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1. BBenenne

Teneparop [osa (cm. [1]) cocrout u3 r HUKIMUECKUX PEIHCTPOB CIBHUIA

B3aMMHO MPOCTHIX JUIMH My, . .., M, HaJ KOJBLIIOM BLIYETOB 110 HEKOTOPOMY
k k
mvoayaio M. Obosnaunm depes (x(() ), e 7x£712—1)7 k =1,...,r, 3alojHeHus

PErucTpoOB T'eHepaTopa. YCJIOBUMCS HCIOJIb30BATh B MHJIEKCAX 0DO3HAUECHHE

t(m) st HAMMEHBIIIEro HEOTPUIATEJIBHOIO BhIYETa YUCTa T 110 MOJLYJIIO M.

SHaKHU BBIXOJIHOM IIOC/IEI0BATEIbHOCTH I'eHepaTopa 00pa3yoTcs 10 (popMmyJie
1 r

=z 4+ . +27  mod M. (1)

t(ma) t(my)
Ecnn 3amosinenns perncTpoB SBJISIOTCS HE3aBUCUMBIMA CJIYYaiiHBIMU Be-

JINIUHAMUT XZ.(IC)7 pacipe/jieJieHHbIME paBHOMepHO Ha MHOXKectse {0, ..., M —
1}, TO BBIXOJTHASI IOCIIEIOBATEILHOCTD Z; SIBJISIETCS CIYIaiiHO# 1 IMeeT mepu-
of il L = my-. . .-m,.. OueBuiHO, 9TO pacupeaeaeHue OTPE3Ka BbIXOIHOM
nocsiegoBaresbaocTr ainabl 1T < max{my,...,m,} coBmajaer ¢ pacrpese-
JICHUEM TAKOI'O K€ OTPE3KA, HE3aBUCHUMbBIX CJIy4ailHbIX BEJIMUMH C PABHOME]-
HbiM pactpegenennem. Cauraercst (eM. [1]), aTo npu juMHe BHIXOIHOI MOCTE-

JloBaTeIbHOCTU TeHepaTopa Ilosa He Hosbie 2v/L sta [I0CJIE/IOBATEJILHOCTD
B 3HAUUTEJILHON crerenu 00J1ajlaeT CBOWCTBaAMU PaBHOBEPOSITHOMN cJrydaii-
HOI TIOCJIeIOBATEILHOCTH. [Ipu cyIecTBeHHO OOTBIINX JIIMHAX OTPE30K BbI-
XOJIHOM 110CJIe/10BaTeJbHOCTH I'eHepaTopa €O CJIy4ailHbIM 3all0JIHEHUEeM peru-
CTPOB 110 CBOUM BEPOATHOCTHBIM CBOHCTBAM 3aMETHO OTJINYIACTCIA OT OTPE3Ka
PAaBHOBEPOSATHO# 1ocseoBaresibHocTu. Tak, B [2] 6bu10 HOKa3aHO, 40 1HpU
M = 2 pacrpejiesienvie Yncjia eUHAT] Ha TTOJIHOM IUKJIE JUTUHBI L BHIXOIHON
TIOCJIEJIOBATEILHOCTH MeHepaTopa He sBJIseTCsl ONHOMUAJIBLHBIM U TPU HeoT'pa-
HUYEHHOM YBEJUYEHUU JIJIMH PEIUCTPOB U /WJIM YUCJIa PEIUCTPOB CXOJUTCS
K pacupejesleHusaM, OTIUIHBIM OT HOPMAaJILHOTO. TaMm »Ke ObLIN TOJTyUYeHbI
OLICHKU CKOPOCTU CXOJMMOCTHU B COOTBETCTBYIOIIUX IIPE/E/bHbIX TeOpEeMaXx.

B nacrosieit 3aMeTke 1MoKa3bIBaeTCsi, 9YTO HAPSLY C ATUM JII000H OTPE30K
BBIXO/THOH TOCJIE0BAaTEJbHOCTH T'eHepaTopa CO CIAYYaliHbIMU PaBHOBEPOAT-
HBIMU 3aT0JIHEHUSIMU 00J1a/1aeT CJIe/IYIOIIMM BayKHbIM CBOMCTBOM PaBHOBEPO-
ATHOM clydailHOi mocaeaoBaTesbHoCTH. [IycTh 3aamHa HEKOTOpas IenovKa
(caoBo) (aq, ..., as) snemenro Muoxkecrsa {0,..., M — 1}, yuosierBopsiio-
11as1 YCJIOBUSIM

a1 # ag, (ay,a9) # (as_1,as),...,(a1,...,as_1) # (as,...,as).  (2)

Hpyrumu cioBaMu, menodka (aq, . . ., as) He JOMYCKAeT YACTUIHOTO CAMOHA-
JIOXKEHMUS.

