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ated to the memory of M. Z. SolomyakBOUND ON THE NUMBER OF NEGATIVE EIGENVALUESOF TWO-DIMENSIONAL SCHR�ODINGER OPERATORS ONDOMAINS

© R. L. FRANK, A. LAPTEVA fundamental result of Solomyak says that the number of negative eigen-values of a S
hr�odinger operator on a two-dimensional domain is boundedfrom above by a 
onstant times a 
ertain Orli
z norm of the potential. Hereit is shown that in the 
ase of Diri
hlet boundary 
onditions the 
onstantin this bound 
an be 
hosen independently of the domain.
§1. Introdu
tion and main resultIn this paper we are interested in an upper bound on the number of negativeeigenvalues of a S
hr�odinger operator in two spa
e dimensions. In order to stateour main result, we introdu
e the fun
tions

A(t) := et − 1− t and B(t) := (1 + t) ln(1 + t)− t for t > 0:These fun
tions are 
onvex and are Legendre transforms of ea
h other. Fora measurable set 
 ⊂ R
2 of positive and �nite measure we denote by LB(
)the spa
e of measurable fun
tions g on 
 (identifying fun
tions equal almosteverywhere) for whi
h

‖g‖B;
 := sup{∣∣∣∣
∫
 fg dx∣∣∣∣ : f : 
→ C is measurable and∫
 A(|f |) dx6 |
|}is �nite. Also, −�D
 denotes the Diri
hlet Lapla
ian in 
. We will see that forreal V ∈ LB(
) the operator −�D
 + V , de�ned in a quadrati
 form sense,Key words: S
hr�odinger operator, Diri
hlet Lapla
ian, Neumann Lapla
ian, Trudingerinequality.Partially supported by the U.S. National S
ien
e Foundation through grant DMS-1363432(R.L.F.) and by a grant of the Russian Federation Government under the supervision of aleading s
ientist at the Siberian Federal University, grant � 14.Y26.31.0006 (A.L.).250



TWO-DIMENSIONAL SCHR�ODINGER OPERATORS ON DOMAINS 251is bounded from below and we are interested in the number of its negativeeigenvalues. For any selfadjoint lower semibounded operator H we denote byN(H) the number of negative eigenvalues, 
ounting multipli
ities.Our main result is as follows.Theorem 1.1. There is a 
onstant C su
h that for any open set 
 ⊂ R
2 of�nite measure and any real V ∈ LB(
), we haveN(−�D
 + V ) 6 C‖V−‖B;
: (1.1)Here we use the notation V (x)− = max{0;−V (x)} for the negative part.The main point of this paper is that the 
onstant C in (1.1) 
an be 
hosenindependently of 
. In the fundamental paper [15℄ Solomyak showed thatN(−�N
 + V ) 6 1 + C
‖V−‖B;
 (1.2)for the Neumann Lapla
ian−�N
 and for bounded, 
onne
ted open sets 
⊂R

2with the extension property. (This is essentially Theorem 4′ in [15℄.) The 
on-stant C
 in (1.2) depends on 
. From this bound and the ideas in its proof,one 
an obtain (1.1) for bounded open sets 
 ⊂ R
2, but again with a 
onstantthat depends on 
. The proof that this 
onstant 
an, in fa
t, be 
hosen inde-pendently of 
 needs additional ingredients, whi
h we provide in this paper.We also mention that 
onversely, it is easy to dedu
e (1.2) from (1.1), but thena dependen
e on 
 enters through the use of an extension operator.A standard appli
ation of Theorem 1.1, even with a domain dependent 
on-stant, yields the validity of Weyl asymptoti
s in the strong 
oupling limit forrough potentials. It is 
ru
ial here that the right side of (1.1) is homogeneous ofdegree one with respe
t to V . This is a distinguishing feature of (1.1) and (1.2)
ompared to other bounds dis
ussed below.Corollary 1.2. If 
 ⊂ R

2 is an open set of �nite measure and V ∈ LB(
) isreal, then lim�→∞
�−1N(−�D
 + �V ) = 14� ∫
 V (x)− dx:The basi
 strategy in our proof of Theorem 1.1 is similar to that of Solo-myak's proof of (1.2), whi
h, in turn, follows the strategy of Rozenblum's proofof the CLR bound [12, 13℄. The set 
 is 
overed by squares 
hosen in su
h away that the S
hr�odinger operator on ea
h square with Neumann boundary
onditions has at most one negative eigenvalue. Therefore, the number of neg-ative eigenvalues is bounded by the number of squares and it remains to boundthe latter number. In 
ontrast to earlier works, Rozenblum used overlappingsquares and the sele
tion of the squares pro
eeds by the Besi
ovit
h 
overinglemma. In order to guarantee that the S
hr�odinger operator on ea
h square



252 R. L. FRANK, A. LAPTEVhas at most one negative eigenvalue, the squares are 
hosen so that the normof V on ea
h square is equal to a given small 
onstant. This 
onstru
tion is
onsiderably more diÆ
ult in the two-dimensional 
ase (where one deals withan Orli
z norm) than in the higher-dimensional 
ase (where one deals with theLd=2-norm). In fa
t, the 
hoi
e of the (nonstandard) norm ‖ · ‖B;
, whi
h hassuitable superadditivity properties, was one of the key insights in Solomyak'swork.The new diÆ
ulty that we have to fa
e in this work is that interse
tionsof squares with 
 have essentially an arbitrary shape and that our 
onstantsmust be in a 
ertain sense uniform with respe
t to this shape. In 
ontrast,Solomyak needed only to 
onsider interse
tions of squares with ea
h other, thatis, re
tangles, and the ne
essary uniformity follows in a rather straightforwardmanner. In our 
ase we obtain uniformity by 
arefully reviewing the proof ofthe Trudinger inequality.We end this introdu
tion by pla
ing our result in the 
ontext of eigenvaluebounds for S
hr�odinger operators. As is well known, the two-dimensional 
aseis a borderline 
ase and is still not as well understood as the 
ase of three andhigher dimensions and the one-dimensional 
ase. Re
ently, there have beenseveral results on the two-dimensional 
ase, see [4, 8, 14, 3, 6, 7℄. Solomyak'spioneering paper [15℄ had a profound in
uen
e on these developments and wewould like to dedi
ate our results here, whi
h are also a variation on the themein [15℄, to his memory.In order to understand the parti
ularity of the two-dimensional 
ase, were
all that in dimensions d > 3 the number N(−�+V ) of negative eigenvaluesof the S
hr�odinger operator −�+V in L2(Rd) is bounded by the Cwikel{Lieb{Rozenblum inequality asN(−�+ V ) 6 Cd ∫

