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AnHOoTa s

B pabore 3a7102Ke€HbI OCHOBBI TEOPUH TVIQJIKUX MHOTO0OPA3Uil TEOPETUKO-IUCTOBBIX PEMIETOK.

Paccmorpen mpocreiimuit cirydait omHOMEPHBIX pemiéTok. B mociemyromux cratbax Oyier
PACCMOTPEH CHadaJia Ciydail OIHOMEDHBIX CIBUHYTHIX PEIIETOK, MOTOM ODOIMUil Ciydail MHOTO-
MEPHBIX PEIIETOK, U, HAKOHEIT, CJydail MHOTOMEPHBIX CJIBUHYTHIX PENIETOK.

B pabore ompenenerno romeoMopdHOe 0TOOparkeHne MPOCTPAHCTBA OTHOMEPHBIX PEIIETOK
HA MHOYKECTBO BCexX JieficTBuTebHbIX ducesa R. TeMm caMbIM yCTaHOBJIEHO, 9TO MPOCTPAHCTBO
OJIHOMEPHBIX PEIIETOK P R; JIOKAJIBHO €BKJIMIOBO IIPOCTPAHCTBO PA3MEPHOCTH 1.

Tak Kak MeTpHKa Ha ITHX IIPOCTPAHCTBAX HE SBJISIETCS €BKJIMJIOBOW, a OTHOCUTCS K YUC-
sty "jorapudmudeckux" , TO MMOIyYarOTCs B OJHOMEPHOM CJIydyae HEOXKHJIAHHBIE Pe3YJIbTAThl O
[IPOM3BO/IHBIX OT OCHOBHBIX (DYHKITUI, TAKUX KAK JETEPMUHAHT PEIIETKY, TUIIEPOOJINIECKUil 1a-
paMeTp PEIIéTKN, HOPMEHHBI MUHUMYM, /13eTa~-(DYHKIWS PEIIETKU U TUIEePOOTUIECKas I3eTa-
GYHKIAS PEIETKH.

B pabore paccmorpeHa CBsI3b yKa3aHHBIX (DYHKIHH ¢ BOMPOCAMU U3YUEHUST MOTPEINTHOCTH
pUOITMKEHHOTO MHTEIPUPOBAHUS 110 MAPAJLICIEIUIETATHHBIM CETKAM.

Karuesnvie caosa: permeéTkn, METPUIECKOE IPOCTPAHCTBO PENMIETOK, IVIAJKOe MHOroodpasue
PENETOK.

Bubauoepagpus: 40 HazBaHuUi.
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Abstract

In this paper, the foundations of the theory of smooth varieties of number-theoretic lattices
are laid.

The simplest case of one - dimensional lattices is considered. In subsequent articles,
we will first consider the case of one-dimensional shifted lattices, then the General case of
multidimensional lattices, and finally the case of multidimensional shifted lattices.

In this paper, we define a homeomorphic mapping of the space of one-dimensional lattices to
the set of all real numbers R. Thus, it is established that the space of one-dimensional lattices
PR is locally Euclidean space of dimension 1.

Since the metric on these spaces is not Euclidean, but is "logarithmic" ; unexpected results
are obtained in the one-dimensional case about derivatives of the main functions, such as the
lattice determinant, the hyperbolic lattice parameter, the norm minimum, the lattice Zeta
function, and the hyperbolic lattice Zeta function.

The paper considers the relationship of these functions with the issues of studying the error
of approximate integration over parallelepipedal grids.

Keywords: lattices, metric space of lattices, smooth variety of lattices.
Bibliography: 40 titles.
For citation:

E. N. Smirnova, O. A. Pikhtil’kova, N. N. Dobrovol’skii, I. Yu. Rebrova, N. M. Dobrovol’skii, 2020,
"Smooth manifold of one-dimensional lattices" , Chebyshevskii sbornik, vol. 21, no. 3, pp. 165-185.



