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A fundamental result of Solomyak says that the number of negative eigen-
values of a Schrodinger operator on a two-dimensional domain is bounded
from above by a constant times a certain Orlicz norm of the potential. Here
it is shown that in the case of Dirichlet boundary conditions the constant
in this bound can be chosen independently of the domain.

§1. Introduction and main result

In this paper we are interested in an upper bound on the number of negative
eigenvalues of a Schrodinger operator in two space dimensions. In order to state
our main result, we introduce the functions

At):==e' —1—t and  B(t):=1+t)In(1+t)—t  fort>0.

These functions are convex and are Legendre transforms of each other. For
a measurable set © C R? of positive and finite measure we denote by L5(Q)
the space of measurable functions g on © (identifying functions equal almost
everywhere) for which

lgllse = sup {\ [rais
Q

is finite. Also, —Ag denotes the Dirichlet Laplacian in €. We will see that for
real V € LB(Q) the operator —AP + V, defined in a quadratic form sense,

: f:Q— C is measurable and/A(\f\) dz < ]Q\}
Q
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is bounded from below and we are interested in the number of its negative
eigenvalues. For any selfadjoint lower semibounded operator H we denote by
N (H) the number of negative eigenvalues, counting multiplicities.

Our main result is as follows.

Theorem 1.1. There is a constant C such that for any open set Q C R? of
finite measure and any real V € LB(Q), we have

N(—=AE +Vv)<C|v_|

B,Q- (1.1)

Here we use the notation V(z)_ = max{0, =V (x)} for the negative part.
The main point of this paper is that the constant C' in (1.1) can be chosen
independently of Q. In the fundamental paper [15] Solomyak showed that

N(=A§ +V) <1+ Cal V-5 (1.2)

for the Neumann Laplacian —Ag’ and for bounded, connected open sets 2 C R?
with the extension property. (This is essentially Theorem 4’ in [15].) The con-
stant Cq in (1.2) depends on 2. From this bound and the ideas in its proof,
one can obtain (1.1) for bounded open sets Q C R?, but again with a constant
that depends on . The proof that this constant can, in fact, be chosen inde-
pendently of © needs additional ingredients, which we provide in this paper.
We also mention that conversely, it is easy to deduce (1.2) from (1.1), but then
a dependence on {2 enters through the use of an extension operator.

A standard application of Theorem 1.1, even with a domain dependent con-
stant, yields the validity of Weyl asymptotics in the strong coupling limit for
rough potentials. It is crucial here that the right side of (1.1) is homogeneous of
degree one with respect to V. This is a distinguishing feature of (1.1) and (1.2)
compared to other bounds discussed below.

Corollary 1.2. If Q C R? is an open set of finite measure and V € LB(Q) is
real, then

1
lim o 'N(—=A§ +aV) = o / V(z)_ dx.
a—00 T

Q

The basic strategy in our proof of Theorem 1.1 is similar to that of Solo-
myak’s proof of (1.2), which, in turn, follows the strategy of Rozenblum’s proof
of the CLR bound [12, 13]. The set 2 is covered by squares chosen in such a
way that the Schrédinger operator on each square with Neumann boundary
conditions has at most one negative eigenvalue. Therefore, the number of neg-
ative eigenvalues is bounded by the number of squares and it remains to bound
the latter number. In contrast to earlier works, Rozenblum used overlapping
squares and the selection of the squares proceeds by the Besicovitch covering
lemma. In order to guarantee that the Schrédinger operator on each square
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has at most one negative eigenvalue, the squares are chosen so that the norm
of V on each square is equal to a given small constant. This construction is
considerably more difficult in the two-dimensional case (where one deals with
an Orlicz norm) than in the higher-dimensional case (where one deals with the
L42-norm). In fact, the choice of the (nonstandard) norm || - ||5,n, which has
suitable superadditivity properties, was one of the key insights in Solomyak’s
work.

The new difficulty that we have to face in this work is that intersections
of squares with €} have essentially an arbitrary shape and that our constants
must be in a certain sense uniform with respect to this shape. In contrast,
Solomyak needed only to consider intersections of squares with each other, that
is, rectangles, and the necessary uniformity follows in a rather straightforward
manner. In our case we obtain uniformity by carefully reviewing the proof of
the Trudinger inequality.

We end this introduction by placing our result in the context of eigenvalue
bounds for Schrédinger operators. As is well known, the two-dimensional case
is a borderline case and is still not as well understood as the case of three and
higher dimensions and the one-dimensional case. Recently, there have been
several results on the two-dimensional case, see [4, 8, 14, 3, 6, 7]. Solomyak’s
pioneering paper [15] had a profound influence on these developments and we
would like to dedicate our results here, which are also a variation on the theme
in [15], to his memory.

