
2) 0 6 ti 6 pi, ti� öåëûå, i = 1, 2, ..., k + 1
3) äëÿ ëþáûõ i è j, ãäå 1 6 i < j 6 k + 1

(k > 1) (ti, ti+1, ...tj−1, tj) 6= (pi, pi+1 − 1, pj−1 − 1, pj).È âñÿêîå ÷èñëî óêàçàííîãî âèäà ñ óñëîâèÿìè 1), 2), 3) ïðèíàäëåæèò R(θ, µ).Äëÿ äîêàçàòåëüñòâà òåîðåìû ïðèâåäåì ñëåäóþùèå ëåììû.
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ωj + ωi−2 = ωi−1pi + ωi(pi+1 − 1) + ... + ωj−2(pj−1 − 1) + ωj−1pj.Äîêàçàòåëüñòâî. Ïî (1)
ωi−2 = ωi−1ai − ωi = ωi−1pi + ωi−1 − ωi =
= ωi−1pi + ωiai+1 − ωi+1 − ωi = ωi−1pi + ωipi+1 − ωi+1 =
= ωi−1pi + ωi(pi+1 − 1) + ωi − ωi+1 =
= ωi−1pi + ωi(pi+1 − 1) + ωi+1ai+2 − ωi+2 − ωi+1 =
= ωi−1pi + ωi(pi+1 − 1) + ωi+1pi+2 − ωi+2 =
= ωi−1pi + ωi(pi+1 − 1) + ωi+1(pi+2 − 1) + ωi+1 − ωi+2 =
= ... = ωi−1pi + ωi(pi+1 − 1) + ... + ωj−2(pj−1 − 1) + ωj−1pj − ωj.Ëåììà äîêàçàíà.Ëåììà 5. λ âèäà (4) ñ óñëîâèÿìè 1), 2), 3) ìåíüøå µ.Äîêàçàòåëüñòâî. Â ñëó÷àå îäíîãî ñëàãàåìîãî â (4) âèäà

λ = ω0t1 6 ω0p1 6 ω0(a1 − 1) = ω0a1 − ω0 = µ+ ω1 − ω0 < µ, ò. ê ω1 < ω0.Â äàëüíåéøåì, ïðåäïîëîæèì, ÷òî êîëè÷åñòâî ñëàãàåìûõ áîëåå îäíîãî. Èðàññìîòðèì ñëåäóþùèå ñëó÷àè:à) Âñå ti 6 pi − 1, i = 1, 2, ..., k + 1á) Ñðåäè ti îäíî ëèøü ðàâíî piâ) Ñðåäè ti íå ìåíåå äâóõ, ðàâíûõ ñîîòâåòñòâóþùèì pi.Â ñëó÷àå à)
λ 6 ω0(p1 − 1) + ...+ ωk(pk+1 − 1) < ω0p1 − ω0 + ...+ ωkpk+1 − ωk <
< ω−1 + ωk+1 − ωk − ω0 < ω−1 = µ.Â ñëó÷àå á)

λ 6 ω0p1 + ω1(p2−1) + ...+ ωk(pk+1−1) = µ+ ωk+1−ωk < µ (ti 6 pi − 1)
i = 1, 2, . . . , k + 1Â ñëó÷àå â)

λ = ω0t1 + ... + ωi−2ti−1 + ωi−1pi + ...+ ωj−1pj + ... + ωktk+1 (1 6 i < j).

(pi, pj) ïåðâàÿ ïàðà ñïðàâà. Òîãäà ïî ëåììå 1
λ = ω0t1 + ...+ ωi−2ti−1 + ωi−2 + ωj − ωs−1 + ωjtj+1 + ... + ωktk+1

(ωs−1ts, ts 6 ps − 2, i < s < j , ..., ωs−1 > ωj)Ñëåäîâàòåëüíî
λ < ω0t1 + ...+ ωi−2(ti−1 + 1) + ...+ ωjtj+1 + ...+ ωktk+1



158 È. È. ÈËÜßÑÎÂÒàêèì îáðàçîì, äâèãàÿñü, ñïðàâà íàëåâî ïðèõîäèì èëè ê ñëó÷àþ à) èëè á) è,ñëåäîâàòåëüíî, ïîëó÷àåì, ÷òî λ < µ.Ëåììà äîêàçàíà.Âîçìîæíîñòü ïðåäñòàâëåíèÿ. Ïóñòü x � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñ-ëî. Ïî òåîðåìå 1 x ïðåäñòàâëÿåòñÿ â âèäå
x = x0t1 + x1t2 + ...+ xktk+1ñ óñëîâèÿìè 1), 2), 3). Ïî ëåììå 1

θx = θ(x0t1 + x1t2 + ...+ xktk+1) = (θx0)t1 + (θx1)t2 + ... + (θxk)tk+1 =
= (ω0 + µy0)t1 + (ω1 + µy1)t2 + ...+ (ωk + µyk) tk+1 =
= ω0t1 + ω1t2 + ... + ωktk+1 + µ (y0t1 + y1t2 + ... + yktk+1)Ïî ëåììå 5