B pabore mokazaHo, 4TO JiJIsi pacipejie/ieHusl UhcJia MOsIBJICHU B OTpe3-
K€ BbBIXO/IHOI 110CJ1€/10BATEJIbHOCTU KOHKPETHON HEINOYKU, He JIONYCKaIoIel
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CaMOHAJIOXKEHNUSsI, CIIPABE/JINBA OIeHKA TOYHOCTU IMYaCCOHOBCKOW aIMPOKCHU-
Malli¥, aHaJOruYHasa OICHKEe JIJId paclpeesieHus YNCaa TMOABJICHUN TaKOu
2Ke [EeMOYKH B I10Ce0BaATEeIbHOCTA He3aBUCUMbIX CJYYalHbIX BEJIUYNH, pac-
IpeJIeJIEHHbIX PaBHOMEPHO Ha aJipaBUTE. IJTa OIEHKA COAepKaTe/IbHa JIJIsd
JIIOOBIX JIOCTATOYHO JIJIMHHBIX OTPE3KOB BBIXOJHOW I110CJIE/I0BATEILHOCTH, B
TOM YHUCJIe U JIJIs ee IOJIHOrO Iepuojia. 3 3roii onieHKu B paboTe BBIBOISTCS
IIyaCCOHOBCKasl U <«OKOJIOILyaCCOHOBCKasi» HOPMaJibHas 1IPeJieJbHble Teope-
Mbl, QHAJIOTUYHBIC KJIACCUYCCKUM TeopeMaM JIJIsl YACJIa MOSABJICHUA 1eNOYKH,
He JIOMYCKAIONIeil caMOHaIOKeHnst (CM., Hampumep, [3]).

EcrecTBeHHBIM SIBJISIETCH PEJIINTOJI0KEHNE O TOM, YTO aHAJOTMYHBLIMU
ACHUMIITOTUYECKMMHU CBOMCTBaAMHU 00JIaJIal0T PaCIpeJieJIeHns U MHOTHUX JIPY-
I'MX KJIACCOB PEJIKUX COOBITHI B BBIXOJIHON OCJIEI0BATEILHOCTH I'€HEPATOPA
[Tona.

2. PopMyJINPOBKHN PE3YyJILTATOB

PaccmarpuBaercst TeHepaTop € 7 PErHCTPaMu B3aUMHO MPOCTHIX JIJIUH

; 1 1 . .

mi, ..., my. Iycrs X = (Xé ), . 7X1512—1) — cJIyvaiiHoe 3aIloJIHEHUe i-T0
. . i

peructpa, i = 1,...,r. Bece cayuaiinbie Bequauabl X ]( ) B 91ux Habopax Hesa-
BHCHMBI B COBOKYITHOCTH M UMEIOT PaBHOMEPHOE paCIpeeIeHie Ha MHOMKE-
cree {0,..., M — 1}. BoixoHast 110csie10BaTeIbHOCTh TeHEPATOPaA 33/1aeTCst
dopmyioit

_ v ()

Zt — Xt(ml) + .« o + Xt(mr) mOd M. (3)

PaccMorpuM  HEKOTOPYIO ULENOYKY @1,...,0s M3 IJIEMEHTOB MHOXKECTBA
{0,..., M — 1}, ynosnerBopsiortyio yciaosuio (2). Ilosgsnennem B mocieo-
BATEJILHOCTH { Z;} TIETIOUKY @y, . . . , G5 C HAYAJIOM B TOUKE t €CTECTBEHHO CYUU-

TaTh COOBITHE

{Xt =a1,. .., Xpps-1 = as}-

Hac unrepecyer pacupejenenue uuciaa £(s,T) mex nosiBjieHuii 1enouku
ai,...,as, HadaJla KOTOPBIX JIEXKAT B 3aJJAHHOM OTPE3KE BBIXOJIHOM II0CJIE 10
BaresbHOCTU JiiuHbl T° < mq ... m,. B obo3Hadenun ciydaiiHONl BeJIMUMHbI
£(s,T) He ykasaHbl HU PaCIOJOXKEHHE PACCMATPUBAEMOrO OTPE3Ka, HW BhI-
OOp 3HAKOB a1, . . ., As, TIOCKOJIBKY pactpeesenne senuausbl &(s, 1) or 9Tux
IapaMeTpoB He 3aBUCHT.

