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In this article the attainable set of a nonlinear control system with integral constraint on controls is studied.
An approximation method has been obtained for numerical construction of the attainable sets.
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Introduction

One of the important constructions of the controllable systems is the attainable set notion.
Attainable set is the set of all points to which the system arrive at the instant of given time and it is a
very useful tool in the study of various problems of optimization, dynamical systems and differential
game theory. Control problems with integral constraints on control arise in various problems of
mathematical modeling. They naturally arise in the applications, such as control problems with
prescribed bounded total energy, control systems with design uncertainties (see, e.g. [1–14] and
references therein). For example, the motion of flying objects with variable mass, is described in
the form of controllable system, where the control function has an integral constraint (see, e.g.
[6, 13]).

Topological properties and numerical construction methods of the attainable sets of control
systems with integral constraint on control functions have been investigated in [1–6, 10]. In this
paper we present an approximation method for construction of the attainable sets of nonlinear
control systems.

1. The system

Consider the control system the behavior of which is described by the differential equation

·

x(t) = f(t, x(t), u(t)), x(t0) ∈ X0 (1.1)

where x ∈ R
n is the phase state vector of the system, u ∈ R

m is the control vector, t ∈ [t0, θ] is the
time and X0 ⊂ R

n is a compact set. For p ∈ (1,∞) and µ0 > 0 we set

Up =
{

u(·) ∈ Lp

(

[t0, θ], Rm
)

: ‖u(·)‖p ≤ µ0

}

(1.2)

where µ0 defines the resource of the control effort.

Every function u(·) ∈ Up is said to be an admissible control function and it is assumed that the
right hand side of the system (1.1) satisfies the following conditions:

1.A. The function f(·) : [t0, θ] × R
n × R

m → R
n is continuous;

1Work supported by project no. 106T012 from Turkish Scientific and Technological Research Council
(TUBITAK)



262 Kh.G.Guseinov, A. S.Nazlipinar

1.B. For any bounded set D ⊂ [t0, θ]×R
n there exist constants L1 = L1(D) > 0 , L2 = L2(D) > 0

and L3 = L3(D) > 0 such that

‖f(t, x1, u1) − f(t, x2, u2)‖ ≤ [L1 + L2 (‖u1‖ + ‖u2‖)] ‖x1 − x2‖ + L3 ‖u1 − u2‖

for any (t, x1, u1) ∈ D × R
m, (t, x2, u2) ∈ D × R

m where ‖·‖ denotes the Euclidean norm;

1.C. There exists a constant c > 0 such that

‖f(t, x, u)‖ ≤ c(1 + ‖x‖)(1 + ‖u‖)

for every (t, x, u) ∈ [t0, θ] × R
n × R

m.

Let u∗(·) ∈ Up. The absolutely continuous function x∗(·) : [t0, θ] → R
n which satisfies the

equation ẋ∗(t) = f(t, x∗(t), u∗(t)) a.e. in [t0, θ] and the initial condition x∗(t0) = x0 ∈ X0 is said
to be a solution of the system (1.1) with initial condition x∗(t0) = x0, generated by the admissible
control function u∗(·). By the symbol x(·; t0, x0, u(·)) we denote the solution of the system (1.1)
with initial condition x(t0) = x0, which is generated by the admissible control function u(·). Note
that the conditions 1.A–1.C guarantee the existence, uniqueness and extendability of the solutions
up to the instant of time θ for every given u(·) ∈ Up and x0 ∈ X0.

Let us define the set

Xp(t; t0,X0) = {x (t; t0, x0, u(·)) ∈ R
n : x0 ∈ X0, u(·) ∈ Up}

where t ∈ [t0, θ]. The set Xp(t; t0,X0) is called the attainable set of the system (1.1) at the instant
of time t. It is obvious that the set Xp(t; t0,X0) consist of all x ∈ R

n to which the system (1.1) can
be steered at the instant of time t ∈ [t0, θ].

