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ATTAINABLE SETS OF THE CONTROL SYSTEMS WITH LIMITED
RESOURCES!

Kh. G. Guseinov, A.S. Nazlipinar

In this article the attainable set of a nonlinear control system with integral constraint on controls is studied.
An approximation method has been obtained for numerical construction of the attainable sets.
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Introduction

One of the important constructions of the controllable systems is the attainable set notion.
Attainable set is the set of all points to which the system arrive at the instant of given time and it is a
very useful tool in the study of various problems of optimization, dynamical systems and differential
game theory. Control problems with integral constraints on control arise in various problems of
mathematical modeling. They naturally arise in the applications, such as control problems with
prescribed bounded total energy, control systems with design uncertainties (see, e.g. [1-14] and
references therein). For example, the motion of flying objects with variable mass, is described in
the form of controllable system, where the control function has an integral constraint (see, e.g.
[6, 13]).

Topological properties and numerical construction methods of the attainable sets of control
systems with integral constraint on control functions have been investigated in [1-6, 10]. In this
paper we present an approximation method for construction of the attainable sets of nonlinear
control systems.

1. The system

Consider the control system the behavior of which is described by the differential equation

w(t) = f(t, 2(t), u(t), 2(to) € Xo (1.1)

where = € R" is the phase state vector of the system, u € R™ is the control vector, t € [tg, 6] is the
time and Xy C R™ is a compact set. For p € (1,00) and up > 0 we set

Up = {u(") € Lp([to, 0], R™) : u()]l, < po} (1.2)

where pg defines the resource of the control effort.
Every function u(-) € U, is said to be an admissible control function and it is assumed that the
right hand side of the system (1.1) satisfies the following conditions:

1.A. The function f(-) : [to, 0] x R™ x R™ — R™ is continuous;
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1.B. For any bounded set D C [tg, 0] x R™ there exist constants Ly = L1(D) > 0, Ly = La(D) >0
and L3 = L3(D) > 0 such that

1f (&, 21, u1) = f(E @2, u9) || < [La + Lo (Jluall + llual))] lz1 — 2|l + Ls [lur — ual|
for any (t,z1,u1) € D x R™, (t,x2,u2) € D x R™ where ||-|| denotes the Euclidean norm;
1.C. There exists a constant ¢ > 0 such that
1 @&z, u)ll < e+ [lz]) (X + [[ull)
for every (t,x,u) € [to, 0] x R™ x R™.

Let uy(-) € Up. The absolutely continuous function z.(-) : [tg,f#] — R™ which satisfies the
equation &, (t) = f(t,z«(t), u«(t)) a.e. in [ty,d] and the initial condition x.(ty) = xg € Xp is said
to be a solution of the system (1.1) with initial condition z.(t9) = x, generated by the admissible
control function u(-). By the symbol x(-;tg, xg,u(:)) we denote the solution of the system (1.1)
with initial condition x(ty) = xo, which is generated by the admissible control function u(-). Note
that the conditions 1.A-1.C guarantee the existence, uniqueness and extendability of the solutions
up to the instant of time @ for every given u(-) € U, and zg € Xj.

Let us define the set

Xp(t;to, Xo) = {z (t;t0, 2o, u()) € R" : wg € Xo, u(-) € Up}

where ¢ € [tg,0]. The set X,(¢;to, Xo) is called the attainable set of the system (1.1) at the instant
of time ¢. It is obvious that the set X,,(¢; 9, Xo) consist of all z € R™ to which the system (1.1) can
be steered at the instant of time t € [to, 0].

The Hausdorff distance between the sets A C R"” and E C R” is denoted by h(A, E).

In this paper we give an approximation method for construction of the attainable set X, (¢; 9, Xo)
of the system (1.1).

2. Boundedness of attainable sets

The following proposition asserts that the set of solutions and the attainable sets of the control
system (1.1) with constraint (1.2) are bounded.

Proposition 1. For any p € (1,4+00), t € [to,0], x € X,(t;to, Xo) the inequality |z| < r,
holds where

re = (1 +d. + k) exp(k), (2.1)
di = max{||z| : z € Xo}, k=c[(0—to)+ lpo],
I, =max {(0 —ty), 1} (2.2)

and ¢ > 0 is the constant given in condition 1.C.