In order to understand the particularity of the two-dimensional case, we
recall that in dimensions d > 3 the number N(—A+V) of negative eigenvalues
of the Schrodinger operator —A+V in L?(R?) is bounded by the Cwikel-Lieb-
Rozenblum inequality as

N(—A+V) < Cd/V( e (1.3)
R4

where Cy is a constant depending only on d. This inequality should be com-
pared with the Weyl asymptotics

lim a_d/QN( A+aV)= erRd |€| IH/ d/2 . (1.4)

a—00

These asymptotics are initially proved for continuous, compactly supported V'
and then extended, using (1.3), to any V € L%?2(R%). Moreover, from (1.3) it is
easy to deduce that if for V' < 0 one has limsup,_,., a~¥2N(-A + aV) < oo,
then V € L4/2(R%).
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The analog of (1.3) is not true in dimension two. Indeed, in two dimensions
for any potential V' # 0 with [, V(z)dz < 0 the operator —A + V has
a negative eigenvalue. However, not even a modified bound with the right
side in (1.3) replaced by C(1 + [g. V(z)— dz) can be fulfilled. In fact, a more
subtle failure of (1.3) was discovered in [1]. Namely, for any ¢ > 1 there is a
potential V € L!'(R?) such that lim, o o IN(—A + V) exists and is finite
and positive. Since a bound like (1.3) even with a constant added to the right
side, would imply that N(—A 4+ V') grows at most linearly with a, no such
bound can be true. In fact, the modified asymptotics is valid for any long-range
potential that behaves like

—\x]_Q(ln\x!)_Q(lnln\x])_l/q as |z| — oo.

Moreover, if ¢ = 1 in these examples, then lim, .. @ !N(—A + aV) exists,
but is different from the right side of (1.4). We also mention that not only the
slow decay at infinity can give rise to modified asymptotics but also strong
(but integrable) local singularities. This can be understood via the conformal
invariance of the problem. More specifically, the same modified asymptotics
hold for any potential behaving like

—\x]_Qlln\xH_Q(ln\ln]xH)_l/q as |z| — 0.

Note that the last function belongs to LZ(Q) for an open set € containing 0 if
and only if ¢ < 1, so the modified asymptotics for ¢ > 1 do not contradict our
Corollary 1.2. We also note that these examples with local singularities show
that even for the number of eigenvalues of —A + V below some fixed number
E <0, there cannot be a bound of the form Cg(1 + [g. V(z)- dz).

This discussion raises the question of characterizing all V € L'(R?) (or all
0 >V € L'(R?)) either such that limsup,_,., o *N(—A +aV) < oo, or such
that (1.4) is true. This problem was solved in the radial case in [6], but is still
open in general. The eigenvalue bounds in [15, 4, 14, 3, 7] can be understood as
sufficient conditions for an asymptotically linear bound. Other, faster growing
bounds can be found, for instance, in [8, 17, 19].

This paper is organized as follows. In §2 we explain the strategy of the proof
of Theorem 1.1 and Corollary 1.2 and reduce it to two main ingredients, namely
a Sobolev-type inequality and a covering argument, which will be discussed
in §3 and 4, respectively. We present all facts about Orlicz spaces that are
relevant for us in Appendix A and include a proof of the Besicovitch lemma
in Appendix B.

Note added in proof. After a first version of this paper was submitted,
Grigori Rozenblum suggested to us that the method of his paper [11] might
lead to an alternative proof of Theorem 1.1. We provide the details of this
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argument in §2. (In contrast to [11] we avoid the use of capacities.) We em-
phasize that this argument takes Solomyak’s inequality (1.2) for squares as an
input.

Acknowledgments. The authors are grateful to Timo Weidl for extensive
discussions related to this material and to Grigori Rozenblum for many helpful
remarks on the manuscript.

§2. Strategy of the proof

The proof of Theorem 1.1 is based on two ingredients, namely, Sobolev-
type inequalities and a covering argument. We present these ingredients in
this section and then explain how to derive Theorem 1.1 from them.

Throughout, by a norm || - || without subscript we mean the L? norm.

Proposition 2.1. There is a constant So > 0 such that for any open set
Q C R? of finite measure and any u € H(Q), we have

/A&MMNW%M<ML (2.1)
Q

Moreover, there is a constant Sy > 0 such that for any open set Q C R
any open square Q O Q, and any u € H*(Q) that vanishes near Q N 0 and
satisfies fﬂud:ﬁ = 0, we have

/m%w%ww%w<ML (2.2)
Q

The crucial point for us is that the constants Sy and S, do not depend
on 2. Note that we can take € = () in the second part of the proposition, and
then (2.2) becomes

/m%w%ww%ﬁ<@| (2.3)
Q

for any u € H'(Q) with fQ wdz = 0. This inequality, however, is weaker than
the second part of the proposition. Indeed, while it is true that the functions
u € H'(Q) that vanish near Q N 9 and satisfy [, udz = 0 can be extended
by zero to functions in H'(Q) with mean value zero, applying (2.3) to this
extension gives (2.2) only with |@| on the right side and not with |Q|. This
would not be sufficient for our purposes. The proof of Proposition 2.1 will be
discussed in §3.
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Remark 2.2. For given 0 € (0,1), there is a constant S5 such that (2.2) holds
if the assumption [, udz = 0 is replaced by the assumption |Q \ Q| > 0|Q)|.
This will also be proved in §3.