YeqoBuMest UCIONTb30BaTh obosuadenwe L(W) st pactpesesnenust ciy-
daitnoit Besiwunnubl W ou obosnadenue Po(A) juist pacupejenenus [yaccona
¢ mapamerpoMm A. HamoMmHuM, UTO paccTosiHue 10 BapHallud MEXK/Yy paclpe-
JIeJIHUAME CAyJdaiHbIX Bendud U m V' Ha MHOXeCTBe HEOTPUIIATEbHBIX
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IEJIBIX YKCel BhIpaXkaeTcst (popMyJioit

pLU),£(V)) = 5 SO [P(U = k) ~ PV = k).
k=0

[TosokuMm

A=TM™>. (4)

Eciu s < min{my,...,m,}, o A = E{(s, T).
Byjem ucnosbzoBars obosHadenue |b[ st HAUMEHBIIEro IeJ0ro Yucia,
IIPEBOCXOJAIIEI0 YUCJI0 b UM PABHOIO €MY.

Teopema 1. ITycmo M > 2, 2s — 1 < min{mq,...,m,}, T < mq...m,.
Tozda

D(L(E(5.T)), Po(A)) < M EDCs = 1) <] L [+...+]£D. (5)

Ms mi m,

Herpynno nokaszarb, uro onetka (5) rpybee aHAJOIMYHOM OLEHKH JiJist
pacrpejesnenus ducya 1(s,T) nosiBaeHnil ENOUKN Ay, . . ., (s B MOCJIEJ0Ba-
TeNLHOCTY 13 1 HE3ABUCUMBIX CIYYaiHbIX BEJUYNH, PACIPEICICHHBIX PaB-
nomepHo Ha muoxkecrse {0, ..., M —1}. Ina pacupejenenust n(s, T) anano-
ruaHO (D) BBIBOJUTCS HEPABEHCTBO

p(L(n(s. 7). P <>>s(M“A)j35‘”. )

CanencrBue 1. Hycmb M>2T < mi..mq,, amy,...,mg,s,T — o0
max, wmo A =TM™* —>>\€(0,oo)u

max <ln m) 0. (7)

Tozda pacnpedesenue caywatinot seaununos £(s,T) cxodumes x pacnpedene-
nuto Ilyaccona c napamempom \.

CnencrBue 2. IIycmo M > 2, T < mqy...m,, a my,...,m,,s, T — o0
mark, wmo A =TM™5 — oo u
T Inm;
— — 0. 8
Mo H%S?X( m; ) (8)

Tozda pacnpedeaenue cayuatinot sesuvunv (£(s,T) — A)A™V? cxodumes
CMandapmmomy HopMasvHOMY PacnpedeseHuio.
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3. Jloka3aTeabCcTBa

oxazameavcmeo meopemn, 1. BBejiem ciydaitnbie coObITust

_ _ _ (1) (r
Habop suauennit i1 = t(mq),...,17, = t(m,) u ycaosue 0 < t < my...m,
OJIHO3HAUHO ONpee/sioT Begnunny t. IloaToMy JuIst MHJIMKATOPa T10ABJICHUS]
IICIIOYKH A1, . .., Qs B MOMEHT ¢ MOXKHO HCIOJIb30BaTh 0O03HAYCHUE

Wi, ... i) = I{E(a1) N ...N Erps_i(as)},

rie [{E} — unjgukarop ciaydaiinoro cobbirust E.
Bsejiem MHOXKeCTBO

D(T) = {(t(m1),. .., t(m,)) : t=0,...,T —1}.

Hcnonb3yst ToT bakt, 9rTo pacupejesenue ciydaitioi seauannst E(s,T) He
3aBUCUT OT PACIOJIOXKEHUsI OTPe3Ka, HaOJIIOJIeHNIT, 3aKJII0UaeM, 4TO 3a/1a4a,
CBeJIaCh K U3YYEHUIO pacIpejie/ieHus CaydaiiHONl BeJIMYNHbI

sT)= > Wli,... i) (9)
(i100yip ) ED(T)

DTO PAaCHPEJICJICHUE COBIAJIaeT € PacHpee/eHueM CJydailHO# BeJindu-
ol £(s,T).

MbI BOCIIOJIB3YEMCsI OIIEHKOM JIOKAJILHOI'O BapraHTa MeToj1a ena — Creii-
Ha (cm. [4], [5] u cebuikn B 91X paborax). [lycrs

red () =

(217...7Z7~)
- {(2/17 Tt 7Z/r) S F(T) : mm{]z; o Zk|7 ‘mk - (Z;f o Zk)|} > 8, k= L... ,T’}.