The proof of the proposition follows from condition 1.C and Gronwall’s inequality.
For a given v > 0 we set

Dn (7) = {(t,2) € [to, 0] x R" : [lzf| <~},  Bn(y) ={z e R": |z <~} . (2.3)

We get from Proposition 1 that (¢,z(t)) € D,, (r«) for every p € (1,00), & € X, (;t9, Xo) and
t € [to,0]. Here and henceforth we will have in mind the cylinder D,, (r,) as the set D in condition
1.B. We set also

rg = L1(9 — t()) + 2Lopugly (2.4)



Attainable sets of the control systems with limited resources 263

where r, is defined by (2.1), I, is defined by (2.2).
Since Xg C R" is a compact set then, for every § > 0 there exists a finite d-net of Xg. For a
given § > 0 let Xs be a finite §-net of the compact set Xy and

Xp(t;to,X(;) = {x(t; to,xo,u(')) eR": a9 € Xs, u() S Up}, tc [to,@] .
Proposition 2. For every § > 0 the inequality
h(Xp(t; to, Xo), Xp(t; to, X5)) < dexp(ro)
holds for every t € [to, 0].
3. Control functions with integral and geometric constraints
Let H € (0,00). We set
={u(") €Up: u(t)| < H for every t € [to, 0] },
X (t;t0, X5) = {a(t;to, w0, u(-)) € R™ : 2o € X5, u(-) € U}, t € [to, 0],
ki = 2L3ph - exp (o) (3.1)
where 7o > 0 is defined by (2.4).

Proposition 3. For every 6 > 0 and H > 0 the inequality

ks
HpT

h(XP(t; to, X6)7 X;]);I(t; to, X(S)) <
holds for every t € [tg, 0].
4. Lipschitz continuous control functions

Let
hp = {u(") € UI;H : u(+) is Lipschitz continuous}

X hip(tito, X5) = {z (t;to, w0, u(-)) € R" 1w € X5, u(-) € Uk}, € [to, 0]

Proposition 4. For every e >0, 6 >0 and H € (0,00) the inequality

h (X (410, X5) , X2 (t:10, X5)) <

holds for every t € [to, 0].

Let us define a new set of Lipschitz continuous control functions, the Lipschitz constant of
which is bounded. For given R > 0, we denote

U;fhp,R = {u(-) € U]ﬁip : the Lipschitz constant of u(-) is not greater than R},

Xp lip, R(t t(),X5 {J} (t;to,xo,u(-)) c R™: xg € X, ( ) eU. llpR} [to,@] .

Proposition 5. Let 6 € (0,00) and H € (0,00) be fized. Then for each € > 0 there exists
R.(g,9,H) > 0 such that for every R > R.(g,9, H) the inequality

h(Xp llp(t t(),X5) Xp lip, R(t7t07X5)) <e

is satisfied for every t € [to,0)].
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From Proposition 2, Proposition 3, Proposition 4 and Proposition 5 we get the validity of the
following theorem.

Theorem 1. For every ¢ > 0 there exist 0 (¢) > 0, H(¢) > 0 and R(g) > 0 such that the
inequality

H 3e
A(Xp(t5t0, Xo), Xpie) oy (8510, X)) < T

holds for every t € [to, 0].

Note that in Theorem 1, for given ¢ > 0 the numbers 6 (¢) > 0, H (¢) > 0 and R (e) > 0 are
defined as follows:

)= — H(@:(l%*)ﬁ, (4.1)

" 10exp (o) £

R(e) = R(e,0(¢),H(g)) > 0 is defined by Proposition 5 and is such that the inequality

h(XH(E) (tS to, X&(a))a XH( ?R(575(5)7H(5))(7§§ to, X&(a))) < (4-2)

13
p,lip p,lip

£
10
holds for every t € [tg, 0], ro is defined by (2.4), k. is defined by (3.1).

5. Piecewise constant control functions

Let I' = {tg < t1 < ... <ty =0} be a uniform partition of the segment [tg,0] and A = ;11 —
t;, 1=0,1,... N — 1. It is obvious that A = (6 — tg) /N. Now let us denote

UfAﬂ = {u() S Uf cu(t) = ug, t € [t tir1), [Juit1 — uil] < RA, i=0,1,... N — 1}.

XA R (B0, Xs) = {z (tit0, 20, u(-)) €R™ 129 € Xs, u(-) € UMA R}, tE [to,0],

b. = L3 (6 — to) exp (10) (5.1)

where r( is defined by (2.4). The following proposition characterizes the relation between the

attainable sets thpﬂ (t;to, Xs) and X;{{A,R (t;to, Xs) -

Proposition 6. For every fized 6 > 0, H € (0,00), uniform partition T' = {tg < t1 < ...
<ty =0} of the segment [to,0] and R > 0 the inclusion

X hio.r (B0, Xs) C XA g (B0, Xs) + b.RAB,(1)

holds for every t € [tg, 0] where by is defined by relation (5.1), A =t;41 —t;, (1 =0,1,... N —1), is
the diameter of the partition I', B, (1) is defined by (2.3).