The second ingredient in the proof of Theorem 1.1 is the following covering
result. By a square we always mean an open square with edges parallel to the
coordinate axes, and by a covering of a set K C R? by squares Q1,...,Qu
we mean that K C J,, Qm. The multiplicity of such a covering is

sup #{m: = € Qn}.

zeR?

Proposition 2.3. Let Q@ C R? be an open set of finite measure, and let
0 < W € LB(Q) have compact support. Then for any 0 < A < |W||gq there
is a covering of Q0 by open squares Q1,...,Qn C R? of multiplicity at most 4
such that

WlBgnn=A4 foral 1<m<M. (2.4)
Moreover,

M < 1TA7Y W s.q- (2.5)

The proof of this proposition will be discussed in §4.
Having introduced our tools, we are now in a position to prove Theorem 1.1

Proof of Theorem 1.1. First, we assume that supp V_ is bounded. We de-
note by Sy and S} the constants from Proposition 2.1. If ||[V_||5,q < Sz, then
we can use the first part of that proposition as well as the definition of || -
to show that, for any v € H¢(9),

2
[ (vul + Vi) as ||Vu||2<1—s /—Hsé‘“fp :)
Q

> || Vul® (1 - ) = 0.

Thus, N(—Af — V) =0 and the theorem follows in this case.

Now we assume that |[V_|/5,n > So. We apply Proposition 2.3 with W = V_
and A = min{4715},5,}. We obtain a covering of € by open squares
Q1,...,Qn of multiplicity at most 4 such that

4718L forall m=1,...,M

and
M < 17max {4(S5) 1, Sy
Thus, for any u € H}(2) satisfying the orthogonality conditions

/udsz forall m=1,..., M,
Qm
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we can bound, using the second part of Proposition 2.1,

/(\vu12+vyu\ Z/ (319ul? — V_fuf?) de
Q - Qm
M

1 4 Sh|ul?
= =5 | Vul? <1_— / Vo220 gy
4mZ_ L S5 IVul22 0,

- QmNQ

> 194l (1- 5

m=1

S

> )>o0.

=] =

By the variational principle, this implies that
N(_Ag - V) < MJ

and the upper bound on M from the covering proves the theorem in the case
where supp V_ is bounded.

In the general case, we fix ¢ > 0 and, by an argument similar to that in
Lemma A.4, we choose R > 0 such that

W = ]]‘{|$|<R}V—

satisfies
W —V_l|lga < eS2.

Then for any u € H}(£2) we have

/ (IVul* + V]u|?) dz > (1 —¢) / (IVul* = (1 — &) 'Wlu|?) do

Q Q

/ (|Vu|* —e 1 (Vo = W)|ul?) dz
Q

>(1—¢) [ (IVul* = (1 =)' Wul?) dz
Q
ve [ 9t e (1 e5) IV~ Wis)
Q
>(1-¢) [ (Vul = (1= )" WluP) da
/

By the variational principle, this implies

N(-AB+V) < N(-AB — (1 -¢)7'w),
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and by the first part of the proof this can be bounded by
CA—e) Wlse <C1-e)V-|5e,

where the last inequality follows easily from the definition of the || - ||5,o norm
(see also the proof of Lemma A.2). The proof of Theorem 1.1 is complete. [

Alternative proof of Theorem 1.1. In accordance with [11, Lemma 1],
there are pairwise disjoint open squares 2}, whose closures cover {2 and such
that

1 4
g’Qm\ <QmNQ| < g!Qm! for all m.

By the variational principle,

N(=AF+ V)<Y N(-AZN o+ V), (2.6)

where _AQD,IXOQ has Dirichlet boundary conditions on @,;, N 02 and Neumann
boundary conditions on {2 N 0Q,. Arguing as at the beginning of the first
proof of Theorem 1.1, we deduce that

N(-Agnna+V) =0 if [[Vo|5q, <S5

where S comes from Remark 2.2 with # = 1/5. Here we use the fact that by
the choice of @y, we have |Qn, \ | = (1/5)|@Qm|- On the other hand, by the
variational principle (extending V by zero to @) and Solomyak’s bound (1.2),

)
N(-AgNa+V) <K N(=AF +V) <1+ C|IV_[I5,q,.-

We emphasize that, by scaling, the constant C' here is independent of m. By
Lemma A.2 and the choice of @,

|Qm|
Qm N QY

Combining these two bounds on N (—Aggrm + V), we conclude that

V-]