λ = ω0t1 + ω1t2 + ...+ ωktk+1 < µ,à y0t1 + y1t2 + ...+ yktk+1− íåîòðèöàòåëüíûå öåëûå, ñëåäîâàòåëüíî λ ∈ R (θ, µ).Åäèíñòâåííîñòü ïðåäñòàâëåíèÿ. Ïóñòü λ = ω0t
′
1 + ω1t

′
2 + ... + ωst

′
s+1.Òîãäà

θx′ = θ
(
x0t

′
1 + x1t

′
2 + ...+ xst

′
s+1

)
= λ+ µ

(
y0t

′
1 + y1t

′
2 + ...+ yst

′
s+1

)
.Ñëåäîâàòåëüíî, èìååì

θx = λ+ µy
θx′ = λ+ µy′

y = y0t1 + ...+ yktk+1

y′ = y0t
′
1 + ...+ yst

′
s+1Îòñþäà

θ(x− x′) = µ(y − y′)Åñëè ïðåäïîëîæèòü x 6= x′, òî θ è µ ëèíåéíî çàâèñèìû, ÷òî ïðîòèâîðå÷èòèñõîäíîìó óñëîâèþ. Ñëåäîâàòåëüíî
x = x′Òîãäà ïî òåîðåìå 1 s = k è t1 = t′1, t2 = t′2, . . . , tk+1 = t′k+1. Òåîðåìà äîêàçàíà.Îïðåäåëåíèå 4. . ×èñëî x = x0t1+x1t2+ ...+xktk+1 ñ óñëîâèÿìè 1), 2), 3)íàçûâàåòñÿ êîîðäèíàòîé ÷èñëà λ = ω0t1 + ω1t2 + ... + ωktk+1 â ïîñëåäîâàòåëü-íîñòè R (θ, µ).Îïðåäåëåíèå 5. . Ïóñòü λ è λ′ ∈ R (θ, µ). Áóäåì ãîâîðèòü, ÷òî λ ïðåä-øåñòâóåò λ′ â R (θ, µ), åñëè x < x′, ãäå x è x′ ñîîòâåòñòâóþùèå êîîðäèíàòû

λ è λ′ â R (θ, µ). Ïðåäøåñòâîâàíèå λ ïî îòíîøåíèþ ê λ′ îáîçíà÷àåòñÿ λ ≺ λ′.



ÑÒ�ÓÊÒÓ�ÍÀß ÔÎ�ÌÓËÀ ÄËß ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ {nθ}... 159Îáîçíà÷åíèÿ. M(T1, T2, ..., Tk) � ìíîæåñòâî ÷èñåë λ ∈ R (θ, µ) ñ óñëîâèåì
λ ≺ ω1T1 + ω1T2 + ...+ ωk−1Tk è ñ óñëîâèÿìè 1), 2), 3)

Mk =M(p1 − 1, p2 − 1, ..., pk−1 − 1, pk), k > 2

M1 =M(p1)Òåîðåìà 3.
M(T1, T2, ..., Tk, Tk+1) =

Tk+1−1⋃

tk+1=0

(Mk + ωktk+1)
⋃

(M(T1, T2, ..., Tk) + ωkTk+1) (5)Äîêàçàòåëüñòâî. �àçîáüåì ìíîæåñòâî M(T1, ..., Tk, Tk+1) íà äâà ïîäìíî-æåñòâà âèäàïåðâîå: {ω0t1 + ...+ ωk−1tk + ωktk+1} ãäå tk+1 6 Tk+1 − 1âòîðîå: {ω0t1 + ω1t2 + ...+ ωk”k+1}Ïðè tk+1 6 Tk+1 − 1 äëÿ âñåâîçìîæíûõ çíà÷åíèé t1, t2, ..., tk ñ óñëîâèÿìè 1),2), 3), âêëþ÷àÿ (0, . . . , 0)

ω0t1 + ... + ωk−1tk + ωktk+1 ≺ ω0T1 + ... + ωk−1Tk + ωkTk+1.òàê êàê
x0t1 + ... + xk−1tk + xktk+1 < x0T1 + ...+ xk−1Tk + xkTk+1ãäå

{ω0t1 + ω1t2 + ...+ ωktk+1} =MkÄåéñòâèòåëüíî, âî-ïåðâûõ, â ñèëó x0t1 + ...+ xk−1tk < xkèìååì, ÷òî
ω0t1 + ω1t2 + ... + ωk−1tk ≺ ωk,âî-âòîðûõ

x0(p1 − 1) + . . .+ xk−2(pk−1 − 1) + xk−1pk = xk − 1Ñëåäîâàòåëüíî
x0t1 + . . .+ xk−1tk 6 x0(p1 − 1) + . . .+ xk−2(pk−1 − 1) + xk−1pkè

{ω0t1 + ω1t2 + ...+ ωktk+1} =kÏîýòîìó ïåðâîå ïîäìíîæåñòâà ñîâïàäàåò ñ
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Tk+1−1⋃

tk+1=0

(Mk + ωktk+1)Òàê êàê âî âòîðîì ïîäìíîæåñòâå
ω0t1 + . . .+ ωk−1tk + ωktk+1 ≺ ω0T1 + . . .+ ωk−1Tk + ωkTk+1òî