Rd V (x)d=2− dx; (1.3)where Cd is a 
onstant depending only on d. This inequality should be 
om-pared with the Weyl asymptoti
slim�→∞
�−d=2N(−�+ �V ) = |{� ∈ R

d : |�| 6 1}|(2�)d ∫

Rd V (x)d=2− dx: (1.4)These asymptoti
s are initially proved for 
ontinuous, 
ompa
tly supported Vand then extended, using (1.3), to any V ∈ Ld=2(Rd). Moreover, from (1.3) it iseasy to dedu
e that if for V 6 0 one has lim sup�→∞ �−d=2N(−�+ �V ) < ∞,then V ∈ Ld=2(Rd).



TWO-DIMENSIONAL SCHR�ODINGER OPERATORS ON DOMAINS 253The analog of (1.3) is not true in dimension two. Indeed, in two dimensionsfor any potential V 6≡ 0 with ∫
R2 V (x) dx 6 0 the operator −� + V hasa negative eigenvalue. However, not even a modi�ed bound with the rightside in (1.3) repla
ed by C(1 + ∫

R2 V (x)− dx) 
an be ful�lled. In fa
t, a moresubtle failure of (1.3) was dis
overed in [1℄. Namely, for any q > 1 there is apotential V ∈ L1(R2) su
h that lim�→∞ �−qN(−�+ �V ) exists and is �niteand positive. Sin
e a bound like (1.3) even with a 
onstant added to the rightside, would imply that N(−�+ �V ) grows at most linearly with �, no su
hbound 
an be true. In fa
t, the modi�ed asymptoti
s is valid for any long-rangepotential that behaves like
−|x|−2(ln |x|)−2(ln ln |x|)−1=q as |x| → ∞:Moreover, if q = 1 in these examples, then lim�→∞ �−1N(−� + �V ) exists,but is di�erent from the right side of (1.4). We also mention that not only theslow de
ay at in�nity 
an give rise to modi�ed asymptoti
s but also strong(but integrable) lo
al singularities. This 
an be understood via the 
onformalinvarian
e of the problem. More spe
i�
ally, the same modi�ed asymptoti
shold for any potential behaving like
−|x|−2| ln |x||−2(ln | ln |x||)−1=q as |x| → 0:Note that the last fun
tion belongs to LB(
) for an open set 
 
ontaining 0 ifand only if q < 1, so the modi�ed asymptoti
s for q > 1 do not 
ontradi
t ourCorollary 1.2. We also note that these examples with lo
al singularities showthat even for the number of eigenvalues of −�+ V below some �xed numberE < 0, there 
annot be a bound of the form CE(1 + ∫

R2 V (x)− dx).This dis
ussion raises the question of 
hara
terizing all V ∈ L1(R2) (or all0 > V ∈ L1(R2)) either su
h that lim sup�→∞ �−1N(−�+�V ) < ∞, or su
hthat (1.4) is true. This problem was solved in the radial 
ase in [6℄, but is stillopen in general. The eigenvalue bounds in [15, 4, 14, 3, 7℄ 
an be understood assuÆ
ient 
onditions for an asymptoti
ally linear bound. Other, faster growingbounds 
an be found, for instan
e, in [8, 17, 19℄.This paper is organized as follows. In §2 we explain the strategy of the proofof Theorem 1.1 and Corollary 1.2 and redu
e it to two main ingredients, namelya Sobolev-type inequality and a 
overing argument, whi
h will be dis
ussedin §3 and 4, respe
tively. We present all fa
ts about Orli
z spa
es that arerelevant for us in Appendix A and in
lude a proof of the Besi
ovit
h lemmain Appendix B.Note added in proof. After a �rst version of this paper was submitted,Grigori Rozenblum suggested to us that the method of his paper [11℄ mightlead to an alternative proof of Theorem 1.1. We provide the details of this



254 R. L. FRANK, A. LAPTEVargument in §2. (In 
ontrast to [11℄ we avoid the use of 
apa
ities.) We em-phasize that this argument takes Solomyak's inequality (1.2) for squares as aninput.A
knowledgments. The authors are grateful to Timo Weidl for extensivedis
ussions related to this material and to Grigori Rozenblum for many helpfulremarks on the manus
ript.
§2. Strategy of the proofThe proof of Theorem 1.1 is based on two ingredients, namely, Sobolev-type inequalities and a 
overing argument. We present these ingredients inthis se
tion and then explain how to derive Theorem 1.1 from them.Throughout, by a norm ‖ · ‖ without subs
ript we mean the L2 norm.Proposition 2.1. There is a 
onstant S2 > 0 su
h that for any open set
 ⊂ R

2 of �nite measure and any u ∈ H10 (
), we have
∫
 A(S2|u|2=‖∇u‖2) dx 6 |
|: (2.1)Moreover, there is a 
onstant S′2 > 0 su
h that for any open set 
 ⊂ R