I'majikoe MHOrOOOpa3Ue OTHOMEPHBIX PEITETOK 167

1. BBenenue

B pa6ote [31] uzyuasoch noiHoe METPUIECKOe [IPOCTPAHCTBO S-MEPHBIX PEIIETOK U OblIa J0Ka-
3aHa TeopeMa, YTO MHOYKECTBO aJIre0pamvyecKux PElréToK BCIOMY IJIOTHO B IIPOCTPAHCTBE PEIETOK.
B Teoperuko-4uncioBoM MeTojie B IPHUOJNKEHHOM aHAJN3€ 3HAYUTEIHHYIO POJIb UTDAIOT rutiepbo-
Jimdeckast 3eta-pyHKINs PEnEToK, 0000MEHHas TruiepOomieckast 13eTa-PyHKIUS PENETOK U MU~
nepbostmaeckast 13eta-pyHKINs CETOK, TAK KAK OHU CBSI3aHBI C OIIEHKON HOPMBI JTUHEHHOTO (DYHKITU-
OHAJIa MOrPEITHOCTH TPUb/IMZKEHHOT0 HHTerpupoBanus Ha Kiacce ES (ewm. |9, 10, 13, 16, 22, 33, 34]).

C ojiHOI CTOPOHBI, 9TU (PYHKIUU SIBJISIIOTCS psiamu Jlupuxiie Ha CIEKTpe COOTBETCTBYOIIMX
PEIIETOK U JJIsi HUX BO3HUKAIOT €CTECTBEHHbBIE 3a/1a1i 00 M3YUE€HUN X CBOUCTB KaK (DyHKIUH KOM-
IJIEKCHOT'O TIepeMEHHOro o = o + it, e o,t € R.

C npyroit CTOPOHBI, OHU ABJIAIOTCH (DYHKIIUSAME HA TPOCTPAHCTBE PEIIETOK UJIU HA, IIPOCTPAHCTBE
CIBUHYTBHIX PEIETOK. HempepbIBHOCTE 3THX 00BEKTOB Ha COOTBETCTBYIONINX IIPOCTPAHCTBAX ObLIA
ycTaHoBJIcHa B paborax [13, 25].

EcrecrBenno BozHukaer Bonpoc 00 ux audepeHnuaabHbIX CBOICTBaX HA 9TUX IPOCTPAHCTBAX,
HO JIJIST 9TOTO HAJ0 PACCMOTPETDh STH MPOCTPAHCTBA KaK TUVIAJKWE MHOTOOOpasus. ITO moTpedyeT
OTpeJIeJIEHHBIX YCIINH, TaK KaK METPUKA HA ITUX MPOCTPAHCTBAX He SBJIAETCA €BKIUIOBOH, a
OTHOCUTCsI K ancity "jorapudmudeckux" | Kak 970 OyIeT BHJIHO U3 JAJIbHEHIIero.

Hesibio mamHON PabOTHI SABJISETCS PACCMOTPEHUE IIPOCTEHIIEro Caydas IIaJIKoro MHOIoo0pasus
OJTHOMEPHBIX PENIETOK U C/ABUHYTBHIX PEIIETOK.

Ha nporsxkenun Bceit pabotsl uepe3 I = I; Oynem o603HAYATL €IUHUTHYIO KBRJIPATHYIO MAT-
pury mopsiaka s > 1. 3uadenne mopsiiKa § KaXKIblit pa3 6y1eT BUIHO U3 KOHTEKCTA.

2. MeTrpuiecKoe ITPOCTPAHCTBO PEMIETOK M TIJIaJIKOe MHOTooOpa3ue
O/THOMEPHBIX PEITETOK

BasKHOCTh PACCMOTPEHHsT MHOXKECTBA BCEX PEIIETOK KAK METPUYECKOrO IPOCTPAHCTBA BU/HA U3
pabor [1, 22], [26] — [30].
Pacemorpum npocrparnctso PRy Beex 0JHOMEPHBIX peméTok. Herpyano Buers, 410

PRy = {\Z|\ > 0},

rine 7 — dpyHgaMeHTaabHas OJHOMEpPHAasl PEHIETKa, SIBJISIOIIALACSI, KPOME 9TOr0, KOJIBIIOM IIEJIbIX
paoHAJBHBIX unce. OUeBUIHO, YTO CIIPABEIJINBO PABEHCTBO AZ = —AZ mjist ro6oro A # 0.