ω0t1 + . . .+ ωk−1tk ≺ ω0T1 + . . .+ ωk−1Tkè âåðíî îáðàòíîå óòâåðæäåíèå, òî åñòü âòîðîå ïîäìíîæåñòâî ñîâïàäàåò ñ
M(T1, T2, ..., Tk) + ωkTk+1Òåîðåìà äîêàçàíà.Îáîçíà÷åíèå. R (nθ < λ, µ) Îáîçíà÷àåò ìíîæåñòâî ÷èñåë R (θ, µ) ìåíüøååλ.Òåîðåìà 4.
R (nθ < ω0, µ) = R(ω1, ω0).Äîêàçàòåëüñòâî. Ïóñòü nθ ≡ ω0t1+ω1t2+ ...+ωk−1tk+ωktk+1(modµ). Åñëè

ω0t1 + ω1t2 + ...+ ωk−1tk + ωktk+1 < ω0, òî t1 = 0 ò.å
nθ ≡ ω1t2 + ...+ ωk−1tk + ωktk+1(modµ)ñ óñëîâèÿìè 1), 2), 3) äëÿ t2, ..., tk+1. Òîãäà ïî òåîðåìå 2 ïðè θ = ω1, µ = ω0

ω1t2 + ...+ ωk−1tk + ωktk+1 ∈ R(ω1, ω0). Âåðíî è îáðàòíîå óòâåðæäåíèå.Òåîðåìà äîêàçàíà.Èç ýòîé òåîðåìû ïîëó÷àåì ïîñëåäîâàòåëüíîñòü
R (θ, µ) ⊃ R(ω1, ω0) ⊃ R(ω2, ω1) ⊃ ...Îáîçíà÷åíèÿ. x′0 = 1, x′1 = a2, x

′
2 = a3x

′
1 − x′0, ..., x′n = an+1x

′
n−1 − x′n−2,

y′0 = 0, y′1 = 1, y′2 = a3y
′
1 − y′0, ..., y′n = an+1y

′
n−1 − y′n−2Ëåììà 6. ω1x

′
n = ωn+1 + ω0y

′
n, n = 0, 1, 2, ....Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 1.Ñëåäñòâèå 2.

ω1(x
′
0t1+x

′
1t2+ ...+x

′
k−1tk+1) = ω1t2+ ...+ωk−1tk+ωktk+1+ω0(y

′
0t1+ ...+y

′
k−1tk+1).Ñëåäñòâèå 3. Åñëè x1t2 + ... + xktk+1 êîîðäèíàòû λ â R (θ, µ), òî x′0t1 +

x′1t2 + ...+ x′k−1tk+1 êîîðäèíàòû λ â R (ω1, ω0).



ÑÒ�ÓÊÒÓ�ÍÀß ÔÎ�ÌÓËÀ ÄËß ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ {nθ}... 1612. Î ñòðóêòóðå ïîñëåäîâàòåëüíîñòè {nθ} äëÿ êâàäðàòè÷åñêîé èððà-öèîíàëüíîñòè. Âîïðîñ îïðåäåëåíèÿ ñòðóêòóðû ïîñëåäîâàòåëüíîñòè {nθ}, n =
1, 2, ... ñâîäèòñÿ ê îïðåäåëåíèþ áàçèñíîé ïîñëåäîâàòåëüíîñòè ω0, ω1, ... , ωn, ....Ïóñòü 0 < θ < 1 è θ êâàäðàòè÷åñêàÿ èððàöèîíàëüíîñòü. Òîãäà, êàê èçâåñò-íî ïî òåîðåìå Ýéëåðà - Ëàãðàíæà îíà ðàçëàãàåòñÿ îáûêíîâåííóþ áåñêîíå÷íóþ,ïåðèîäè÷åñêóþ öåïíóþ äðîáü. Îòñþäà èìååì, ÷òî θ ðàçëàãàåòñÿ â ïîëóðåãóëÿð-íóþ áåñêîíå÷íóþ ïåðèîäè÷åñêóþ öåïíóþ äðîáü âèäà (2).Â íà÷àëå ïðåäïîëîæèì, ÷òî θ ðàçëàãàåòñÿ â ÷èñòóþ ïåðèîäè÷åñêóþ, ïîëó-ðåãóëÿðíóþ áåñêîíå÷íóþ öåïíóþ äðîáü ñ ïåðèîäîì a1, a2, ..., aτ

1 = θ · a1 − ω1, 0 < ω1 < θ, (ω−1 = 1, θ = ω0)
ω0 = ω1 · a2 − ω2, 0 < ω2 < ω1

ω1 = ω2 · a3 − ω3, 0 < ω3 < ω2

...............................................
ωτ−2 = ωτ−1 · aτ − ωτ , 0 < ωτ < ωτ−1

ωτ−1 = ωτ · aτ+1 − ωτ+1, 0 < ωτ+1 < ωτ
................................................Ñëåäîâàòåëüíî
(a1, a2, .... , aτ ) = (aτ+1, aτ+2, .... , a2τ ) = ...Îáîçíà÷èì ÷åðåç æ0,æ1, ...,æτ−1 ñîîòâåòñòâóþùèå ðàâíûå îòíîøåíèÿ:

æ0 =
ω0

ω−1
=

ωτ
ωτ−1

=
ω2τ

ω2τ−1
= ... =

ωkτ
ωkτ−1

æ0 =
ω1

ω0
=
ωτ+1

ωτ
=
ω2τ+1

ω2τ
= ... =

ωkτ+1

ωkτ
........................................................