2,any open square Q ⊃ 
; and any u ∈ H1(
) that vanishes near Q ∩ �
 andsatis�es ∫
 u dx = 0; we have
∫
 A(S′2|u|2=‖∇u‖2) dx 6 |
|: (2.2)The 
ru
ial point for us is that the 
onstants S2 and S′2 do not dependon 
. Note that we 
an take 
 = Q in the se
ond part of the proposition, andthen (2.2) be
omes ∫Q A(S′2|u|2=‖∇u‖2) dx 6 |Q| (2.3)for any u ∈ H1(Q) with ∫Q u dx = 0. This inequality, however, is weaker thanthe se
ond part of the proposition. Indeed, while it is true that the fun
tionsu ∈ H1(
) that vanish near Q ∩ �
 and satisfy ∫
 u dx = 0 
an be extendedby zero to fun
tions in H1(Q) with mean value zero, applying (2.3) to thisextension gives (2.2) only with |Q| on the right side and not with |
|. Thiswould not be suÆ
ient for our purposes. The proof of Proposition 2.1 will bedis
ussed in §3.
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onstant S′2 su
h that (2.2) holdsif the assumption ∫
 u dx = 0 is repla
ed by the assumption |Q \ 
| > �|Q|.This will also be proved in §3.The se
ond ingredient in the proof of Theorem 1.1 is the following 
overingresult. By a square we always mean an open square with edges parallel to the
oordinate axes, and by a 
overing of a set K ⊂ R
2 by squares Q1; : : : ; QMwe mean that K ⊂

⋃mQm. The multipli
ity of su
h a 
overing issupx∈R2#{m : x ∈ Qm}:Proposition 2.3. Let 
 ⊂ R
2 be an open set of �nite measure, and let0 6 W ∈ LB(
) have 
ompa
t support. Then for any 0 < A 6 ‖W‖B;
 thereis a 
overing of 
 by open squares Q1; : : : ; QM ⊂ R

2 of multipli
ity at most 4su
h that
‖W‖B;Qm∩
 = A for all 1 6 m 6 M: (2.4)Moreover, M 6 17A−1‖W‖B;
: (2.5)The proof of this proposition will be dis
ussed in §4.Having introdu
ed our tools, we are now in a position to prove Theorem 1:1Proof of Theorem 1.1. First, we assume that suppV− is bounded. We de-note by S2 and S′2 the 
onstants from Proposition 2.1. If ‖V−‖B;
 6 S2, thenwe 
an use the �rst part of that proposition as well as the de�nition of ‖ · ‖B;
to show that, for any u ∈ H10 (
),∫
 (

|∇u|2 + V |u|2) dx > ‖∇u‖2(1− S−12 ∫
 V− S2|u|2
‖∇u‖2 dx)

> ‖∇u‖2 (1− S−12 ‖V−‖B;
)
> 0:Thus, N(−�D
 − V ) = 0 and the theorem follows in this 
ase.Now we assume that ‖V−‖B;
 > S2. We apply Proposition 2.3 withW = V−and A = min{4−1S′2; S2}. We obtain a 
overing of 
 by open squaresQ1; : : : ; QM of multipli
ity at most 4 su
h that

‖V−‖B;Qm∩
 6 4−1S′2 for all m = 1; : : : ;Mand M 6 17max {4(S′2)−1; S−12 }
‖V−‖B;
:Thus, for any u ∈ H10 (
) satisfying the orthogonality 
onditions

∫Qm u dx = 0 for all m = 1; : : : ;M;



256 R. L. FRANK, A. LAPTEVwe 
an bound, using the se
ond part of Proposition 2.1,
∫
 (

|∇u|2 + V |u|2)dx >

M∑m=1 ∫Qm (14 |∇u|2 − V−|u|2)dx= 14 M∑m=1 ‖∇u‖2L2(Qm)(1− 4S′2 ∫Qm∩
 V− S′2|u|2
‖∇u‖2L2(Qm) dx)

>
14 M∑m=1 ‖∇u‖2L2(Qm)(1− 4S′2 ‖V−‖B;Qm∩
)

> 0:By the variational prin
iple, this implies thatN(−�D
 − V ) 6 M;and the upper bound on M from the 
overing proves the theorem in the 
asewhere suppV− is bounded.In the general 
ase, we �x " > 0 and, by an argument similar to that inLemma A.4, we 
hoose R > 0 su
h thatW := 1{|x|<R}V−satis�es
‖W − V−‖B;
 6 "S2:Then for any u ∈ H10 (
) we have∫
 (

|∇u|2 + V |u|2) dx > (1− ")∫
 (
|∇u|2 − (1− ")−1W |u|2) dx+ "∫
 (

|∇u|2 − "−1(V− −W )|u|2) dx
> (1− ")∫
 (

|∇u|2 − (1− ")−1W |u|2) dx+ "∫
 |∇u|2 dx (1− ("S2)−1‖V− −W‖B;
)

> (1− ")∫
 (
|∇u|2 − (1− ")−1W |u|2) dx:By the variational prin
iple, this impliesN(−�D
 + V ) 6 N(−�D
 − (1− ")−1W );



TWO-DIMENSIONAL SCHR�ODINGER OPERATORS ON DOMAINS 257and by the �rst part of the proof this 
an be bounded byC(1− ")−1‖W‖B;
 6 C(1− ")−1‖V−‖B;
;where the last inequality follows easily from the de�nition of the ‖ · ‖B;
 norm(see also the proof of Lemma A.2). The proof of Theorem 1.1 is 
omplete. �Alternative proof of Theorem 1.1. In a

ordan
e with [11, Lemma 1℄,there are pairwise disjoint open squares Qm whose 
losures 
over 
 and su
hthat 15 |Qm| 6 |Qm ∩
| 6
45 |Qm| for all m:By the variational prin
iple,N(−�D
 + V ) 6