[Tomoxknum
Liiyrein(T) = (TN (i, - i) DL (D). (10)

Herpynto mposeputh, uto ciayvaiinas Beawansa W (iy, . .., 1,) He 3aBUCAT
OT COBOKYIHOCTHU CJyIalHBIX BEJTMIUH

(W i) s (i i) €T (T}

(21,...,2}

[Tosromy onenka o meropy Yena — Creitna (cM., Hanpumep, reopemy 6.1
B |5]) mpunumaer Buj

p(L(E'(s,T)), Po(A)) <
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A 4
(11,0 i) ED(T)
+ Y EW(iy,... iU, 0 | (11)
(i1,0ensin ) ET(T)
rje
Uiy, ... i) = > Wi, ..., i). (12)
(’L'/l,...,i;n)el—‘(il 77777 17«)(T)
Jlemma 1. Ilycmo 2s — 1 < min{my,...,m,}. Tozda
{1, i)} U TGy (D) = [DDNLGE G (T)] <
T T
< (2s—1 — . —1 . 13
el (R ) w
Hoxasamesvcmeo. Ilpoexiu muoxecrsa {(i1,...,45)} U Iy, (1) na
«okpyxuoctuy» {0,...,mi—1},...,{0,..., m,—1} npeacrapystor coboii or-
pesku u3 25— 1 noapsi)| uyux rouek. [locsepoBaresibuocts t(my) ¢ pocrom
mapamerpa t ot 0 10 T'— 1 npoxojuT Bce Touku MuOX)ectBa {0,...,m; — 1}

noapsj (1o kpyry) ne 6osiee |T'/mq| pas. B srom nponecce 3uadenue t(m)
monaJier Ha OTpe3oK u3 2s — 1 rouek He Gosee (25 — 1)]T/mq| pas. Dro
GUCJIO SIBJISIETCST OIEHKOM CBEpXy JJisl YKCJIa TeX IJEMEHTOB MHOXKECTBa
{Gi1, ... 4)} UL, i) (T), KOTOpBIE NONAIM B 9TO MHOXKECTBO 32 CYET HapY-
menns ycaosus min{ |6y — i1, [my — (¢) —i1)|} > s. To ke camoe BbITIONHEHO
JUIst OCTAJIBHBIX MPOEKIKii. VI3 911X oreHoK caejryer HepaserctTso (13). Jlem-
Ma JIOKa3aHa. []

[IpogoskuM JloKa3aTebeTBo Teopembl. VI3 onpejesiennii Bbirekaer, 4ro
npu Beex (i1, ...,i,) € I'(T)

EW (i, ... i) = —. (14)

N3 (13) u (14) caenyer, uro

EW(il, - ,Z}) =+ EU(il, - ,ir) = |{(i1, - ,Z})} U F(zl,,lr)(T)’

<23—1 T n
- Ms mi
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[Tosromy neprast cymma B ipaBoii wactu (11) gomyckaer oneHky

> EW(i,....i)(EW (i, ... 4) + EU(i1,... i) <
(i1,..yip ) ED(T)

gA(QJ‘\Z:l) <]£1[++]%D (15)

OrnennM BTOpPYIO cymMmy B mpaBoii qactu (11).

Jlemma 2. ITycmo 2s — 1 < min{my,...,m,},
(i, . .. ,Z;,) € F(il,...,ir)(T), (11,...,1,) € I(T).
Tozda EW (i1, ... i, )W (i}, ... i) < M™%,

K jilemme 2 Mbl BepHeMmcsl B KOHIIE CTaThU, a MOKa ITPOJOJIKIM JOKa3a-
TesbeTBO Teopembl. Cormtacro (12), (13) u onenke jieMMbl 2

. o . 1
> EW(i,.. i) Ui <Y T i) Dl 7577 <

A(2s — 1) T
<5 (ol
Nz (11), (15) u (16) cmemyer, ato
p(L(E'(s,T)),Po(A)) <

S(M+3)4(38_1) (]7:1[++]m1D (17)

13 (17) nosmywaem nepasernctso (5). Teopema jokaszana. O

Joxazameavcmeo caedemeutds 1 u 2. V3 (4), nepasencrea T < my ... m, u
yeaoBus A — A € (0, 00] caenyer, uto s = O(Inmy + ... +1nm,), a mpasas
qacTb B (D) J0IMycKaeT IpH epexojie K MPejiely OleHKY

O(ﬁg (mi1+...+m%>>=O<An}3x(h;$i>>. (18)