æτ−1 =
ωτ−1

ωτ−2
=
ωτ+τ−1

ωτ+τ−2
=
ω2τ+τ−1

ω2τ+τ−2
= ... =

ωkτ+τ−1

ωkτ+τ−2

k = 0, 1, 2, ...

ñ ó÷åòîì ω−1 = 1 ïîëó÷àåì, ÷òî
ωkτ = æ0(æ0æ1...æτ−1)

k = ω0ω
k
τ−1

ωkτ+1 = æ0æ1(æ0æ1...æτ−1)
k = ω1ω

k
τ−1

....................................................
ωkτ+r = æ0æ1...ær(æ0æ1...æτ−1)

k = ωrω
k
τ−1, (0 6 r 6 τ − 1)

....................................................
ωkτ+τ−1 = æ0æ1...æτ−1(æ0æ1...æτ−1)

k = ωτ−1ω
k
τ−1

ω(kτ+r) = ωrω
k
τ−1, k = 0, 1, 2, ...èëè
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ωkτ = ω0ω

k
τ−1

ωkτ+1 = ω1ω
k
τ−1

...............................
ωkτ+r = ωrω

k
τ−1,

................................
ωkτ+τ−1 = ωτ−1ω

k
τ−1 k = 0, 1, 2, . . .Òàêèì îáðàçîì, ïîñëåäîâàòåëüíîñòü ω0, ω1, ω2, . . . ωn, . . . ñîñòîèò èç îáúåäè-íåíèÿ τ ãåîìåòðè÷åñêèõ ïðîãðåññèé. Òåïåðü îïðåäåëèì ωτ−1 ñëåäóþùèì îáðà-çîì:

θ =
1

a1 −
1

a2 − . . .

− 1

aτ − θ
,òî

θ =
(aτ − θ)yτ−1 − yτ−2

(aτ − θ)xτ−1 − xτ−2
=
yτ−θyτ−1

xτ−θxτ−1Îòñþäà
xτ−1θ

2−(xτ + yτ−1)θ + yτ = 0.Ïîäñòàâëÿÿ çíà÷åíèå θ
θ =

yτ−1 + ωτ−1

xτ−1â ýòî óðàâíåíèÿ ñ ó÷åòîì
xτ−1yτ − xτyτ−1 = 1ïîëó÷àåì, ÷òî

ω2
τ−1 + (yτ−1 − xτ )ωτ−1 + 1 = 0,ò. å ωτ−1 ÿâëÿåòñÿ åäèíèöåé ïîëÿ Q(θ).Òåïåðü ïåðåõîäèì ê ñëó÷àþ ñìåøàííîé áåñêîíå÷íîé ïîëóðåãóëÿðíîé ïåðèî-äè÷åñêîé öåïíîé äðîáè



ÑÒ�ÓÊÒÓ�ÍÀß ÔÎ�ÌÓËÀ ÄËß ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ {nθ}... 163
ω−1 = ω0 · a1 − ω1, (ω−1 = 1)
ω0 = ω1 · a2 − ω2,
ω1 = ω2 · a3 − ω3,
...............................................
ωk−2 = ωk−1 · ak − ωk,
ωk−1 = ωk · ak+1 − ωk+1,
................................................

ω0

ω−1

=
1

a1 −
ω1

ω0

ω1

ω0
=

1

a2 −
ω2

ω1

................................

ωk−1

ωk−2

=
1

ak −
ωk

ωk−1

ωk
ωk−1

=
1

ak+1 −
ωk+1

ωk
..................................Ïóñòü ak+1, ak+2, .... , ak+τ , k > 1 ïåðèîä áåñêîíå÷íîé öåïíîé äðîáè; ñëåäî-âàòåëüíî

(ak+1+τ , ak+2+τ , .... , ak+2τ )
(ak+1+2τ , ak+2+2τ , .... , ak+3τ )
(ak+1+3τ , ak+2+3τ , .... , ak+4τ )
............................................ðàâíû ïåðèîäó áåñêîíå÷íîé öåïíîé äðîáè.Îáîçíà÷èì ÷åðåç An = ak+n, n = 1, 2, ....Òîãäà
ωk−1 = ωk · A1 − ωk+1,
ωk = ωk+1 · A2 − ωk+2,
ωk+1 = ωk+2 ·A3 − ωk+3,
.....................................Îòñþäà ïðè îáîçíà÷åíèÿõ
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Ω0