∑m N(−�DNQm∩
 + V ); (2.6)where −�DNQm∩
 has Diri
hlet boundary 
onditions on Qm∩�
 and Neumannboundary 
onditions on 
 ∩ �Qm. Arguing as at the beginning of the �rstproof of Theorem 1.1, we dedu
e thatN(−�DNQm∩
 + V ) = 0 if ‖V−‖B;Qm 6 S′2;where S′2 
omes from Remark 2.2 with � = 1=5. Here we use the fa
t that bythe 
hoi
e of Qm we have |Qm \ 
| > (1=5)|Qm|. On the other hand, by thevariational prin
iple (extending V by zero to Qm) and Solomyak's bound (1.2),N(−�DNQm∩
 + V ) 6 N(−�NQm + V ) 6 1 + C‖V−‖B;Qm :We emphasize that, by s
aling, the 
onstant C here is independent of m. ByLemma A.2 and the 
hoi
e of Qm,
‖V−‖B;Qm 6

|Qm|
|Qm ∩ 
|‖V−‖B;Qm∩
 6 5‖V−‖B;Qm∩
:Combining these two bounds on N(−�DNQm∩
 + V ), we 
on
lude thatN(−�DNQm∩
 + V ) 6 ((S′2)−1 + 5C)‖V−‖B;Qm∩
:Inserting this into (2.6) and using the superadditivity from Lemma A.1, weobtain the 
laim of the theorem. �Proof of Corollary 1.2. We use an approximation argument similar to thatat the end of the proof of Theorem 1.1. For �xed " > 0 and 
ontinuous and
ompa
tly supported W we write

−�D
 + �V = (1− ")(−�D
 + �(1− ")−1W)+ "(
−�D
 + �"−1(V −W ))



258 R. L. FRANK, A. LAPTEVand bound, using the variational prin
iple and Theorem 1.1,N(−�D
 + �V ) 6 N(
−�D
 + �(1− ")−1W )+N(

−�D
 + �"−1(V −W ))
6 N(

−�D
 + �(1− ")−1W )+ C�"−1‖V −W‖B;
:Using the Weyl asymptoti
s for 
ontinuous and 
ompa
tly supported poten-tials, we obtainlim sup�→∞
�−1N(−�D
 + �V )

6 (1− ")−1 14� ∫
 W (x)− dx+ C"−1‖V −W‖B;
: (2.7)Similarly, we write
−�D
 +�(1− ")W = (1− ")(−�D
 +�V )+ "(−�D
 +�"−1(1− ")(W − V ))and boundN(−�D
+ �(1−")W ) 6 N(−�D
 + �V ) +N(

−�D
 + �"−1(1− ")(W − V ))
6 N(−�D
 + �V ) + C�"−1(1− ")‖W − V ‖B;
:We obtain lim inf�→∞

�−1N(−�D
 + �V )
> (1− ") 14� ∫
 W (x)− dx− C"−1(1− ")‖W − V ‖B;
: (2.8)By an argument as in Lemma A.4, there is a sequen
e of 
ontinuous Wn with
ompa
t support su
h that ‖Wn−V ‖B;
 → 0. We also note that with C ′ su
hthat A(1=C ′) = 1, for any g ∈ LB(
) we have

‖g‖L1(
) = C ′

∫
 sgn gC ′
g dx 6 C ′‖g‖B;
;and therefore

‖Wn − V ‖L1(
) 6 C ′‖Wn − V ‖B;
 → 0:Repla
ing W by Wn in (2.7) and (2.8) and letting n → ∞, we obtain(1−") 14� ∫
 V (x)− dx6 lim inf�→∞
�−1N(−�D
+�V )

6 lim sup�→∞
�−1N(−�D
+�V ) 6 (1−")−1 14� ∫
 V (x)− dx:Sin
e " > 0 is arbitrary, the 
orollary follows. �
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§3. Trudinger's inequalityOur goal in this se
tion is to prove Proposition 2.1. The �rst part of thisproposition is well known and goes ba
k to [20, 10, 18℄. Sin
e we will needsome intermediate result from this proof for the proof of the se
ond part, were
all it here, following [9℄.Lemma 3.1. There is a 
onstant �0 > 0 and a 
ontinuous fun
tion[0; �0) ∋ � → C�with C0 = 0 su
h that for any open set 
 ⊂ R

2 of �nite measure, anyu ∈ H10 (
), and any 0 6 � < �0 we have
∫
 A

( �|u|2
‖∇u‖2) dx 6 C�|
|:Proof. We begin with showing that for q > 2 and u ∈ H1(R2),

(∫

R2 |∇u|2 dx)1−2=q(∫

R2 |u|2 dx)2=q
>

2q (4�)(q−2)=q(∫

R2 |u|q dx)2=q: (3.1)The point here is the expli
it expression of the 
onstant on the right side and,in parti
ular, its behavior as q → ∞.In order to prove this inequality we apply, with a parameter � > 0 to bedetermined, the Hausdor�{Young and the H�older inequalities to get
‖u‖q6(2�)−(q−2)=q‖û‖q′ 6(2�)−(q−2)=q∥∥(|�|2+�2)1=2û∥∥∥∥(|�|2+�2)−1=2∥∥2q=(q−2):Sin
e

∥∥∥(|�|2 + �2)−1=2∥∥∥2q=(q−2)2q=(q−2) = 2� ∞∫0 k dk(k2 + �2)q=(q−2) = q − 22 � �−4=(q−2);we obtain
‖u‖2q 6 (8�)−(q−2)=q (q − 2)(q−2)=q �−4=q (

‖∇u‖2 + �2‖u‖2) :We optimize the right side by 
hoosing�2 = (2=(q − 2))‖∇u‖2=‖u‖2and arrive at (3.1).If u ∈ H10 (
), we 
an use the inequality
∫
 |u|2 dx 6 |
|1−2=q(∫
 |u|q dx)2=q