Now let us define a new control functions set and corresponding attainable set, generated by
new control functions. For a uniform partition I' = {tg < t; < ... <ty = 0} of the segment [ty, 0]
we set

U;IA = {u(-) € U;I cu(t) = w4, t € [ti,tip1), 1=0,1,...N —1},

XHA (510, X5) = { (o, z0,u(-)) € R" 1o € X5, u(-) € UA}, t € [to, 0]

where A =t;41 —t; = (0 —t9) /N,i=0,1,...N — 1.
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Proposition 7. For every fized 6 > 0, H € (0,00), uniform partition T' = {tg < t1 < ...
<ty =0} of the segment [to,0] and R > 0 the inclusion

X[\ g (tt0, X5) C XA (850, Xs)

holds for every t € [to, 0].

The following proposition characterizes the relation between the sets XfA (t;to, Xs) and

X (t:tg, Xs).

p)lip
Proposition 8. For every fized 6 > 0, H € (0,00), uniform partition T' = {tg < t; < ...
<ty = 0} of the segment [ty, 0] and € > 0 the inclusion

g
XJIA (o, X5) © Xy, (810, X5) + 1—OBn(1)

is satisfied for every t € [to,0)].

From Theorem 1, Proposition 6, Proposition 7 and Proposition 8 it follows the validity of the
following theorem.

Theorem 2. For every given € > 0 there exist § (¢) > 0, H (¢) > 0 and A(e) > 0 such that for
every uniform partition I' = {tg < t1 < ... <ty = 0} of the segment [ty,0], where A < A(e), the
inequality

h (Xp (t;to, Xo) ,ng) (t: tOvXé(a))) <

holds for every t € [to, 0].
Here A =ti1q1 —t;, (i=0,1,... N — 1), is the diameter of the partition T".

For a given € > 0 the numbers d (¢) > 0 and H (¢) > 0 are defined by relation (4.1), R (¢) =
R(e,d(e), H(e)) > 0 is defined by Proposition 5 and is such that the inequality (4.2) holds,

€

~100.R () (52)

A(e)
where b, is defined by (5.1).

6. Piecewise constant control functions with norms from uniform mesh and
finite number of control functions

Let I' = {tp < t; < ... <ty =0} be a uniform partition of the segment [to,0], A = t;41 — t;,
i=0,1,.. N-1,T"={0=yo < y1 < ... <yg = H} be a uniform partition of the segment [0, H],
/\:yj+1—yj,j:0,1,...a—1, and

U;IM = {u(-) € UfA u@®) =y, t € [tirtig1), y;; €T, i=0,1,...N -1},

X;IA)\ (t;to, Xs) = {:E (t;to, xo,u(-)) € R" : xg € X5, u(-) € U;IAA} , t € [to, 0]

So, XfA ) (t;to, X5) is the attainable set of the system (1.1) generated by control functions
u(-) € szA,A from the initial set (¢g, Xs) at instant of time t € [tg, 6].
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Proposition 9. For every § > 0, H € (0,00) , uniform partition T' = {tg < t; < ... <ty =0}
of the segment [tg,0] and uniform partition T* = {0 =y <y1 < ... <y, = H} of the segment
[0, H] the inequality

h (X} (tto, Xs) , XA \ (810, X5)) < LA (6 — to) exp (ro)
holds for every t € [to, 0] where rq is defined by (2.4).

Now let us introduce new set of control functions which consists of finite number of control
functions. Let S = {u € R™ : ||ul| = 1} and

SUZ{SlGS:lzl,Z,---,q}

be a finite o-net given on the compact S C R™. We narrow down the set of control functions UfA A\
and define new control functions set

pA)\U {u A)\ cu(t) = yj,81, tE€ [t tiv1), vy €T, s, €86, i=0,1,...N — 1}.
It is obvious that the set U AA. o consist of finite number of control functions. Now we set

Xp,A,A,cr (t;to, X5) = {x (t;to, zo,u(-)) € R" : xg € X5, u(-) € U A /\0} € [to, 0]

Thus, the set XﬁAA,a (t;to, Xs) consists of finite number of points for every ¢ € [tg, 0].
Proposition 10. For every given § > 0, H € (0,00), uniform partition I' = {tg < t; < ...

<ty = 0} of the segment [to, 0] and uniform partition T* = {0 =yo < y1 < ... <yq = H} of the
segment [0, H| the inequality
h (XA (tt0, X5) , XA 5o (tt0, X5)) < LsHo (6 — to) exp (ro)

holds for every t € [to, 0] where rq is defined by (2.4).