The Hausdorff distance between the sets A ⊂ R
n and E ⊂ R

n is denoted by h(A,E).
In this paper we give an approximation method for construction of the attainable set Xp (t; t0,X0)

of the system (1.1).

2. Boundedness of attainable sets

The following proposition asserts that the set of solutions and the attainable sets of the control
system (1.1) with constraint (1.2) are bounded.

Proposition 1. For any p ∈ (1,+∞), t ∈ [t0, θ] , x ∈ Xp(t; t0,X0) the inequality ‖x‖ ≤ r∗
holds where

r∗ = (1 + d∗ + k) exp(k), (2.1)

d∗ = max{‖x‖ : x ∈ X0}, k = c [(θ − t0) + l∗µ0] ,

l∗ = max {(θ − t0), 1} (2.2)

and c > 0 is the constant given in condition 1.C.

The proof of the proposition follows from condition 1.C and Gronwall’s inequality.
For a given γ > 0 we set

Dn (γ) = {(t, x) ∈ [t0, θ] × R
n : ‖x‖ ≤ γ} , Bn(γ) = {x ∈ R

n : ‖x‖ ≤ γ} . (2.3)

We get from Proposition 1 that (t, x(t)) ∈ Dn (r∗) for every p ∈ (1,∞) , x ∈ Xp(t; t0,X0) and
t ∈ [t0, θ]. Here and henceforth we will have in mind the cylinder Dn (r∗) as the set D in condition
1.B. We set also

r0 = L1(θ − t0) + 2L2µ0l∗ (2.4)
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where r∗ is defined by (2.1), l∗ is defined by (2.2).
Since X0 ⊂ R

n is a compact set then, for every δ > 0 there exists a finite δ-net of X0. For a
given δ > 0 let Xδ be a finite δ-net of the compact set X0 and

Xp(t; t0,Xδ) = {x(t; t0, x0, u(·)) ∈ R
n : x0 ∈ Xδ, u(·) ∈ Up} , t ∈ [t0, θ] .

Proposition 2. For every δ > 0 the inequality

h
(

Xp(t; t0,X0),Xp(t; t0,Xδ)
)

≤ δ exp(r0)

holds for every t ∈ [t0, θ].

3. Control functions with integral and geometric constraints

Let H ∈ (0,∞). We set

UH
p = {u(·) ∈ Up : ‖u(t)‖ ≤ H for every t ∈ [t0, θ] } ,

XH
p (t; t0,Xδ) =

{

x(t; t0, x0, u(·)) ∈ R
n : x0 ∈ Xδ, u(·) ∈ UH

p

}

, t ∈ [t0, θ] .

k∗ = 2L3µ
p
0 · exp (r0) (3.1)

where r0 > 0 is defined by (2.4).

Proposition 3. For every δ > 0 and H > 0 the inequality

h(Xp(t; t0,Xδ),X
H
p (t; t0,Xδ)) ≤

k∗
Hp−1

holds for every t ∈ [t0, θ].

4. Lipschitz continuous control functions

Let
UH

p,lip =
{

u(·) ∈ UH
p : u(·) is Lipschitz continuous

}

,

XH
p,lip(t; t0,Xδ) =

{

x (t; t0, x0, u(·)) ∈ R
n : x0 ∈ Xδ , u(·) ∈ UH

p,lip

}

, t ∈ [t0, θ].

Proposition 4. For every ε > 0, δ > 0 and H ∈ (0,∞) the inequality

h
(

XH
p (t; t0,Xδ) ,XH

p,lip (t; t0,Xδ)
)

≤ ε

holds for every t ∈ [t0, θ].

Let us define a new set of Lipschitz continuous control functions, the Lipschitz constant of
which is bounded. For given R > 0, we denote

UH
p,lip,R = {u(·) ∈ UH

p,lip : the Lipschitz constant of u(·) is not greater than R},

XH
p,lip,R(t; t0,Xδ) =

{

x (t; t0, x0, u(·)) ∈ R
n : x0 ∈ Xδ, u(·) ∈ UH

p,lip,R

}

, t ∈ [t0, θ] .