[TosroMy 10 yCIOBUSIM CJIEJCTBUII OHA CTPEMUTCS K HYJIIO, ¥ U3 YCJIOBUS
A — X € (0,00) u Teopembl 1 BbiTEKAET CXOUMOCTb PACHDPEJIEJCHUsI BEJIU-
aunbl (s, T) k pacnpenesnennto [lyaccona Po(X). Crespcrsue 1 nokazaHo.
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B cBoto ouepenn, B ciaydae A — 00 W3 CXOAMMOCTH K HYJIIO BbIparke-
auii (18) u TeopeMbl 1 BBITEKAET CXOAUMOCTD K HYJTIO PACCTOSTHUS TIO BapUa-
MU MEXKJy pacrpejiesieHneM ciydaitnoit Besnaunbt £(s,T) u pactpe/iesieHn-
em Ilyaccona Po(A) ¢ pactymum k 6eckoneanoctu napamerpom A. [Mocien-
Hee pacipe/jiesieHue Ipy YKa3aHHbIX B (DOPMYJIMPOBKE EHTPUPOBKE U HOPMU-
POBKE CTPEMUTCA K CTaHIapTHOMY HOpPMaJbHOMY pacipejenennio. [losromy
BBIIIOJIHEHO yTBep2KieHue ciejcrus 2. Vrak, oba ciejcrBus joka3anbl. [

Hoxaszameavemeo aemmor 2. Tlycrs 1 <t <t—+1<my...m, — 1. CobbiTne
B N By MOXKXHO TPaKTOBATh KaK BBIIOJHEHUE CUCTEMbI U3 2S5 CPaBHEHMI

Xt(zh)—l—...—i—XwiEat mod M, t=1,...,s, (19)
(1) rn 3
X(t+l)(m1)+"'+X(t—|—l)(m7.) = ¢ mod M, t = 1,...,3. (20)

Cucrema (19) — (20) obsajaer caeyonmmu CBOficTBAMHY.

1) Cormacuo ycaosuio 25 — 1 < min{my, ..., m,} MHOXKeCTBa HEU3BECT-
HbIX B yDaBHEHUsIX KaxK0if u3 cucrem (19) u (20) ne nepecekatorcs.

2) Kombunanusi, Beipaxkaioiiasi ypapHenue cucrembl (19) uepes ypashe-
aus cucreMbl (20), ecanm OHa CyIECTBYeT, MOKET OBITh TOJIyUeHa JIUIb 13
ojiHorO ypasHenus cucrembl (20) (nuave B Hell okazagoch Ob1 Oosiee 1 HEHY-
JeBBIX ciaraeMbix). To ke camoe BepHO 1 juisd ypasuenus cucrembl (20). A
3HAYKUT, BO3MOXKHbI JIMIIIb CJIE/YIOIINE BAPUAHTDI:

2a) cucrembl (19) u (20) umeroT obiee ypasnerue,

26) nu ofHO ypaBHenue cucteMbl (19) He MOXKeT OBITH BBIPAXKEHO HUepes3
ypaBHenusi cucrembl (20), 1 obparHo, HU OjiHO ypaBHeHue cucrembl (20) He
MOKeT OBITh BBIPAsKEHO 1uepe3 ypaBHenus cucremsl (19) — (20).

B ciyuae 2a) cobbitust By u By HECOBMECTHBI, TaK KaK [EHOYKA a1, . . . , g
HE MOYKET HAJIOXKHUTLCs caMa Ha cedsa. CreoBaresnbho (371ech u Hmke B (22)
1 = t(mk), Z;C = (t + l)(mk), k=1,... ,7”),

EW (i1, ..., i) W(i,... i) =0. (21)

B cayuae 20) kaxoe caenyiomniee ypasuenne cucremsl (19) — (20) (ypas-
HEHUsT MOXKHO 6paTh B JIOOOM MOPSIJIKE) COMEPKUT XOTsT OBl OJTHO HEM3BECT-
HOE, He BXOJIsIIIee B IIPEJIbIIyIIe YyPaBHEH!s. DTO 03HATAET, YT, 110 KpaiiHeil
mepe, 2s — 1 memsBecTHbIX cucteMbl (19) — (20) OIHOZHATHO OMpPEAETSIOTCS
ocrasibHbIMK HensBecTHbIME. ClieoBaTelbHO,

EW (iy,...,i,)W(i,...,i) < P{B;N By} < M™%, (22)

I3 (21) u (22) BbITEKAET, 9TO HEPABEHCTBO (22) BBHIMOJHEHO B 000UX CITy-
gasx. JleMma 2 Jloka3aHa. [l
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Arrop npusnaresnen A. M. 3yOKoBy 3a TOJI€3HBIE 3aMETaHUST.
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