260 R. L. FRANK, A. LAPTEVand (3.1) to get
(∫
 |∇u|2 dx)q=2

|
| >

(2q)q2=(2(q−2)) (4�)q=2 ∫
 |u|q dx:Thus,
∫
 A

( �|u|2
‖∇u‖2) dx = ∞∑n=2 1n! ∫
 ( �|u|2

‖∇u‖2)n dx 6 C� |
|with C� := ∞∑n=2 nn2=(n−1)n! ( �4�)n :Using Stirling's asymptoti
s and the root test, we see that C� 
onverges if0 6 � < 4�=e and de�nes a 
ontinuous fun
tion with C0 = 0. �Proof of Proposition 2.1. Let C� be the 
onstant from Lemma 3.1. For theproof of the �rst part, we simply 
hoose S2 > 0 su
h that CS2 6 1.For the proof of the se
ond part, let Q̃ be the square with the same 
enteras Q but with three times its side length and let E : H1(Q) → H1(Q̃) be theextension operator by repeated re
e
tion. Thus, for all u ∈ H1(Q),
∫Q̃ |Eu|2 dx = 9∫Q |u|2 dx and ∫Q̃ |∇Eu|2 dx = 9∫Q |∇u|2 dx:Let � ∈ C∞0 (Q̃) be a real fun
tion with � ≡ 1 on Q. We 
hoose this fun
tionto be of the form �(x) = �0((x− a)=L), where a and L are the 
enter and theside length of Q, respe
tively, and where �0 is a universal fun
tion. Then theoperator Ẽ de�ned by Ẽu := �Eu maps H1(Q) into H10 (Q̃) and satis�es
∫Q̃ |∇Ẽu|2 dx = ∫Q̃ (�2|∇Eu|2 − ���|u|2) dx

6 9‖�0‖2∞ ∫Q |∇u|2 dx+ 9‖�0��0‖∞|Q|−1 ∫Q |u|2 dx:This inequality is, in parti
ular, valid for the fun
tions u ∈ H1(
) that vanishnear Q ∩ �
, be
ause su
h fun
tions 
an be extended by zero to fun
tionsin H1(Q). If, in addition, ∫
 u dx = ∫Q u dx = 0, then we 
an bound the last
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ar�e inequality on Q, obtaining �nally
∫Q̃ |∇Ẽu|2 dx 6 
∫Q |∇u|2 dxwith 
 := 9 (

‖�0‖2∞ + �−2‖�0��0‖∞).Moreover, let 
̃ ⊂ Q̃ be the set obtained from 
 by repeated re
e
tion atthe boundaries of the square. Then |
̃| = 9|
|. If u ∈ H1(
) vanishes nearQ ∩ �
, then Ẽu ∈ H10 (
̃), and therefore by the inequality from Lemma 3.1,
∫
 A

( �|u|2
‖∇u‖2L2(
))dx 6

∫
̃ A

( 
�|Ẽu|2
‖∇Ẽu‖L2(
))dx 6 C
�|
̃| = 9C
�|
|:Choosing S′2 > 0 su
h that 9C
S′2 6 1, we obtain the 
laimed inequality. �Remark 3.2. The inequality stated in Remark 2.2 follows by the same argu-ment as in the previous proof, ex
ept that we repla
e the Poin
ar�e inequalityby the inequality

|Q|−1 ∫
 |u|2 dx 6 (1 + �−1)�−2 ∫
 |∇u|2 dx if |Q \
| > �|Q|:To see the last inequality, we extend u by zero to Q, put uQ = |Q|−1 ∫Q u dx,and note that, sin
e u vanishes on Q \ 
, we have
|Q \ 
||uQ|2 6

∫Q |u− uQ|2 dx:Thus,
∫
 |u|2 dx = ∫Q |u|2 dx = ∫Q |u− uQ|2 dx+ |Q||uQ|2

6

(1 + |Q|

|Q \
|)∫Q |u− uQ|2 dx:The 
laimed inequality now follows from the Poin
ar�e inequality.
§4. The 
overing lemmaOur goal in the se
tion is to prove Proposition 2.3. As a �rst step, we willsee that around ea
h point we 
an 
enter a square for whi
h the norm of agiven fun
tion has a pres
ribed Orli
z norm. This requires some basi
 fa
tsabout Orli
z spa
es, whi
h we re
all in Appendix A. At the se
ond step, we
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ovit
h lemma to obtain a suitable �nite 
olle
tion of squares.The relevant version of the Besi
ovit
h lemma will be re
alled in Appendix B.Lemma 4.1. Let 
 ⊂ R
2 be an open set of �nite measure, let0 6 W ∈ LB(
);and let 0 < A < ‖W‖B;
:Then for any x ∈ 
 there is an open square Qx 
entered at x with

‖W‖B;Qx∩
 = A:If Qx is 
hosen maximal with this property, then 
 ∋ x 7→ |Qx| is uppersemi
ontinuous.Proof. First, we �x x ∈ 
 and 
onsider the fun
tionj(l) := ‖V ‖B;(x+lQ)∩
;where Q := (−1=2; 1=2)d , so x + lQ is the open square 
entered at x withside length l. By a simple property of the norm (see (A.1)), j is a monotonenonde
reasing fun
tion of l.We 
laim that j is 
ontinuous on [0;∞) with j(0) = 0. To prove this, welet (ln) ⊂ (0;∞) with ln → l ∈ [0;∞). Setting En := (x + lnQ) ∩ 
 andE := (x+ lQ) ∩
, we 
learly have |En�E| → 0 as n → ∞, and therefore, byLemma A.5, j(ln) = ‖V ‖B;En → ‖V ‖B;E = j(l);proving the 
laimed 
ontinuity and the fa
t that j(0) = 0.Also, it is easily seen that liml→∞
j(l) = ‖V ‖B;
:Thus, for any 0 < A < ‖V ‖B;
 there is l su
h that j(l) = A. We denotelx := max{l : j(l) = A}, making the dependen
e on x expli
it.Now we prove the upper semi
ontinuity statement. This will follow if we 
anshow that for (xn) ⊂ 
 and (ln) ⊂ (0;∞) with xn → x ∈ 
 and ln → l ∈ (0;∞)one has

‖V ‖B;(xn+lnQ)∩
 → ‖V ‖B;(x+lQ)∩
:Indeed, if we apply this statement to ln = lxn , then we obtain
‖V ‖B;(x+lQ)∩
 = A;and by the maximality of lx we 
on
lude that lx > l, whi
h proves uppersemi
ontinuity.To prove the statement above, we apply Lemma A.5 again, this time withEn := (xn + lnQ) ∩ 
 and E := (x+ lQ) ∩ 
. Again we have |En�E| → 0 as