[Tycrs 9ty (R) MHOXKECTBO BCEX BEIECTBEHHBIX KBAPATHBIX MaTpull mopsiaka 1, a I (R) —
ITOAMHOYKECTBO HEBBIPOXKIEHHBIX MATPHUIl. TaKuM 00pasoM,

ml(R) = {A = (all)]all S R}, mT(R) = {A = (all)\all S R,all 75 0}

Ecmn mam gama pemérka M = M(N) ¢ 6asucom (A), A > 0, To [eiicTBue JHMHEHHOTO Ipe-
obpaszosanusi ¢ marpuneit A = (a11) € M (R) zanaérca pasencreom A - M = M (|ay1|A). s
J060# onHOMepHOIt pemérku M eé rpynna asromopdusmon koneana Aut(M) = {(1), (—1)}. Drum
GdaKkTOM OOBSICHSIOTCS MHOI'HE YIPOIIEHUS TEOPUU B OJHOMEPHOM CJIydae B CPABHEHUH C OOIIUM
cIydaeM, KOrja IpyIiina aBTOMOP(PU3MOB O6CKOHETHA.

HeTpyHO BHJETD, YTO MOYKHO 33/IaTh B3aNMHO-OTHO3HAaTHOE oTobpazkenne PRy <+ RT rae RT
— MYJIbTHILIIKATUBHAST TPYIITa MOJIOYKUTEIBHBIX BEIECTBEHHBIX UHCEJI.

Ha npocrpancrse PR Bcex 0JJHOMEPHBIX PENéToK, ciemys 3a Kaccesncom (em. [19] crp. 165), 3a-
A UM CTPYKTYPY TOIOJIOIHIECKOTO MPOCTPAHCTBA, OIPEIE/INB CUCTEMY OTKPBITBIX OKPECTHOCTEIA.

TosopsT, uTo I IIpON3BOILHOrO ft > 0 MuOxkecTBO L, (M) pemérok A aBisgercsa omxpvimot
L-oKpecmrocmuvio periéTku M, eci OHO COCTOUT M3 BCEX PENIETOK

A=A-M, (1)
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JJIgl KOTOPBIX HEBBIPDOXKJACHHaA MaTpHUIla A YAOBJIETBOPAET COOTHOIIIECHUIO
JA -1 < (2)

Bamerum, 9To B opHOMepHOM ciydae I = (1) — eauHMYHAsE MATpUIla U MATPUYHAS HOPMA
3ajiana paserctBoM ||A| = |ag1].2

Mgl 6yzmeM paccMaTpuBaTh TOJIBKO OKpecTHOCTH mipu 0 < p < 1, Tak Kak Jjisg TaKuX U BCE
marpunpsl A = (a11) ¢ ||A — I|| < p yroBrersopsitor coornomennio 0 < 1 —p < ajp < 14+ pmn
SIBJISIFOTCSI HEBBIPOXK JICHHBIMH.

Herpymuo samucars okpecrHocts L, (M) s npoussosbaoil pemérku M = M(X) = M ¢
6aszmcom ().

Ly(M)={A=MZ|(1 — )X <A\ < (1+p)A}.

EcrecrBeHHO, 4TO IIpEXkKJe BCEIO HAJO yCTAHOBHTH, YTO Ilepecedenue JaByX okpecrHocreii L, (M)
CHOBa £BJIfeTCs OTKPBITOIl OKPECTHOCTDIO.

JIEMMA 1. Ilepeceuenue dsyx omrpomow okpecmmuocmed L, (M) u L, (N) aubo nycmo, aubo
asasemes omrpomot okpecmuocmuio Ly (K), ede K = M w k = min(u,v), ecau M = N, u

A “A1(1-v A M (1-v
k= Aﬁiﬁgﬂi&ug’ Ay = (IJW)E ) K= K(X2), ecau M1+ p) > M1 —v), M = M(}),

N:N()\l) U< M.

JTOKABATEJILCTBO. Bes orpannuenus obmpocTu 6y/em canrarb, uro M = M(N), N = N(A;)
A<\

Ecmm A(1+ 1) < Ai(1 — v), TO nepecetdenne OKPeCTHOCTEl IIyCTO.