Proposition 5. Let δ ∈ (0,∞) and H ∈ (0,∞) be fixed. Then for each ε > 0 there exists

R∗(ε, δ,H) > 0 such that for every R ≥ R∗(ε, δ,H) the inequality

h(XH
p,lip(t; t0,Xδ),X

H
p,lip,R(t; t0,Xδ)) < ε

is satisfied for every t ∈ [t0, θ].
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From Proposition 2, Proposition 3, Proposition 4 and Proposition 5 we get the validity of the
following theorem.

Theorem 1. For every ε > 0 there exist δ (ε) > 0, H (ε) > 0 and R (ε) > 0 such that the

inequality

h(Xp(t; t0,X0),X
H(ε)
p,lip,R(ε)(t; t0,Xδ(ε))) ≤

3ε

10

holds for every t ∈ [t0, θ].

Note that in Theorem 1, for given ε > 0 the numbers δ (ε) > 0, H (ε) > 0 and R (ε) > 0 are
defined as follows:

δ (ε) =
ε

10 exp (r0)
, H (ε) =

(

10k∗
ε

)
1

p−1

, (4.1)

R (ε) = R(ε, δ(ε),H(ε)) > 0 is defined by Proposition 5 and is such that the inequality

h
(

X
H(ε)
p,lip (t; t0,Xδ(ε)),X

H(ε)
p,lip,R(ε,δ(ε),H(ε))(t; t0,Xδ(ε))

)

≤
ε

10
(4.2)

holds for every t ∈ [t0, θ], r0 is defined by (2.4), k∗ is defined by (3.1).

5. Piecewise constant control functions

Let Γ = {t0 < t1 < . . . < tN = θ} be a uniform partition of the segment [t0, θ] and ∆ = ti+1 −
ti, i = 0, 1, . . . N − 1. It is obvious that ∆ = (θ − t0) /N. Now let us denote

UH
p,∆,R =

{

u(·) ∈ UH
p : u(t) = ui, t ∈ [ti, ti+1), ‖ui+1 − ui‖ ≤ R∆, i = 0, 1, . . . N − 1

}

.

XH
p,∆,R (t; t0,Xδ) =

{

x (t; t0, x0, u(·)) ∈ R
n : x0 ∈ Xδ, u(·) ∈ UH

p,∆,R

}

, t ∈ [t0, θ] ,

b∗ = L3 (θ − t0) exp (r0) (5.1)

where r0 is defined by (2.4). The following proposition characterizes the relation between the
attainable sets XH

p,lip,R (t; t0,Xδ) and XH
p,∆,R (t; t0,Xδ) .

Proposition 6. For every fixed δ > 0, H ∈ (0,∞), uniform partition Γ = {t0 < t1 < . . .
< tN = θ} of the segment [t0, θ] and R > 0 the inclusion

XH
p,lip,R (t; t0,Xδ) ⊂ XH

p,∆,R (t; t0,Xδ) + b∗R∆Bn(1)

holds for every t ∈ [t0, θ] where b∗ is defined by relation (5.1), ∆ = ti+1 − ti, (i = 0, 1, . . . N − 1), is

the diameter of the partition Γ, Bn (1) is defined by (2.3).

Now let us define a new control functions set and corresponding attainable set, generated by
new control functions. For a uniform partition Γ = {t0 < t1 < . . . < tN = θ} of the segment [t0, θ]
we set

UH
p,∆ =

{

u(·) ∈ UH
p : u(t) = ui, t ∈ [ti, ti+1), i = 0, 1, . . . N − 1

}

,

XH
p,∆ (t; t0,Xδ) =

{

x (t; t0, x0, u(·)) ∈ R
n : x0 ∈ Xδ, u(·) ∈ UH

p,∆

}

, t ∈ [t0, θ].

where ∆ = ti+1 − ti = (θ − t0) /N, i = 0, 1, . . . N − 1.
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Proposition 7. For every fixed δ > 0, H ∈ (0,∞), uniform partition Γ = {t0 < t1 < . . .
< tN = θ} of the segment [t0, θ] and R > 0 the inclusion

XH
p,∆,R (t; t0,Xδ) ⊂ XH

p,∆ (t; t0,Xδ)

holds for every t ∈ [t0, θ].