TWO-DIMENSIONAL SCHR�ODINGER OPERATORS ON DOMAINS 263n → ∞, so the assumption of that lemma is satis�ed. This �nishes the proofof the lemma. �We are now in a position to prove Proposition 2:3.Proof of Proposition 2.3. We may assume that 0 < A < ‖W‖B;
. Thenfor any point x ∈ 
 Lemma 4.1 yields an open square Qx 
entered at x with
‖W‖B;Qx∩
 = A. Moreover, the side length |Qx|1=2 depends on x in an uppersemi
ontinuous way. Thus, the Besi
ovit
h lemma (Proposition B.1) yields a
ountable 
overing of multipli
ity 4 and with the property that the squares
an be divided into families �k, k = 1; : : : ; 17, ea
h of whi
h 
onsists of disjointsquares.It remains to show that the 
overing is �nite and with the 
laimed upperbound on the number M of squares. For any k = 1; : : : ; 17, by the superaddi-tivity property of the Orli
z norm (Lemma A.1),(#�k)A = ∑Q∈�k ‖W‖B;Q∩
 6 ‖W‖B;
:Summing over k we obtain MA 6 17 ‖W‖B;
;whi
h is the 
laimed bound. �Appendix §A. Orli
z spa
esIn order to make this paper self
ontained, in this Appendix we provideproofs of the results from the Orli
z spa
e theory that we need. For a deepertreatment we refer, for instan
e, to [5℄.Throughout this se
tion we 
onsider a 
onvex fun
tionA on [0;∞) satisfying
A(t) = 0 if and only if t = 0, as well aslimt→∞

A(t)t = ∞ and limt→0 A(t)t = 0:(Su
h fun
tions are 
alled Young fun
tions.) The example relevant for the restof this paper is the fun
tion
A(t) = et − 1− t;but our arguments are valid for general A.Let B be the Legendre transform of A, that is,

B(s) = supt>0 (st−A(t)) for s > 0:
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an be shown that B is again a Young fun
tion. In the example above, wehave
B(s) = (1 + s) ln(1 + s)− s:For a �nite measure spa
e (X; dx) we denote by LB(X) the set of measurablefun
tions g : X → C for whi
h

‖g‖B;X=sup{∣∣∣
∫X fg dx∣∣∣ : f : X→ C measurable su
h that ∫X A(|f |) dx6 |X|

}is �nite (fun
tions equal almost everywhere are identi�ed). Clearly, ‖ · ‖B;Xde�nes a norm. The next result says that this norm is superadditive.Lemma A.1. Let g ∈ LB(X), and let E1; E2; : : : be pairwise disjoint measur-able subsets of X. Then
∑j ‖g‖B;Ej 6 ‖g‖B;X :Note that this implies, in parti
ular, that

‖g‖B;E 6 ‖g‖B;X if E ⊂ X: (A.1)Proof. Consider any sequen
e of measurable fun
tions f1; f2; : : : on E1; E2; : : :with ∫Ej A(|fj|) dx 6 |Ej | for all j:We de�ne fun
tions sj on Ej with |sj| = 1 and sjfjg = |fjg| pointwise on Ej.We de�ne a fun
tion f̃ on X by f̃ |Ej := sjfj for ea
h j and f̃ := 0 onX\
⋃j Ej.Then∫X A(|f̃ |) dx = ∑j ∫Ej A(|sjfj|) dx = ∑j ∫Ej A(|fj|) dx 6

∑j |Ej | 6 |E|:Thus,
∑j ∣∣∣∣

∫Ej fjg dx∣∣∣∣ = ∑j ∫Ej f̃jg dx = ∫X f̃g dx 6 ‖g‖B;X :Taking the supremum over all fun
tions fj with the spe
i�ed properties, wearrive at the inequality in the lemma. �Lemma A.2. Let g ∈ LB(X), let E;F ⊂ X be measurable with |E| 6 |F |,and assume that g vanishes on X \ (E ∩ F ). Then
‖g‖B;E 6 ‖g‖B;F 6

|F |

|E|
‖g‖B;E :
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e g vanishes outside E ∩ F and sin
e A ismonotone, we have
‖g‖B;E=sup{∣∣∣∣

∫E∩Ffg dx∣∣∣∣ : f : E∩F→C is measurable with ∫E∩FA(|f |) dx6 |E|

}and
‖g‖B;F =sup{∣∣∣∣

∫E∩Ffg dx∣∣∣∣ : f : E∩F→C is measurable with ∫E∩FA(|f |) dx6 |F |

}:Sin
e |E| 6 |F |, this immediately implies ‖g‖B;E 6 ‖g‖B;F .To prove the se
ond inequality, let f be a measurable fun
tion on E ∩ Fwith ∫E∩F A(|f |) dx 6 |F |:Sin
e A is 
onvex with A(0) = 0, we have A(�t) 6 �A(t) for any 0 6 � 6 1and any t > 0. Thus, f̃ := (|E|=|F |)f satis�es
∫E∩F A(|f̃ |) dx 6 |E|;and therefore

‖g‖B;E >

∣∣∣∣
∫E∩F f̃g dx ∣∣∣∣ = |E|

|F |

∣∣∣∣
∫E∩F fg dx ∣∣∣∣:Taking the supremum over all f as before, we dedu
e that

‖g‖B;E >
(
|E|=|F |

)
‖g‖B;F ;as 
laimed. �Lemma A.3. For any g ∈ LB(X), we have

∫X B

(
|X| |g|
‖g‖B;X ) dx 6 |X|:Proof. As a preliminary remark, we note thatsB′(s) = A(B′(s)) + B(s) for all s > 0; (A.2)here and in what follows we denote by B′ the right-sided derivative of B (whi
hexists by 
onvexity). In fa
t, by 
onvexity we have

B(�) > B(s) + B′(s)(� − s) for all �;



266 R. L. FRANK, A. LAPTEVand therefore sB′(s)− B(s) = sup� (�B′(s)− B(�)) :Sin
e A is the Legendre transform of B, we obtain (A.2).Now we turn to the proof of the lemma. Clearly, we may assume that
‖g‖B;X = |X|. Let f := sgn gB′(|g|). We shall show momentarily that