B.Qm S IV-118,@mne < 5IV-|l5,gmna-

N(=A8N 0+ V) < ((S5) 7+ 50|V |

BmemQ'

Inserting this into (2.6) and using the superadditivity from Lemma A.1, we
obtain the claim of the theorem. O

Proof of Corollary 1.2. We use an approximation argument similar to that
at the end of the proof of Theorem 1.1. For fixed ¢ > 0 and continuous and
compactly supported W we write

AR vav=(1-¢) (—Ag +al - g)—lw) te (—Ag +as YV - W))
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and bound, using the variational principle and Theorem 1.1,
N(=A5 +aV) < N(=Af +a(l —e)'W) + N(—= Af + ac (V- W))
<N(-AF+a(l —e)'W) + Cae™

Using the Weyl asymptotics for continuous and compactly supported poten-
tials, we obtain

limsupa 'N(—Af + aV)

a—00

2.7
(1—¢)” /W d$+06_1||V—W||B,Q- 27)

Similarly, we write
~Af+a(l-e)W =(1-¢e)(—AF+aV) +e(—Af +as (1 —e)(W - V))

and bound

N(=Af+a(l-e)W) < N(-Af +aV) + N(— Af +ae (1 —)(W = V))
< N(—AF +aV) + Cas (1 —¢)|
We obtain
harr_l){)réfa IN(-AF +aV)

(2.8)

(1—¢e)— /W )_dz — Ce (1 —¢)

By an argument as in Lemma A.4, there is a sequence of continuous W,, with
compact support such that |W,, —V||za — 0. We also note that with C’ such
that A(1/C") = 1, for any g € L5(Q) we have

sgng
”gHLl(Q) =C’ '

gdz <

and therefore
[Wa = Vi) <
Replacing W by Wy, in (2.7) and (2.8) and letting n — oo, we obtain

1
(1_5)E /V(.CC)_ dxgliarr_l)icgfa_lN(_Ag_Fav)

Q

a—00 ™

1
<limsupa 'N(-A5+aV) < (1—6)_14— /V(.’L‘)_ dx.
Q

Since € > 0 is arbitrary, the corollary follows. U
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§3. Trudinger's inequality

Our goal in this section is to prove Proposition 2.1. The first part of this
proposition is well known and goes back to [20, 10, 18]. Since we will need
some intermediate result from this proof for the proof of the second part, we
recall it here, following [9].

Lemma 3.1. There is a constant By > 0 and a continuous function

[0,80) 8 — Cp

with Co = 0 such that for any open set Q C R? of finite measure, any
u € HE(Q), and any 0 < B < By we have

Blul?
< .
/A <”qu2 dz < Cs|Q|
Q

Proof. We begin with showing that for ¢ > 2 and v € H'(R?),

</|Vu|2dx>1_2/q</|u|2dx>2/q 3(4@ —2)/ </|u|qu>2/q. (3.1)
R? R?

The point here is the explicit expression of the constant on the right side and,
in particular, its behavior as ¢ — oo.

In order to prove this inequality we apply, with a parameter £ > 0 to be
determined, the Hausdorff-Young and the Hélder inequalities to get

lullg < (2m) =2 @l < (2m)~ @2/ (7)€ PR 72

H2q/ (g—2)°

Since
2 1/2 Q/ q 2 k dk B q— 2 —4/((1—2)
H(|€| +H HQ/q 2) =2m ]CQ—I-K}Q q/(q— 2)_ 2 TR ’
0
we obtain

)2 < (8m) (0729 (g — 2)42/ 0 T (| Tu? + 2 lul?) .
We optimize the right side by choosing
= (2/(q = 2)IVul?/|u]?

and arrive at (3.1).
If u € H} (), we can use the inequality

2/q
/\u!Qd:r < \ml—?/q</yu\wx>
Q Q
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and (3.1) to get

q/2 9\ 7°/(2(4—2))
</|Vu|2da;> Q] > <—> (47T)Q/2/|u|qda;.
Q e Q
Blul? — 1/ Blul> \"
dr =S = v < Cy |0
[ 4 () 2 ) \jwur Ca
Q n=

0o n?/(n-1) 1 g\ ™
n

n=2

Thus,

with

Using Stirling’s asymptotics and the root test, we see that Cs converges if
0 < 8 < 4r/e and defines a continuous function with Cy = 0. O

Proof of Proposition 2.1. Let Cg be the constant from Lemma 3.1. For the
proof of the first part, we simply choose S2 > 0 such that Cs, < 1.