1
=

ωk
ωk−1

,
Ω1

Ω0
=
ωk+1

ωk
,

Ω2

Ω1
=
ωk+2

ωk+1
, ,

Ωl
Ωl−1

=
ωk+l
ωk−1+l

, ... ,
(6)èìååì, ÷òî

1 = Ω0 · A1 − Ω1, Ω1 < Ω0

Ω0 = Ω1 · A2 − Ω2, Ω2 < Ω1

Ω1 = Ω2 · A3 − Ω3, Ω3 < Ω2

.....................................Èç (6) ïîëó÷àåì, ÷òî
Ωl =

ωk+l
ωk−1

, l = 1, 2, ... (7)Â ñèëó ïåðèîäè÷íîñòè ïîñëåäîâàòåëüíîñòè, a1, a2, .... , ak, ak+1, ... , íà÷èíàÿñ k+1 èìååì, ÷òî A1, A2, .... , Aτ , ... , ÷èñòî ïåðèîäè÷åñêàÿ ïîñëåäîâàòåëüíîñòü.Îáîçíà÷èì ÷åðåç
X0 = 1, X1 = A1, ..., X2 = A2X1 −X2, ... , Xn+1 = An+1Xn −Xn−1, ... ,
Y0 = 0, Y1 = 1, Y2 = A2 , ..., Yn+1 = An+1Yn − Yn−1, ... ,Ïî ÷èñòî ïåðèîäè÷åñêîìó ñëó÷àþ

Ωτs+r = Ωr · Ωsτ−1, s = 0, 1, 2, ... 0 6 r 6 τ − 1

ωk+τs+r = ωk+r

(
ωk+τ−1

ωk−1

)s èëè ωk+τs+r = ωk+rε
s. ε-åäèíèöà ïîëÿ Q(θ).Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü ω0, ω1, ... , ωn, ..., íà÷èíàÿ ñ ωk, ðàñïàäà-åòñÿ íà τ ãåîìåòðè÷åñêèå ïðîãðåññèè:

ωk+τs = ωk · εs
ωk+τs+1 = ωk+1 · εs
.............................
ωk+τs+(τ−1) = ωk+τ−1 · εs s = 0, 1, 2, ... ,ãäå

ε2 + (Yτ−1 −Xτ )ε+ 1 = 0.Îòñþäà
ε =

1

Xτ − Yτ−1 − 1
Xτ−Yτ−1−...è ÿâëÿåòñÿ åäèíèöåé ïîëÿ Q(θ).
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2− 1

3− 1

2− 1

2− 1

2− 1

3− 1

3− . . .

, (ω0 = θ)

τ = 5ω0 =
√
7− 2, 0 < ω0 < 1, ω0xn = ωn + yn, n = 0, 1, 2, . . .

(
√
7− 2)xn − yn = ωn

ωn = xn
√
7− (2xn + yn)

ε2 + (Yτ−1 −Xτ )ε+ 1 = 0

ε2 + (Y4 −X5)ε+ 1 = 0

ε2 − 16ε+ 1 = 0,

ε = 8− 3
√
7

ω1+5s = ω1 · εs
ω2+5s = ω2 · εs
ω3+5s = ω3 · εs
ω4+5s = ω4 · εs
ω5+5s = ω5 · εs s = 0, 1, 2, ... ,

s = 0 :

ω1 = 2
√
7− 5

ω2 = 5
√
7− 13

ω3 = 8
√
7− 21

ω4 = 11
√
7− 29

ω5 = 14
√
7− 37

s = 1 :

ω6 = (2
√
7− 5)(8− 3

√
7)

ω7 = (5
√
7− 13)(8− 3

√
7)

ω8 = (8
√
7− 21)(8− 3

√
7)

ω9 = (11
√
7− 29)(8− 3

√
7)

ω10 = (14
√
7− 37)(8− 3

√
7)

s = 2 :
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ω11 = (2

√
7− 5)(8− 3

√
7)2

ω12 = (5
√
7− 13)(8− 3

√
7)2

ω13 = (8
√
7− 21)(8− 3

√
7)2

ω14 = (11
√
7− 29)(8− 3

√
7)2

ω15 = (14
√
7− 37)(8− 3

√
7)2è òàê äàëåå.3. Îá îñòàòêå ñóììû ∑

n6x {nθ}.Ëåììà 7. Ïóñòü 0 < θ < 1 è θ � èððàöèîíàëüíîå. Òîãäà
∑

ξ∈Mk

ξ =
1 + ωk

2
(xk − 1) .Äîêàçàòåëüñòâî. Ïóñòü θn ≡ λn, 0 < λn < 1, n = 1, 2, . . . è ïóñòü

n = 1, 2, . . . xk − 1 è íàõîäèì λ1, λ2, . . . , λxk−1. Çàïèñàâ ýòè ÷èñëà â îáðàòíîìïîðÿäêå è ñêëàäîâàÿ ïîëó÷àåì ÷èñëà
λ1 + λxk−1, λ2 + λxk−2, . . . λxk−1 + λ1ïîêàæåì, ÷òî êàæäîå èç ýòèõ ÷èñåë ðàâíî 1 + ωk. Äåéñòâèòåëüíî, ñ îäíîé ñòî-ðîíû