The following proposition characterizes the relation between the sets XH
p,∆ (t; t0,Xδ) and

XH
p,lip (t; t0,Xδ).

Proposition 8. For every fixed δ > 0, H ∈ (0,∞), uniform partition Γ = {t0 < t1 < . . .
< tN = θ} of the segment [t0, θ] and ε > 0 the inclusion

XH
p,∆ (t; t0,Xδ) ⊂ XH

p,lip (t; t0,Xδ) +
ε

10
Bn(1)

is satisfied for every t ∈ [t0, θ].

From Theorem 1, Proposition 6, Proposition 7 and Proposition 8 it follows the validity of the
following theorem.

Theorem 2. For every given ε > 0 there exist δ (ε) > 0, H (ε) > 0 and ∆(ε) > 0 such that for

every uniform partition Γ = {t0 < t1 < . . . < tN = θ} of the segment [t0, θ], where ∆ ≤ ∆(ε), the

inequality

h
(

Xp (t; t0,X0) ,X
H(ε)
p,∆

(

t; t0,Xδ(ε)

)

)

≤
2ε

5

holds for every t ∈ [t0, θ].

Here ∆ = ti+1 − ti, (i = 0, 1, . . . N − 1), is the diameter of the partition Γ.

For a given ε > 0 the numbers δ (ε) > 0 and H (ε) > 0 are defined by relation (4.1), R (ε) =
R(ε, δ(ε),H(ε)) > 0 is defined by Proposition 5 and is such that the inequality (4.2) holds,

∆ (ε) =
ε

10b∗R (ε)
(5.2)

where b∗ is defined by (5.1).

6. Piecewise constant control functions with norms from uniform mesh and

finite number of control functions

Let Γ = {t0 < t1 < . . . < tN = θ} be a uniform partition of the segment [t0, θ], ∆ = ti+1 − ti,
i = 0, 1, . . . N −1, Γ∗ = {0 = y0 < y1 < . . . < ya = H} be a uniform partition of the segment [0,H] ,
λ = yj+1 − yj, j = 0, 1, . . . a − 1, and

UH
p,∆,λ =

{

u(·) ∈ UH
p,∆ : ‖u(t)‖ = yji

, t ∈ [ti, ti+1), yji
∈ Γ∗, i = 0, 1, . . . N − 1

}

,

XH
p,∆,λ (t; t0,Xδ) =

{

x (t; t0, x0, u(·)) ∈ R
n : x0 ∈ Xδ, u(·) ∈ UH

p,∆,λ

}

, t ∈ [t0, θ].

So, XH
p,∆,λ (t; t0,Xδ) is the attainable set of the system (1.1) generated by control functions

u(·) ∈ UH
p,∆,λ from the initial set (t0,Xδ) at instant of time t ∈ [t0, θ].
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Proposition 9. For every δ > 0, H ∈ (0,∞) , uniform partition Γ = {t0 < t1 < . . . < tN = θ}
of the segment [t0, θ] and uniform partition Γ∗ = {0 = y0 < y1 < . . . < ya = H} of the segment

[0,H] the inequality

h
(

XH
p,∆ (t; t0,Xδ) ,XH

p,∆,λ (t; t0,Xδ)
)

≤ L3λ (θ − t0) exp (r0)

holds for every t ∈ [t0, θ] where r0 is defined by (2.4).

Now let us introduce new set of control functions which consists of finite number of control
functions. Let S = {u ∈ R

m : ‖u‖ = 1} and

Sσ = {sl ∈ S : l = 1, 2, . . . , q}

be a finite σ-net given on the compact S ⊂ R
m. We narrow down the set of control functions UH

p,∆,λ

and define new control functions set

UH
p,∆,λ,σ =

{

u(·) ∈ UH
p,∆,λ : u(t) = yji

sli , t ∈ [ti, ti+1), yji
∈ Γ∗, sli ∈ Sσ, i = 0, 1, . . . N − 1

}

.