For the proof of the second part, let C~2 be the square with the same center
as Q but with three times its side length and let £ : HY(Q) — HY(Q) be the
extension operator by repeated reflection. Thus, for all u € H'(Q),

/\5u!2d:ﬁ:9/\u!2d$ and /\VEU]Qd:E:9/\Vu]2d:E.
Q Q Q Q

Let n € Cgo(@) be a real function with 7 = 1 on ). We choose this function
to be of the form n(z) = ny((z — a)/L), where a and L are the center and the
side length of @, respectively, and where 79 is a universal function. Then the
operator & defined by Eu = n€u maps H'(Q) into H¢ (Q) and satisfies

/‘Vg’u’Qd.’L‘ = / (nZIVEu\Z - nAn\u!Q) dz

Q Q
< 9flm2 / Vul? dz + 9l Anolee Q]! / ul? da

This inequality is, in particular, valid for the functions v € H'({2) that vanish
near @ N J€, because such functions can be extended by zero to functions
in H'(Q). If, in addition, Joudz = fQudx = 0, then we can bound the last
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term on the right side by the Poincaré inequality on @), obtaining finally
/|ch5’vu|2 dx < c/ |Vu|? dz
Q Q
withc:=9 (”770”2.9 + 7i_2H7]0AT}0HOO).
Moreover, let 2 C @ be the set obtained from Q by repeated reflection at

the boundaries of the square. Then Q] = 9]Q|. If w € HY(Q) vanishes near
Q N O, then Eu € H} (), and therefore by the inequality from Lemma 3.1,

2 o2 ~
/,4(%)@ < /,4(%)@ < Ol = 9C519.
2 HVUHLZ(Q) 5 HVEUHL2(Q)

Choosing S} > 0 such that 96’655 < 1, we obtain the claimed inequality. [

Remark 3.2. The inequality stated in Remark 2.2 follows by the same argu-
ment as in the previous proof, except that we replace the Poincaré inequality
by the inequality

!Q\_I/!u\zdx < (1+9—1)W‘2/\V“!2dw if 1Q\9Q>0Ql
Q Q

To see the last inequality, we extend u by zero to Q, put ug = Q! fQ udz,
and note that, since u vanishes on @ \ €2, we have

]Q\QHUQ\Q < /\u—uQ\Qda@.
Q

/\u]Qd:p:/]u\Qd:r:/]u—uQIQd:E—HQHuQ]Q

Q Q Q

<+ \Q‘C\NQO/’“‘“ [ do.

The claimed inequality now follows from the Pomcare inequality.

Thus,

§4. The covering lemma

Our goal in the section is to prove Proposition 2.3. As a first step, we will
see that around each point we can center a square for which the norm of a
given function has a prescribed Orlicz norm. This requires some basic facts
about Orlicz spaces, which we recall in Appendix A. At the second step, we
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apply the Besicovitch lemma to obtain a suitable finite collection of squares.
The relevant version of the Besicovitch lemma will be recalled in Appendix B.

Lemma 4.1. Let Q C R? be an open set of finite measure, let
0< W e LB(Q),

and let
<AL HWHB,Q

Then for any x € Q there is an open square Q, centered at = with
W

If Q. is chosen mazimal with this property, then Q > x — |Qy| is upper
Semicontinuous.

BszmQ = A

Proof. First, we fix € Q and consider the function

30 = IVl @+1g)ne;
where Q := (—1/2,1/2)%, so z + [Q is the open square centered at z with
side length [. By a simple property of the norm (see (A.1)), j is a monotone
nondecreasing function of [.

We claim that j is continuous on [0,00) with j(0) = 0. To prove this, we
let (I,) C (0,00) with I, — | € [0,00). Setting E, := (z + [,Q) N 2 and
E = (z +1Q) NQ, we clearly have |E,AFE| — 0 as n — oo, and therefore, by
Lemma A.5,

3(0) = WV 8,8, — VI8, = 50),
proving the claimed continuity and the fact that j(0) = 0.
Also, it is easily seen that

lim (1) = V]

B,Q-

Thus, for any 0 < A < [|[V||gq there is [ such that j(I) = A. We denote
I, :=max{l: j(l) = A}, making the dependence on z explicit.

Now we prove the upper semicontinuity statement. This will follow if we can
show that for (z,,) C Q and (I,,) C (0,00) withz,, — x € Qandl, — [ € (0,00)
one has

V5, znttag)ne = V5, zrig)na-
Indeed, if we apply this statement to [,, =, , then we obtain

IVIB,s+iQ)n0 = 4,
and by the maximality of [, we conclude that [, > [, which proves upper
semicontinuity.

To prove the statement above, we apply Lemma A.5 again, this time with
E, = (z, +1,Q)NQ and F := (z +1Q) N Q. Again we have |[E,AFE| — 0 as
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n — 00, so the assumption of that lemma, is satisfied. This finishes the proof
of the lemma. O

We are now in a position to prove Proposition 2.3.

Proof of Proposition 2.3. We may assume that 0 < A < ||W||z,q. Then
for any point € Q Lemma 4.1 yields an open square @, centered at x with
|W|5,0.n0 = A. Moreover, the side length |Q,|'/? depends on 2 in an upper
semicontinuous way. Thus, the Besicovitch lemma (Proposition B.1) yields a
countable covering of multiplicity 4 and with the property that the squares
can be divided into families 2%, k = 1,...,17, each of which consists of disjoint
squares.