∫X A(|f |) dx 6 |X|: (A.3)This inequality and the de�nition of ‖g‖B imply that
|X| = ‖g‖B;X >

∣∣∣∣
∫X fg dx∣∣∣∣ = ∫X |f ||g| dx:On the other hand, be
ause of (A.2) we have

|f ||g| = A(|f |) + B(|g|); (A.4)and therefore∫X |f ||g| dx = ∫X A(|f |) dx+ ∫X B(|g|) dx >

∫X B(|g|) dx;whi
h yields the inequality in the lemma.It remains to prove (A.3). For M > 0, let fM := f1{|f |6M} and notethat (A.4) yields
|fM ||g| = A(|fM |) + 1{|f |6M}B(|g|) > A(|fM |):We 
hoose M so large that 1{|f |6M}B(|g|) does not vanish almost everywhereand obtain ∫X |fM ||g| dx > ∫X A(|fM |) dx: (A.5)Now we show that 
 := ∫X A(|fM |) dx 6 |X|;whi
h implies (A.3) by monotone 
onvergen
e. We argue by 
ontradi
tion andassume that 
 > |X|. Note that 
 < ∞ be
ause fM is bounded. As in theprevious proof, by 
onvexity we have

A(|X| |fM |=
) 6 (|X|=
)A(|fM |);and, therefore, ∫XA(|X| |fM |=
) dx6 |X|:
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∫X |fM ||g| dx = 


|X|

∫X |X| fM
 g dx 6


|X|

‖g‖B = 
:This 
ontradi
ts (A.5), and we see that 
 6 |X|. �Lemma A.4. Assume that B satis�eslim supt→∞

B(2t)
B(t) < ∞: (A.6)Then L∞(X) is dense in LB(X).In the theory of Orli
z spa
es, (A.6) is 
alled the �2 
ondition. Note thatthe fun
tion B(t) = (1 + |t|) ln(1 + |t|) − |t| satis�es this 
ondition (while

A(t) = e|t| − 1− |t| does not).Proof. Let g ∈ LB(X). We show that gM := g1{|g|6M} → g in LB(X) asM → ∞.Let � := ‖g‖B;X=|X|, so that ∫X B(|g|=�) dx < ∞ by Lemma A.3. More-over, B(|gM − g|=�) 6 B(|g|=�) and therefore, by dominated 
onvergen
e,∫X B(|gM − g|=�) dx → 0 as M → ∞. It is easily seen that the assump-tion (A.6) implies that for any " > 0 and k ∈ N there is Ck;" < ∞ su
hthat
B(2kt) 6 Ck;"B(t) + " for all t > 0:Let f be a measurable fun
tion with ∫X A(|f |) dx 6 |X|. Then by the de�nitionof B as a Legendre transform,

|f |2k|gM − g|=� 6 A(|f |)+B(2k|gM − g|=�) 6 A(|f |)+Ck;"B(|gM − g|=�)+ ":Thus,
∣∣∣∣
∫X f2k(gM − g)=� dx∣∣∣∣ 6 (1 + ")|X| + Ck;" ∫X B(|gM − g|=�) dxand, taking the supremum over f , we arrive at(2k=�)‖gM−g‖B;X = ‖2k(gM−g)=�‖B;X 6 (1+")|X|+Ck;" ∫X B(|gM−g|=�) dx:Letting M → ∞ giveslim supM→∞

‖gM − g‖B;X 6 �2−k(1 + ")|X|;and letting k → ∞ gives gM → g in LB(X). �



268 R. L. FRANK, A. LAPTEVLemma A.5. Assume that B satis�es (A.6). Let g∈LB(X), and let E1; E2; : : :and E be measurable subsets of X with |En�E| → 0 as n → ∞. Then, asn→ ∞,
‖g‖B;En → ‖g‖B;E :Proof. First we 
laim that we may assume that g is bounded. Indeed, fromLemma A.4 we know for any " > 0 there is g" ∈ L∞(X) su
h that

‖g" − g‖B;X 6 ". Thus, by the triangle inequality and by (A.1), for any mea-surable F ⊂ X we have |‖g"‖B;F − ‖g‖B;F | 6 ‖g" − g‖B;F 6 ‖g" − g‖B;X 6 ".Applying this with F = En and with F = E, we see that it suÆ
es to provethe lemma for g ∈ L∞(X), as 
laimed.Let us de�ne gn := g1En∩E. Then
|‖g‖B;En − ‖g‖B;E | 6 |‖g‖B;En − ‖gn‖B;En |+ |‖gn‖B;En − ‖gn‖B;E |+ |‖gn‖B;E − ‖g‖B;E | :Using (A.1), we have

|‖gn‖B;En − ‖g‖B;En | 6 ‖gn − g‖B;En = ‖g�En\E‖B;En 6 ‖g‖∞‖�En\E‖B;En
6 ‖g‖∞‖�En\E‖B;X ;and similarly

|‖gn‖B;E − ‖g‖B;E | 6 ‖gn − g‖B;E = ‖g�E\En‖B;E 6 ‖g‖∞‖�E\En‖B;E
6 ‖g‖∞‖�E\En‖B;X :It is a simple exer
ise (using Jensen's inequality) to 
ompute that for anymeasurable F ⊂ X,
‖�F ‖B;X = |F | A−1(|X|=|F |);where A−1 is the inverse fun
tion of A; see [5, Subse
tion II.9.3℄. Sin
e

A(t)=t → ∞ as t → ∞, we dedu
e that ‖�F ‖B;X → 0 as |F | → 0. Thus,the assumption |En�E| → 0 implies that
|‖g‖B;En − ‖gn‖B;En |+ |‖gn‖B;E − ‖g‖B;E | → 0as n → ∞.By (A.1) and Lemma A.2, we have

|‖gn‖B;En − ‖gn‖B;E | 6

(max{|En|; |E|}min{|En|; |E|}
− 1) ‖g‖B;X :Again, sin
e |En�E| → 0, we dedu
e that