θ · s ≡ λs (mod1) , 0 < λs < 1

θ · (xk − s) ≡ λxk−s (mod1) , 0 < λxk−s < 1ñ äðóãîé ñòîðîíû
θ · s+ θ · (xk − s) = θ · xk ≡ ωk (mod1) .Ñëåäîâàòåëüíî λs + λxk−s ≡ ωk(mod1).Òàê êàê

0 < λs + λxk−s < 2,òî
λs + λxk−s = 1 + ωk.À òàê êàê x0(p1 − 1) + x1(p2 − 1) + . . . + xk−2(pk−1 − 1) + xk−1pk = xk − 1 è

{0, λ1, λ2, . . . , λxk−1} =Mk, òî èç ïðèâåäåííûõ ðàññóæäåíèè ïîëó÷àåì óòâåð-æäåíèå ëåììû.Òåîðåìà 5.
∑

ξ∈M(T1,...,Tk,Tk+1)

ξ =
x

2
+
λ

2
− 1

2

k+1∑

s=1

Ts +
1

2

k+1∑

s=1

xs−1ωs−1T
2
s +

k∑

s=1

ωsTs+1

s∑

r=1

xr−1Trãäå λ = ω0T1 + · · ·ωkTk+1, λ = ω0T1 + · · ·ωkTk+1.



ÑÒ�ÓÊÒÓ�ÍÀß ÔÎ�ÌÓËÀ ÄËß ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ {nθ}... 167Äîêàçàòåëüñòâî. Äîêàçûâàåòñÿ ìåòîäàì ìàòåìàòè÷åñêîé èíäóêöèè ñ èñ-ïîëüçîâàíèåì �îðìóëû
M(T1, T2, ..., Tk, Tk+1) =

Tk+1−1⋃

tk+1=0

(Mk + ωktk+1)
⋃

(M(T1, T2, ..., Tk) + ωkTk+1)è âûøå ïðèâåäåííîé ëåììû.Âû÷èñëèì ñóììû: ∑ξ∈M(T1)
ξ è ∑ξ∈M(T1,T2)

ξ

∑

ξ∈M(T1)

ξ =
ω0(T1 + 1)T1

2
=
ω0T

2
1

2
+
ω0T1
2

+
x0T1
2
−x0T1

2
=
x0T1
2

+
ω0T1
2
−T1

2
+
ω0x0T

2
1

2

∑

ξ∈M(T1,T2)

ξ =
∑

ξ∈M1

T2−1∑

t1=0

(ξ + ω1t1) +
∑

ξ∈M(T1)

(ξ + ω1T2) =

=
∑

ξ∈M1

(ξT2) +
∑

ξ∈M1

ω1
(T2 − 1)T2

2
+

∑

ξ∈M(T1)

ξ +
∑

ξ∈M(T1)

ω1T2 =

= T2
(1 + ω1)(xk − 1)

2
+ ω1x1

(T2 − 1)T2
2

+
ω0(T1 + 1)T1

2
+ (x0T1 + 1)ω1T2 =

=
x0T1 + x1T2

2
+
ω0T1 + ω1T2

2
− T1 + T2

2
+
ω0x0T

2
1 + ω1x1T

2
2

2
+ x0Tω1T2Òåïåðü ïðåäïîëîæèì, ÷òî ïðè k > 2∑

ξ∈(T1,T2,...,Tk)
ξ =

x0T1 + x1T2 + · · ·+ xk−1Tk
2

+
ω0T1 + ω1T2 + · · ·+ ωk−1Tk

2
−

−T1 + T2 + · · ·+ Tk
2

+
x0ω0T

2
1 + x1ω1T

2
2
+ · · ·+ xk−1ωk−1T

2
k

2
+

+x0T1ω1T2 + (x0T1 + x1T2)ω2T3 + (x0T1 + x1T2 + · · ·+ xk−2Tk−1)ωk−1Tk.Âû÷èñëèì ñóììó ∑ξ∈(T1,T2,...,Tk+1)
ξ ñ ó÷åòîì ïðåäûäóùåãî ïðåäïîëîæåíèÿ:

∑

ξ∈(T1,T2,...,Tk+1)

ξ =
∑

ξ∈Mk

Tk+1−1∑

t=0

(ξ + ωkt) +
∑

ξ∈(T1,T2,...,Tk)
(ξ + ωkTk+1) =

=
∑

ξ∈Mk

(
ξTk+1 + ωk

(Tk+1 − 1)Tk+1

2

)
+

∑

ξ∈(T1,T2,...,Tk)
(ξ + ωkTk+1) =

=
∑

ξ∈Mk

ξTk+1 +
∑

ξ∈Mk

ωk
(Tk+1 − 1) Tk+1

2
+

∑

ξ∈(T1,T2,...,Tk)
ωkTk+1 +

∑

ξ∈(T1,T2,...,Tk)
ξ =

=
(1 + ωk)(xk − 1)