It remains to show that the covering is finite and with the claimed upper
bound on the number M of squares. For any £k = 1,...,17, by the superaddi-
tivity property of the Orlicz norm (Lemma A.1),

(#EMA= Y W]

Qe=k

Bone < [[Wsa-

Summing over k£ we obtain
MA <17[|W|s0,
which is the claimed bound. (]

Appendix §A. Orlicz spaces

In order to make this paper selfcontained, in this Appendix we provide
proofs of the results from the Orlicz space theory that we need. For a deeper
treatment we refer, for instance, to [5].

Throughout this section we consider a convex function A on [0, 00) satisfying
A(t) = 0 if and only if £ = 0, as well as

Alt
lim L = 00 and lim —= = 0.
t—oo t—0 ¢
(Such functions are called Young functions.) The example relevant for the rest
of this paper is the function

Aty =e' —1—t,

but our arguments are valid for general A.
Let B be the Legendre transform of A, that is,

B(s) =sup (st — A(¢t)) for s>0.
£20

=
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It can be shown that B is again a Young function. In the example above, we
have

B(s)=(14+s)In(l+s)—s.
For a finite measure space (X, dz) we denote by LP(X) the set of measurable
functions ¢g : X — C for which

:sup{‘/fgdx‘: f : X — C measurable such that /A(!f])dxé\X]}
X X

is finite (functions equal almost everywhere are identified). Clearly, || - ||5.x
defines a norm. The next result says that this norm is superadditive.

Lemma A.l. Let g € LB(X), and let By, Es, ... be pairwise disjoint measur-
able subsets of X. Then

> lglls ey < llglls,x-
j

Note that this implies, in particular, that
lglse <lgllzx if ECX. (A.1)

Proof. Consider any sequence of measurable functions fi, fo,...on Ey, E», ...
with

/.A(|fj|)da; < |Ejl for all j.

We define functions s; on E; with |s;| = 1 and s;f;jg = |f;g| pointwise on Ej.
We define a function f on X by f|g, := s, f; for each j and f := 0 on X\UJ; E;.
Then

/Ayfy dx—Z/A]s]f] dx—Z/A\f] Z\E] ).

Thus,

Z‘/fjgdw =3 [ Fugde = [ Fado < lolix.

Taking the supremum over all functions f; with the specified properties, we
arrive at the inequality in the lemma. U

Lemma A.2. Let g € L5(X), let E,F C X be measurable with |E| < |F|,
and assume that g vanishes on X \ (ENF). Then

< lglls.z.
SIE]
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Proof. First we observe that, since g vanishes outside F N F' and since A is
monotone, we have

||g||3,E:sup{ /fgda; : f: ENF —C is measurable with /A(|f|)dw<|E|}
ENF ENF

and

||g||3,F:sup{ /fgdx : [+ ENF —C is measurable with /.A(|f|)da;<|F|}
ENF ENF

Since |E| < |F|, this immediately implies ||g|/5,z < ||g]|5,F-
To prove the second inequality, let f be a measurable function on £ N F
with
| Aushas <)
ENF
Since A is convex with A(0) = 0, we have A(0t) < 6.A(¢) for any 0 < 6 < 1
and any ¢t > 0. Thus, f := (|E|/|F|)f satisfies

/ A(F) de < |,
ENF

and therefore

~ E
e > | [ o | =12 | [ rgae|
ENF ENF

Taking the supremum over all f as before, we deduce that

lglls,z = (1E|/|F]) gl

as claimed. O

B,F)

Lemma A.3. For any g € LB(X),
X

/B<| ||g|>dx<‘X,.
lgll5.x

X

Proof. As a preliminary remark, we note that

sB'(s) = A(B'(s)) + B(s) for all s > 0; (A.2)

here and in what follows we denote by B’ the right-sided derivative of B (which
exists by convexity). In fact, by convexity we have

B(o) = B(s) + B'(s)(c —s) forall o,

we have
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and therefore

sB'(s) — B(s) = Slglp (oB'(s) — B(o)) .