7. Approximation of the solutions

Now let us give an approximate calculation method of the set X7 PANG (0;to, Xs) which consists

of a finite number of points. By ZEA)\’U (0;t9, Xs5) we denote the set of all points z(0) = z(tn)
calculated by the recurrent formula

Z(ti-‘rl) = z(tl) + (tl—l-l ti )f(tlv (t')vyjisl-)7 Z(to) =xz9, ¢1=0,1,...,N—1 (71)

where zg € X5, y;, € T, s, € S5, 1 =0,1,...,N —1 and A - ZZ 0 yp < ub.
For given H > 0 we set

A(H) = Dp(r.) x B (H)

where the sets D, (ry) C [to,0] x R" and B,,(H) C R™ are defined by (2.3), 7. is defined by (2.1).
According to condition 1.A, the function f(-) : [tg, 0] x R” x R™ — R" is uniformly continuous on
the compact set A(H) = Dy, (r«) X By, (H). For given v > 0 and H > 0 we set

w (v, H) = max{|[| f(t1, z1,u) — f(t2,z2,u)|| = (t1,21,u) € A(H), (t2,22,u) € A(H),
[t —t2| <7, [lz1 — 22 <7} (7.2)

If the system(1.1) is autonomous, i.e. if it has the form #(¢) = f (z(¢),u(t)), x(ty) € Xo then
we get from condition 1.B that w (v, H) < (Ly + 2LyH)~ . We denote

o(A)=c(1+7) AWOA”%] (7.3)

where r, > 0 is defined by (2.1), the constant ¢ > 0 is given in condition 1.C.
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Proposition 11. For every fized 6 > 0, H € (0,00), uniform partition I = {tg < t1 < ...
< ty = 0} of the segment [tg, 0], uniform partition T = {0=yo<y1 < ...<yqa = H} of the
segment [0, H] and o > 0 the inequality

h (Xpiane (0:t0, X5) . Zyla a0 (8510, X5)) < w (9 (D), H) (8 — to) exp (L1 + 2La H) (6 — to))

holds where A = t; 11 —t;, (1 =0,1,... N — 1), is the diameter of the partition I', X = y; 411 — yj,
(j =0,1,...a — 1), is the diameter of the partition Ty, o > 0 is the parameter of the finite net
given in S, § > 0 is the parameter of the finite net given in Xj.

The function ¢(-) : (0,00) — (0,00) defined by (7.3) and the function w(-, H) : (0,00) — (0, 00)
defined by (7.2) are not increasing for every fixed H > 0. In addition ¢ (A) — 0 as A — 0 and
w(y,H) — 0 as v — 0 for every fixed H > 0. Then for given ¢ > 0 and H > 0 it is possible to
choose Ay (¢, H) > 0 such that for every A < Aj(e, H) the inequality

€
w(p(A), H) (0~ to) exp[(L1 +2L2H) (6 — to))] < ¢
holds. So, from (7.4) and Proposition 11 we obtain the validity of the following proposition.

(7.4)

Proposition 12. Let H > 0 be fized. Then for every € > 0 there exists A1(e, H) > 0 such
that for any § > 0, o > 0 and uniform partition T* = {0 =yo < y1 < ... < yq = H} of the interval
[0, H] the inequality

h (X;z{,{A,)\,cr (97 to, X5) ) Zj{,{A,)\,o‘ (97 to, X5)) <

ot ™

holds if A < Ay(e, H).

Here A = tiyq1 — t;, (i = 0,1,...N — 1), is the diameter of the uniform partition T' =
{to <t1 <... <ty =0} of the segment [to,0], X\ = yj11 —vy;, (j = 0,1,...a — 1), is the diam-
eter of the uniform partition T'* of the segment [0, H|, § > 0 is the parameter of the finite d-net
given on the set Xo, o > 0 is the parameter of the finite o-net given on the unit sphere S C R™.

8. Main result

The following theorem follows from Theorem 2, Proposition 9, Proposition 10, Proposition 12
and characterizes the Hausdorff distance between the attainable set X, (6;to, Xo) of the system (1.1)
and the set Z;IA’AJ (0;to, Xs) which consists of a finite number of points and can be calculated by
the recurrent formula (7.1).

Theorem 3. For each € > 0 there exist § () > 0, H (¢) € (0,00), Ay(e) > 0, A(e) > 0 and
o(e) > 0 such that the inequality

B (X (8510, X0) 230 ) o) (Bito, X)) ) < 2

holds for every A < A,(e).
In proof of the theorem, the numbers 0 (¢) > 0, H (¢) € (0,00), Ai(e) > 0, A(e) > 0 and
o(e) > 0 are defined as follows:

d(e) > 0 and H (¢) > 0 are defined by (4.1), A(e) > 0 is defined by (5.2), the number
R(e) = R(e,0 (¢), H (¢)) is defined in Proposition 5 guaranteeing the validity of the inequality (4.2),
(

g e .
M) = S tew o) 7 S BLAE G- ew () O TR, A )

where rg is defined by (2.4), Aj(e) = Ay(e, H (¢)) is defined by (7.4) i.e. A1 (e) = A1(e,H () >0
is such that the inequality

w (¢ (A), H (¢)) (6 —to) exp[(L1 + 2L2H (¢)) (6 — to)] <

ol ™

is satisfied for every A < Ay (e).
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