Ectu M =N, 10 K =M u k = min(y,v), L,(M)L,(N) = L.(K).

Ecmm A(1 4 p) > A\ (1 — v), To nonaraem Ay = ’\(H“)J;Al(l_y) = igiig;iigtzg’ 0= ’\)\1((11;:)).
Torma 0 <0 <1,0<r=15 <1, K=K(X), L,(M)L,(N) = L (K).
JlemMa moTHOCTBIO TOKa3aHa. O

)

JIEMMA 2. Jhobot unmepsan pewémor (A(A1);A(A2)) = {AN) | A1 < A < Ao} sasazemcs

A1+A2 _ 2=\
2 P XN+

omxpwuimotl [-oxpecmuocmouio pewémxu M npu M = M (

JHOKABATE/ILCTBO. [eiictBurennuo, 0 < < 1 u

A A Ao — A A A Ao — A
1+ 2(1 2 1)2)\17 1+ 2<1+2 1)2)\2,

2 _)\1+/\2 2 A1+ A2

YTO U JOKa3bIBaCT yTBEP2KJAEeHUE JIEMMBI. g
Jlerko BUIE€Th, 9YTO UMeECTCA CJIE/IYIOIIee FOMGOMOp(bHOG OTO6pa)K6HI/Ie

@ Lu(M) < (In((1 = p)A);In((1 + p)A))
IpH KOTOPOM pemérke A = A\{Z CTaBUTCsL B COOTBETCTBHE TOUKA
p(A) = In(A1) € (In((1 = p)A); In((1 + p)A)),
a anciy 0 € (In((1 — p)A);In((1 4+ ©)A)) craBurcst B COOTBETCTBHE PEIIETKA

A=y¢ 10) =eZ e L, (M).

2 [t TaK ONpeIesIeHHOi MATPUIHON HOPMBI cripaBeamBel coornomenus | — Al = || — A||, |A+ B| < || A|| + || B,
[A- Bl = [lAll- Bl
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[TpousBONBLHBIM OMEPLIMBIM MHO0dICECMEom [ HA3BIBAETCST MHOYXKECTBO, IPEJICTABIMOE B BUJIE
00beIMHEHNS TPOU3BOJIHLHOTO MHOXKECTBA X OTKPBITHIX (i OKPECTHOCTEMH

L= U Lux(M:c) (3)

rzeX

Herpynuo BumeTh, uTo TakuMm obpaszoM Ha PR 3a1aHa CTPYKTYpPa TOMOJOTUIECKOrO ITPOCTPaH-
crBa 11 = (PRy,T1), TJie TI — MHOXKECTBO BCeX OTKPBITHIX MHOKecTB L. Tomosornaeckoe mpocrpan-
crBo 11 = (PRy,71) uMeer cuyernyio 6a3y B, cocTosInyto u3 Beex pi-OKPECTHOCTEH pallloHAIbHBIX
pemmérok M ¢ panuOHAJIBHBIMU [, U SIBJISIETCH CEnapadebHBIM TOIMOJTOTHIECCKUM ITPOCTPAHCTBOM,
TaK KaK POJib CYETHOI'O BCIOJIy IJIOTHOI'O €ro IMOJMHOYKECTBA BBINOJHIET MHOXKECTBO P()1 Bcex pa-
[IMOHAJILHBIX PEIIETOK, T.e. pemérok M = M(X\) c A € Q, A > 0.

JIEMMA 3. Tonoaoeus T| UHEAPUAHMHA OMMHOCUMEALHO A100020 AUHETH020 HEGHLPOAHCOCHHO-
20 npeobpaszosanus A npocmpancmea R. Cuemnasa 6aza B uneapuanmma moavko ommocumenvro
AUa2OHANLHOIT PaUOHaILHOT npeobpasosanutd D(d) = (d), d € Q, d # 0.

JOKABATE/ILCTBO. Tak Kax o JAeificTBHEM JTUHEHHOIO0 HEBBIPOXKIEHHOIO IpeobpaszoBanus A
mpocTpaHcTBa R nmpousBosibHAs periérka A mepexoauT B pemérky A - A, To u3 paBeHCTBa

AL=]JA L, (M)
zeX

cJIeJlyeT, JITsl MHBAPHAHTHOCTH TOLOJIOTHU JOCTATOYHO JoKazark, uro A - L, (M;) — oTkpeiToe
MHOXKECTBO JIJIs Jiioboro x € X.