Since A is the Legendre transform of 5, we obtain (A.2).
Now we turn to the proof of the lemma. Clearly, we may assume that
lgllg,x = |X]|. Let f:=35gnghB'(]g|). We shall show momentarily that

/ A(f)) di < |X|. (A.3)
X

This inequality and the definition of ||g||s imply that

[ tods| = [ 1£1lglds
X X

On the other hand, because of (A.2) we have
[fllgl = A(f1) + B(lg]), (A.4)

1 X| = llglls,x >

and therefore

[ 18lslds = [ Auf)do+ [ Blsl)do > [ Blg) .
X X X X

which yields the inequality in the lemma.
It remains to prove (A.3). For M > 0, let fu := flys<umy and note
that (A.4) yields

|fullgl = A(lfm]) + Lgp<onyB(lgl) = A(lfa])-

We choose M so large that 1y r<aryB(|g]) does not vanish almost everywhere
and obtain

/ Farllg] dz > / A(far]) do. (A.5)
X X

Now we show that
w::/XAufMde X,

which implies (A.3) by monotone convergence. We argue by contradiction and
assume that v > |X|. Note that 7 < oo because fjs is bounded. As in the
previous proof, by convexity we have

A(XTfml /) < (XT/7) A a),

and, therefore,

/ A(X] | farl/) do<|X].
X
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By the definition of ||g||5,x,

v [ X fu
fumllgldz = / gdz < 9lls =
X/| lolde = o [ = il

This contradicts (A.5), and we see that v < | X|. O
Lemma A.4. Assume that B satisfies
B(2t)
lim su < 00. A6
o’ B(D) (8.6)

Then L¥(X) is dense in LP(X).
In the theory of Orlicz spaces, (A.6) is called the Ay condition. Note that

the function B(t) = (1 + |¢|)In(1 + |¢|) — |¢| satisfies this condition (while
A(t) = el — 1 — |¢| does not).
Proof. Let ¢ € LB5(X). We show that gy := glyg<my — ¢ in LB(X) as
M — oo.

Let A := ||g|lz,x/|X]|, so that [y B(|g|/A)dz < oo by Lemma A.3. More-
over, B(]gM —g|/A) < B(|g|/A) and therefore, by dominated convergence,
Jx B(lgmr — gl/X)dz — 0 as M — oo. It is easily seen that the assump-

tion (A.6) implies that for any ¢ > 0 and k& € N there is Cp. < oo such
that

B(2Ft) < CyB(t) + ¢ for all ¢ > 0.

Let f be a measurable function with [, A(|f|) dz < |X|. Then by the definition
of B as a Legendre transform,

F128|gas — gl/X < A(IF]) + B2 |gar — g/ ) < A(f]) + CrBllgrs — gl/A) +¢
Thus,

\ [ 7240 = 9 /nds] < 1+ X1+ s [ Bllows — gl/3) o
X

and, taking the supremum over f, we arrive at

(25/2) 5x = 12" (gp—9)/Als.x < (1+€)\X!+Ck,g/B(IQM—Q\/A) dx

Letting M — oo gives
limsup [lgar — glls,x < A27F(1 +¢)| X,

M—oo

and letting k — oo gives gy — ¢ in LB(X). O
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Lemma A.5. Assume that B satisfies (A.6). Let g€ LB(X), and let E1, E, . ..
and E be measurable subsets of X with |[E,AE| — 0 as n — oo. Then, as
n — oo,

l9lls,e. — llglls.E-

Proof. First we claim that we may assume that g is bounded. Indeed, from
Lemma A.4 we know for any ¢ > 0 there is g. € L°(X) such that
llgc: — gllB,x < e. Thus, by the triangle inequality and by (A.1), for any mea-
surable F' C X we have |||gc|[s,r — [l9lls.r| < llge — glls,r < llg: — glls,x <e.
Applying this with F' = E,, and with F' = E, we see that it suffices to prove
the lemma for g € L*°(X), as claimed.
Let us define g, := g1lg,ng. Then
lglls.z. = llgllszl < glls,z. = llgnlls,e.| + lgnlls,z, = lgnlls.el
+llgnlls,e — llglls.el-

Using (A.1), we have
lgnlls.z. = lglls.e.| < lgn = 9lls.2, = lloxe.\elBs.8, <l9llclXe,\£lB 5,
<|

9lle X B\l x

and similarly

l9n — 9llB.E = llgxe\e, 18,2 < |9l XEN\E, |

’gHoo”XE\En‘

lgnllB,e — llgll5.E£] B.E

< |
< |

B,X-

It is a simple exercise (using Jensen’s inequality) to compute that for any
measurable F' C X,

Ixrllsx = [F] A7 XI/|F]),
where A~! is the inverse function of A; see [5, Subsection I1.9.3]. Since
A(t)/t — oo as t — oo, we deduce that ||xr|sx — 0 as |F| — 0. Thus,
the assumption |E,AE| — 0 implies that
lglls.z, = llgnlls,z.| + lllgnlls.e — llglls.2] — 0

as n — 00.
By (A.1) and Lemma A.2, we have

max{|Ey|, | B}
— < - —1 .
|||gn||B,En ||gTL||B,E| < 1n{|En|,|E|} ||g||B,X

Again, since |E,AE| — 0, we deduce that

Hgn‘ B,En — Hgn‘ BEe—0

as n — 00. This completes the proof. U
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Appendix §B. The Besicovitch lemma

In this section we state and prove a version of Besicovitch’s covering lemma.
We follow the exposition in [2], but since we get a better constant under an
additional semicontinuity assumption (which is satisfied in our application),
we include the details. We prove the result in general dimension d.