2
Tk+1 + ωkxk

(Tk+1 − 1)Tk+1

2
+

+ (x0T1 + x1T2 + · · ·+ xkTk+1 + 1)ωkTk+1 +
x0T1 + x1T2 + · · ·+ xk−1Tk

2
+

+
ω0T1 + ω1T2 + · · ·+ ωk−1Tk

2
− T1 + T2 + · · ·+ Tk+1

2
+
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+x0T1ω1T2 + (x0T1 + x1T2)ω2T3 + (x0T1 + x1T2 + · · ·+ xk−2Tk−1)ωk−1Tk+

(x0T1 + x1T2 + · · ·+ xk−1Tk + 1)ωkTk+1 =
x0T1 + x1T2 + · · ·+ xkTk+1

2
+

ω0T1 + ω1T2 + · · ·+ ωkTk+1

2
− T1 + T2 + · · ·+ Tk+1

2
+

+
x0ω0T

2
1 + x1ω1T

2
2
+ · · ·+ xkωkT

2
k+1

2
+

+x0T1ω1T2 + (x0T1 + x1T2)ω2T3 + (x0T1 + x1T2 + · · ·+ xk−1Tk)ωkTk+1Òåîðåìà äîêàçàíà.4. Îöåíêà îñòàòêà ñóììû ∑
n6x {nθ} äëÿ ÷åáûøåâñêèõ ÷èñåë.Îïðåäåëåíèå 6. Èððàöèîíàëüíîå ÷èñëî θ, îïðåäåëÿåìîå áåñêîíå÷íîé öåï-íîé äðîáüþ âèäà

θ =
1

a− 1

2a− 1

2a− . . .

, (8)
íàçûâàåòñÿ ÷åáûøåâñêèì ÷èñëîì, ãäå a > 2 � íàòóðàëüíîå.Îòñþäà θ = 1√

a2−1
. Åñëè x0 = 1, y0 = 0, x1 = a1, y1 = 1, . . . , xn+1 = 2axn−xn−1,

yn+1 = 2ayn − yn−1 , n = 2, . . ., òî xn è yn ÿâëÿþòñÿ çíàìåíàòåëåì è ÷èñëèòåëåì
n−îé ïîäõîäÿùåé äðîáè (8), ïðè÷åì xn ðàâåí ìíîãî÷ëåíó ×åáûøåâà ïåðâîãîðîäà Tn(a), à yn ðàâåí ìíîãî÷ëåíó ×åáûøåâà âòîðîãî ðîäà Un(a). Èçâåñòíî [9℄,÷òî

xn =
1

2

(
(a+

√
a2 − 1)n + (a−

√
a2 − 1)n

)

yn =
1

2
·
(
(a +

√
a2 − 1)n − (a−

√
a2 − 1)n

)
√
a2 − 1

, n = 0, 1, 2, . . .
(9)Îïðåäåëèì áàçèñíóþ ïîñëåäîâàòåëüíîñòü ïîñëåäîâàòåëüíîñòè {nθ}∞0 .Òàê êàê

θxn = ωn + yn, n = 0, 1, 2, . . . ,òî èñïîëüçóÿ (9) èìååì, ÷òî
ωn =

1√
a2 − 1

(a−
√
a2 − 1)n = θ · εn, ε = a−

√
a2 − 1è

xnωn =
θ

2
(1 + ε2n), n = 0, 1, 2, . . . (10)Èçâåñòíî [2℄, ÷òî

∑

n6x

{nθ} = x

2
+R(x), R(x) = O(lnx)



ÑÒ�ÓÊÒÓ�ÍÀß ÔÎ�ÌÓËÀ ÄËß ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ {nθ}... 169Â êà÷åñòâå ïðîñòåéøåãî ïðèëîæåíèÿ òåîðåìû 4 äîêàæåì ñëåäóþùóþ òåîðå-ìó.Òåîðåìà 6. Ñóùåñòâóåò áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü x−îâ, äëÿ êî-òîðûõ R(x) îòðèöàòåëåí, ïðè÷åì |R(x)| > C ln x, C > 0 ïîñòîÿííàÿ.Äîêàçàòåëüñòâî. Â òåîðåìå 4 ïîëîæèì, ÷òî T1 = T2 = · · · = Tk+1 = 1òîãäà
−1
2
(T1 + T2 + · · ·+ Tk) = −

1

2
(k + 1) (11)

1

2

k+1∑

s=1

xs−1ωs−1T
2
s =

θ

4
(k + 1) +O(1) (12)

k∑

s=1

ωsTs+1

s∑

r=1

xr−1Tr 6
∑

xsωs =
θ

2
k +O(1) (13)Ñëåäîâàòåëüíî, ñóììà ëåâûõ ÷àñòåé (11), (12), (13) ìåíüøå èëè ðàâíî

(
−1
2
+
θ

4
+
θ

2
+O(1)