It is obvious that the set UH
p,∆,∆∗,σ consist of finite number of control functions. Now we set

XH
p,∆,λ,σ (t; t0,Xδ) =

{

x (t; t0, x0, u(·)) ∈ R
n : x0 ∈ Xδ, u(·) ∈ UH

p,∆,λ,σ

}

, t ∈ [t0, θ] .

Thus, the set XH
p,∆,λ,σ (t; t0,Xδ) consists of finite number of points for every t ∈ [t0, θ].

Proposition 10. For every given δ > 0, H ∈ (0,∞) , uniform partition Γ = {t0 < t1 < . . .
< tN = θ} of the segment [t0, θ] and uniform partition Γ∗ = {0 = y0 < y1 < . . . < ya = H} of the

segment [0,H] the inequality

h
(

XH
p,∆,λ (t; t0,Xδ) ,XH

p,∆,λ,σ (t; t0,Xδ)
)

≤ L3Hσ (θ − t0) exp (r0)

holds for every t ∈ [t0, θ] where r0 is defined by (2.4).

7. Approximation of the solutions

Now let us give an approximate calculation method of the set XH
p,∆,λ,σ (θ; t0,Xδ) which consists

of a finite number of points. By ZH
p,∆,λ,σ (θ; t0,Xδ) we denote the set of all points z(θ) = z(tN )

calculated by the recurrent formula

z(ti+1) = z(ti) + (ti+1 − ti) f (ti, z(ti), yji
sli) , z(t0) = x0, i = 0, 1, . . . , N − 1 (7.1)

where x0 ∈ Xδ , yji
∈ Γ∗, sli ∈ Sσ, i = 0, 1, . . . , N − 1 and ∆ ·

∑N−1
i=0 yp

ji
≤ µp

0.
For given H > 0 we set

Λ(H) = Dn(r∗) × Bm(H)

where the sets Dn(r∗) ⊂ [t0, θ] × R
n and Bm(H) ⊂ R

m are defined by (2.3), r∗ is defined by (2.1).
According to condition 1.A, the function f(·) : [t0, θ] × R

n × R
m → R

n is uniformly continuous on
the compact set Λ(H) = Dn(r∗) × Bm(H). For given γ > 0 and H > 0 we set

ω (γ,H) = max{‖f(t1, x1, u) − f(t2, x2, u)‖ : (t1, x1, u) ∈ Λ(H), (t2, x2, u) ∈ Λ(H),

|t1 − t2| ≤ γ, ‖x1 − x2‖ ≤ γ} . (7.2)

If the system(1.1) is autonomous, i.e. if it has the form ẋ(t) = f (x(t), u(t)) , x(t0) ∈ X0 then
we get from condition 1.B that ω (γ,H) ≤ (L1 + 2L2H) γ . We denote

ϕ (∆) = c (1 + r∗)
[

∆ + µ0∆
p−1

p

]

(7.3)

where r∗ > 0 is defined by (2.1), the constant c > 0 is given in condition 1.C.
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Proposition 11. For every fixed δ > 0, H ∈ (0,∞) , uniform partition Γ = {t0 < t1 < . . .
< tN = θ} of the segment [t0, θ], uniform partition Γ∗ = {0 = y0 < y1 < . . . < ya = H} of the

segment [0,H] and σ > 0 the inequality

h
(

XH
p,∆,λ,σ (θ; t0,Xδ) , ZH

p,∆,λ,σ (θ; t0,Xδ)
)

≤ ω (ϕ (∆) ,H) (θ − t0) exp ((L1 + 2L2H) (θ − t0))

holds where ∆ = ti+1 − ti, (i = 0, 1, . . . N − 1), is the diameter of the partition Γ, λ = yj+1 − yj,
(j = 0, 1, . . . a − 1), is the diameter of the partition Γ∗, σ > 0 is the parameter of the finite net

given in S, δ > 0 is the parameter of the finite net given in X0.