‖gn‖B;En − ‖gn‖B;E → 0as n → ∞. This 
ompletes the proof. �
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ovit
h lemmaIn this se
tion we state and prove a version of Besi
ovit
h's 
overing lemma.We follow the exposition in [2℄, but sin
e we get a better 
onstant under anadditional semi
ontinuity assumption (whi
h is satis�ed in our appli
ation),we in
lude the details. We prove the result in general dimension d.By a 
ube we always mean an open 
ube with edges parallel to 
oordinateaxes, and by a 
overing of a set K ⊂ R
d by 
ubes Q1; : : : ; QM we mean thatK ⊂

⋃mQm. The multipli
ity of su
h a 
overing is supx∈Rd #{m : x ∈ Qm}.We denote Q := (−1=2; 1=2)d , so that a+ lQ is the 
ube 
entered at a ∈ R
dwith side length l > 0.Proposition B.1. Let d > 1, let K ⊂ R

d be a 
ompa
t set, and let l bea positive, upper semi
ontinuous fun
tion on K. Then there is a (�nite orin�nite) sequen
e (xm) ⊂ K su
h that the 
ubesQm = xm + l(xm)Q; m = 1; 2; 3; : : : ;form a 
overing of K with multipli
ity at most 2d. Moreover, the sequen
e (Qm)
an be divided into 4d+1 sequen
es �k = (Qkm) su
h that for any 1 6 k 6 4d+1,the 
ubes in �k are disjoint (that is, Qkm1 ∩Qkm2 = ∅ if m1 6= m2).In the proof we use the notation |x|∞ = max{|x(j)| : 1 6 j 6 d} forx = (x(1); : : : ; x(d)) ∈ R
d.Proof. Sin
e the fun
tion l is upper semi
ontinuous on the 
ompa
t set K, itattains its maximum at some point x1 ∈ K. Now assume that for some m ∈ N,the points x1; : : : ; xm have already been 
hosen. IfK \

m⋃n=1Qm = ∅;then the sele
tion pro
ess is �nished. Otherwise, we takexm+1 ∈ K \

m⋃n=1Qnsu
h that the maximum of l over the 
ompa
t setK \

m⋃n=1Qnis attained at xm+1. This pro
edure leads to a �nite or in�nite sequen
e ofpoints xm. Let us show that they have all the required properties.
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laim that
(xm + l(xm)2 Q)

∩
(xn + l(xn)2 Q) = ∅ if m 6= n: (B.1)Indeed, to show this we may assume that m < n. Then xn 6∈ Qm by 
on-stru
tion, and therefore |xm − xn|∞ > l(xm)=2. By 
onstru
tion we havel(xm) > l(xn), so that

|xm − xn|∞ > (l(xm) + l(xn))=4:This implies (B.1).We also 
laim that xm 6∈ Qn if m 6= n: (B.2)Indeed, this is 
lear from the 
onstru
tion if m > n. On the other hand,if m < n, then, again from the 
onstru
tion, we have l(xm) > l(xn) andxn 6∈ Qm, whi
h implies that
|xn − xm|∞ > l(xm)=2 > l(xn)=2:Thus, (B.2) also holds true in this 
ase.Using the 
ompa
tness of K, from (B.1) it is easy to dedu
es that if thesequen
e (Qm) is in�nite, thenl(xm) → 0 as m → ∞: (B.3)We now prove that (Qm) 
overs K. This is 
lear from the 
onstru
tion ifthe sequen
e (Qm) is �nite. So we may assume that it is in�nite. We argueby 
ontradi
tion and assume that there is x ∈ K \

⋃mQm. Then, be
auseof (B.3), there is m su
h that l(xm) < l(x). However, this 
ontradi
ts the
onstru
tion of xm.Next, we show that the multipli
ity of the 
overing is at most 2d, that is, anypoint x ∈ K belongs to at most 2d of the 
ubes Qm. For this, we divide R
dinto 2d hyper-quadrants with boundaries passing through x and parallel tothe d 
oordinate hyper-planes. It suÆ
es to show that in ea
h 
losed hyper-quadrant there is at most one point xm su
h that x ∈ Qm. We argue by
ontradi
tion and assume that there are two distin
t points xm and xn inthe same 
losed hyper-quadrant with x ∈ Qm ∩ Qn. We may assume that

|xn − x|∞ > |xm − x|∞. Sin
e x ∈ Qn, the set of all points y in the samehyper-quadrant as xn satisfying |y − x|∞ 6 |xn − x|∞ is 
ontained in Qn. Inparti
ular, we have xm ∈ Qn. This 
ontradi
ts (B.2).Finally, we have to rearrange the sequen
e into 4d + 1 disjoint sequen
es.First we 
laim that for any m there are at most 4d 
ubes among the 
ubesQ1; : : : ; Qm−1 that have nonempty interse
tion with Qm. To see this, note thatif n < m and if Qn ∩Qm 6= ∅, then Qn 
ontains at least one of the 2d verti
esof Qm. (This follows from the fa
t that l(xn) > l(xm) for n < m.) However,
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ity, any �xed vertex of Qm is 
ontained in atmost 2d 
ubes. Thus, there are at most 2d × 2d 
ubes Qn with n < m thathave nonempty interse
tion with Qm.Now we use this fa
t to de
ompose our sequen
e. We are going to de-�ne indu
tively r = 4d + 1 sequen
es �1; : : : ;�r of 
ubes. To start, we setQm ∈ �m for m = 1; : : : ; r. Now let m > r + 1 and assume that the families�1; : : : ;�r 
ontain all the 
ubes Q1; : : : ; Qm−1 and that ea
h �k 
onsists ofdisjoint 
ubes. By the above fa
t, Qm 
an interse
t at most r−1 
ubes amongthe 
ubes Q1; : : : ; Qm−1. Sin
e there are r families of 
ubes in total, there mustbe k ∈ {1; : : : ; r} su
h that Qm does not interse
t any of the 
ubes in �k. Weput Qm ∈ �k. This de�nes indu
tively the 
laimed partitioning of the Qm.The proof of the proposition is 
omplete. �Referen
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