)
6

(
−1
2
+

√
3

4

)
k +O(1)ãäå −1

2
+

√
3
4
< 0.Òàê êàê k ∼ 1

ln 1
ε

ln x, òî ïðè k > k0 R(x) < 0 è |R(x)| > C ln x, C > 0ïîñòîÿííàÿ.Òåîðåìà äîêàçàíà.Çàìå÷àíèå. Ëåãêî äîêàçàòü, ÷òî ñóùåñòâóåò áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü
x−îâ, äëÿ êîòîðûõ R(x) > C ln x, C > 0 ïîñòîÿííàÿ.Ïðåäûäóùèå ðåçóëüòàòû ñâèäåòåëüñòâóþò î òîì, ÷òî îöåíêà îñòàòêà R(x) =
O(lnx) íå óëó÷øàåìàÿ. Àíàëîãè÷íûå ðåçóëüòàòû ìîãóò áûòü ïîëó÷åíû äëÿ ëþ-áîé êâàäðàòè÷åñêîé èððàöèîíàëüíîñòè.5. Äîïîëíèòåëüíûå çàìå÷àíèÿ.1. Äîêàçàíà òåîðåìà [12℄ îá óìíîæåíèè áåñêîíå÷íîé öåïíîé äðîáè

1

a1 −
1

a2 −
1

. . .− 1

an − . . .íà ïðîñòîå ÷èñëî ð ïðè óñëîâèè ai > p, i = 1, 2, .... Î ñëîæíîñòè ïðîñòåéøèõîïåðàöèé íàä öåïíûìè äðîáÿìè îòìå÷åíî â ðàáîòå [8℄.



170 È. È. ÈËÜßÑÎÂ2. À òàêæå ñòðóêòóðíàÿ �îðìóëà ïîçâîëÿåò íàïèñàòü ìíîæåñòâî ðåøåíèéíåðàâåíñòâà
nθ < λ (modµ)ãäå θ è µ ëèíåéíî íåçàâèñèìû íàä ïîëåì ðàöèîíàëüíûõ ÷èñåë.3. Â ñëó÷àå, êîãäà 0 < θ < 1 � ðàöèîíàëüíîå, ïîëó÷åíû àíàëîãè÷íûå ñòðóê-òóðíûå �îðìóëû, èñïîëüçóÿ êîòîðûõ ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:1) Åñëè δ íàèìåíüøèé ïîëîæèòåëüíûé êâàäðàòè÷íûé íåâû÷åò ïî ïðîñòîìóìîäóëþ ð (íå÷åòíîå ïðîñòîå), òî â ðàçëîæåíèè δ

@
â ïîëóðåãóëÿðíóþ öåïíóþäðîáü âèäà

δ

p
=

1

a1 −
1

a2 −
1

. . .− 1

an+1íåïîëíûå ÷àñòíûå ai 6 δ, i = 2, ... , n+ 1.2) Äðóãîé ñïîñîá ðåøåíèÿ ñðàâíåíèÿ ïåðâîé ñòåïåíè [11℄
ax ≡ b(modm), (a, m) = 1ýòîò ñïîñîá óäîáåí òåì, ÷òî åñëè x ≡ x0(modm), òî x0 ñðàçó æå íàõîäèòñÿ âïðåäåëàõ 0 6 x0 6 m − 1; ÷òî âàæíî â âîïðîñàõ òåîðèè ÷èñåë. À â èçâåñòíûõñïîñîáàõ ðåøåíèÿ ñðàâíåíèÿ x0 äàåòñÿ â âèäå

x0 = aϕ(m)−1 · bèëè
x0 = (−1)n−1Qn−1 · bãäå Qn−1 � çíàìåíàòåëü ïðåäïîñëåäíåé ïîäõîäÿùåé äðîáè â ðàçëîæåíèè a

m
âîáûêíîâåííóþ öåïíóþ äðîáü [q0, q1, q2, ... , qn].Îòìå÷ó, ÷òî ïðè ïîìîùè ñòðóêòóðíîé �îðìóëû (òåîðåìà 3) íåêîòîðûå îöåí-êè ðàáîò [6℄ è [7℄, [4℄ ìîãóò áûòü âûðàæåíû ÷åðåç ïàðàìåòðû T1, T2, . . . , Tk+1 ,÷òî ïîçâîëÿåò ëó÷øå ïðåäñòàâèòü êîëåáàíèå ðàññìàòðèâàåìîé âåëè÷èíû â çà-âèñèìîñòè îò x = x0T1 + · · ·xkTk+1. Íàïðèìåð, â ðàáîòå [4℄ ñòð. 48 (Òåîðåìà 1)îñòàòîê ñóììû ∑n6x {nθ} = x

2
+ R(x), θ � èððàöèîíàëüíîå, îöåíèâàåòñÿ êàê

O(
∫ x
1
f(t)
t
dt). Òàê êàê ýòî îöåíêà ñâåðõó, òî åñòåñòâåííî îíà íå äàåò èí�îðìà-öèþ î êîëåáàíèé îñòàòêà ïðè x → ∞, à èñïîëüçóÿ òåîðåìó 5 ìîæíî ãëóáæåèññëåäîâàòü ïîâåäåíèå îñòàòêà, ïðè x→∞.Òî÷íî òàêæå, èñïîëüçóÿ òåîðåìû 1 è 2 íàñòîÿùåé ðàáîòû, ëåãêî ïîëó÷èòüðåçóëüòàòû î <ïðîñâåòàõ>, èçó÷åííûå â ðàáîòàõ [13℄ � [17℄.
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