By a cube we always mean an open cube with edges parallel to coordinate
axes, and by a covering of a set K C R? by cubes Q1,...,Qy we mean that
K c UU,, @m- The multiplicity of such a covering is sup,cpe #{m : = € Qu}.

We denote Q := (—1/2,1/2)%, so that a +1Q is the cube centered at a € R?
with side length [ > 0.

Proposition B.1. Let d > 1, let K C R% be a compact set, and let | be
a positive, upper semicontinuous function on K. Then there is a (finite or
infinite) sequence (x,,) C K such that the cubes

szxm"'_l(xm)Q') m:172737"'7

form a covering of K with multiplicity at most 2. Moreover, the sequence (Qm)
can be divided into 49+1 sequences ZF = (an) such that for any 1 < k < 4941,
the cubes in EF are disjoint (that s, Qﬁzl N Qﬁn =@ if mp # mg).

In the proof we use the notation |z|oe = max{|z)| : 1 < j < d} for
= (zM,...,2@) R

Proof. Since the function [ is upper semicontinuous on the compact set K, it
attains its maximum at some point z; € K. Now assume that for some m € N,

the points z1, ..., z,, have already been chosen. If
m
K\ U Qm =,
n=1

then the selection process is finished. Otherwise, we take

$m+1EK\UQn

n=1

such that the maximum of [ over the compact set
m
K\ [J@n
n=1

is attained at x;,4+1. This procedure leads to a finite or infinite sequence of
points x,,. Let us show that they have all the required properties.



270 R. L. FRANK, A. LAPTEV

We claim that
l l
(xm + (a;m)Q) N (xn + %Q) =g ifm#n. (B.1)
Indeed, to show this we may assume that m < n. Then z, € @, by con-

struction, and therefore |z, — Tploo = [(2y,)/2. By construction we have
Wxm) = 1(zy), so that

[T — Tnloo = ((zm) + () /4

This implies (B.1).
We also claim that
Tm € Qn if m # n. (B.2)
Indeed, this is clear from the construction if m > n. On the other hand,
if m < n, then, again from the construction, we have [(x,,) > [(z,) and
Ty & Qm, which implies that

[T — Tmloo = U (zm)/2 = l(xy)/2.
Thus, (B.2) also holds true in this case.

Using the compactness of K, from (B.1) it is easy to deduces that if the
sequence (@) is infinite, then

(zm) — 0 as m — 00. (B.3)

We now prove that (Q,,) covers K. This is clear from the construction if
the sequence (@) is finite. So we may assume that it is infinite. We argue
by contradiction and assume that there is z € K \ |J,, @mn. Then, because
of (B.3), there is m such that [(z,,) < [(x). However, this contradicts the
construction of x,,.

Next, we show that the multiplicity of the covering is at most 2¢, that is, any
point z € K belongs to at most 2¢ of the cubes @,,. For this, we divide R¢
into 2¢ hyper-quadrants with boundaries passing through z and parallel to
the d coordinate hyper-planes. It suffices to show that in each closed hyper-
quadrant there is at most one point x,, such that € @,,. We argue by
contradiction and assume that there are two distinct points z,, and z, in
the same closed hyper-quadrant with z € @, N @,. We may assume that
|Zn — Z|oo 2 |Tm — T|eo. Since x € @y, the set of all points y in the same
hyper-quadrant as x,, satisfying |y — | < |25, — |oo is contained in Q. In
particular, we have z,, € @,. This contradicts (B.2).

Finally, we have to rearrange the sequence into 4¢ + 1 disjoint sequences.
First we claim that for any m there are at most 4¢ cubes among the cubes
Q1, . -.,Qm—1 that have nonempty intersection with @,,,. To see this, note that
if n < m and if Q, N Q,, # @, then Q,, contains at least one of the 2¢ vertices
of Q. (This follows from the fact that {(z,) = I(z,,) for n < m.) However,
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by the bound on the multiplicity, any fixed vertex of ), is contained in at
most 2% cubes. Thus, there are at most 2% x 2% cubes Q,, with n < m that
have nonempty intersection with Q.

Now we use this fact to decompose our sequence. We are going to de-

=1 =r

fine inductively r = 4% 4+ 1 sequences E!,...,Z" of cubes. To start, we set
QmneEmform=1,...,7. Now let m > r + 1 and assume that the families
=l ..., 2" contain all the cubes Q1,...,Q,_1 and that each = consists of
disjoint cubes. By the above fact, Q,,, can intersect at most r — 1 cubes among
the cubes @1, ..., Qm_1. Since there are r families of cubes in total, there must
be k € {1,...,r} such that @, does not intersect any of the cubes in Z¥. We
put Q,, € EF. This defines inductively the claimed partitioning of the Q.
The proof of the proposition is complete. ([
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