The function ϕ(·) : (0,∞) → (0,∞) defined by (7.3) and the function ω(·,H) : (0,∞) → (0,∞)
defined by (7.2) are not increasing for every fixed H > 0. In addition ϕ (∆) → 0 as ∆ → 0 and
ω (γ,H) → 0 as γ → 0 for every fixed H > 0. Then for given ε > 0 and H > 0 it is possible to
choose ∆1 (ε,H) > 0 such that for every ∆ ≤ ∆1(ε,H) the inequality

ω (ϕ (∆) ,H) (θ − t0) exp [(L1 + 2L2H) (θ − t0))] ≤
ε

5
(7.4)

holds. So, from (7.4) and Proposition 11 we obtain the validity of the following proposition.

Proposition 12. Let H > 0 be fixed. Then for every ε > 0 there exists ∆1(ε,H) > 0 such

that for any δ > 0, σ > 0 and uniform partition Γ∗ = {0 = y0 < y1 < . . . < ya = H} of the interval

[0,H] the inequality

h
(

XH
p,∆,λ,σ (θ; t0,Xδ) , ZH

p,∆,λ,σ (θ; t0,Xδ)
)

≤
ε

5

holds if ∆ ≤ ∆1(ε,H).
Here ∆ = ti+1 − ti, (i = 0, 1, . . . N − 1), is the diameter of the uniform partition Γ =

{t0 < t1 < . . . < tN = θ} of the segment [t0, θ], λ = yj+1 − yj, (j = 0, 1, . . . a − 1), is the diam-

eter of the uniform partition Γ∗ of the segment [0,H], δ > 0 is the parameter of the finite δ-net

given on the set X0, σ > 0 is the parameter of the finite σ-net given on the unit sphere S ⊂ R
m.

8. Main result

The following theorem follows from Theorem 2, Proposition 9, Proposition 10, Proposition 12
and characterizes the Hausdorff distance between the attainable set Xp (θ; t0,X0) of the system (1.1)
and the set ZH

p,∆,λ,σ (θ; t0,Xδ) which consists of a finite number of points and can be calculated by
the recurrent formula (7.1).

Theorem 3. For each ε > 0 there exist δ (ε) > 0, H (ε) ∈ (0,∞), ∆∗(ε) > 0, λ(ε) > 0 and

σ(ε) > 0 such that the inequality

h
(

Xp (θ; t0,X0) , Z
H(ε)
p,∆,λ(ε),σ(ε)

(

θ; t0,Xδ(ε)

)

)

≤ ε

holds for every ∆ ≤ ∆∗(ε).

In proof of the theorem, the numbers δ (ε) > 0, H (ε) ∈ (0,∞), ∆∗(ε) > 0, λ(ε) > 0 and
σ(ε) > 0 are defined as follows:

δ (ε) > 0 and H (ε) > 0 are defined by (4.1), ∆(ε) > 0 is defined by (5.2), the number
R (ε) = R (ε, δ (ε) ,H (ε)) is defined in Proposition 5 guaranteeing the validity of the inequality (4.2),

λ(ε) ≤
ε

5L3 (θ − t0) exp (r0)
, σ(ε) ≤

ε

5L3H(ε) (θ − t0) exp (r0)
, ∆∗ (ε) = min {∆ (ε) ,∆1 (ε)}

where r0 is defined by (2.4), ∆1(ε) = ∆1(ε,H (ε)) is defined by (7.4) i.e. ∆1 (ε) = ∆1 (ε,H (ε)) > 0
is such that the inequality

ω (ϕ (∆) ,H (ε)) (θ − t0) exp [(L1 + 2L2H (ε)) (θ − t0)] ≤
ε

5

is satisfied for every ∆ ≤ ∆1 (ε).
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