JeiicTBUTENBHO,
A]LMx(Mw) :{A:A'B'Mx ’ HB_[H <Mx}'
[IycTn
pa — || B = I pa — ||B = I
1B =1 < pory 6= — = ;
1B - [[ A=) - (1Al 1B

A=A-B-M,, A\=C-A-B-M,cLsA).

Taknm o6pasom, |[C —I|| <0 u d <1 rak Kak uy < 1 < |[|[I — B||+ || B
Torna
AM=C-AB-My=A-B-M,, Bi=C-B

U CIIPaBEIJINBLI HEPABEHCTBA,
By —I||=[|C-B—-1I|<|C-B-B[|+|B-1I| <
<|IB[[-IC =1+ |1B=1| < [Bl -6+ |B—E| < pa-
Orcrona cireryer
AE€AL,, (M)

U WHBAPUAHTHOCTDH TOIOJIOTUU T OTHOCHTEILHO HEBLIPOXKICHHLIX JIMHEHHBIX IIpeo0pa3oBaHMil 110-
Ka3aHa.

VuBapuaHTHOCTDL CUéTHOI 6a3bl B oyepuna. O

Kax n3Becrro (cm. [19], cTp. 165), MHOXKECTBO BCeX S-MEPHBIX peniéTok PR, siBJIsieTcs: HOJIHBIM
METPHYECKIAM IIPOCTPAHCTBOM OTHOCHTEILHO METPHUKHI

p(A,T) = max(In(1 + ), In(1 + v)), (4)
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rjie
p=_inf |A—I|, v= inf ||B-I,
I'=A-A A=BT

[Mpumenuresio Kk PRy umeeMm, eciu A = M2, ' =~Z, toT = A- A, A= (7)\_1), A=B-T,
B = (7*1/\). Bes orpanmuennsi oOHIHOCTH OyJIeM CUHTATb, 4TO A > v, Torga p = 1 — yA71,
v=9""A=1up(A,T) = max(In(2 — yA71),In(y " \)). Homomum 6 = YA™!, Torma 0 < 0 < 1 u
2 —0 < 07! nosromy p(A,T) = In(y~1N).

Terneps MOXKHO 3ammcaTh KaK BBIMISIUT CHMMETPUYHBIA OTpe30K" pPemérok IJIMHHON 2p ¢
neuarpoM B A(N): [A(e™PN); A(ePA)]. fcuo, uro Korga h npoberaer WnciaoBOil OTPE30K [—p; p], TO
A(e")\) mpoberaer orpesox pemérox [A(e™PA); A(ePN)].

Kaxk usBectHO, 115 1100011 perméTku A e€ B3amMHasl peléTka A™ olpenensercst U3 yCJIOBUs
AN ={Z|Vye AN (&y) €L}
Orciona ciemyer, uto aaa joboit pemérkn A(N) € PRy cupaseammso pasenctso A* = A(A71).

JIEMMA 4. Jlas o060t pewémru A(N) € PRy cnpasedauso pasercmeo
p(A,Z) = p(A*,Z). (5)

JTOKABATE/IBCTBO. Tak kak A* = A(A™!) u (A*)* = A, T0 6e3 orpanmdenus oOGIHOCTH MOYKHO
cuutaTh, 9To A > 1. Ciyuait A = 1 TpuBnayibHbIi, Tak Kak Torma A = Z = A*.

Hamee umeem: p(A,Z) =In A, p(A*,Z) = In A\, 9410 1 10Ka3BIBACT YyTBEPXKJICHUE JIEMMBI. [

BameTuM, UTO JIOKA3aHHAs JieMMa sBJISETCsl 4acTHBIM ciaydaeM Teopembl A. H. Kopmauésoit
(em. [20]).

Tonosornueckoe npocrpancTBo PRy siBiisiercst Xayc1opdOBbIM, Tak Kak Jijisi JIOObIX JBYX pe-
merok A(A1), A(A2) mpu \; < Ao u p = if;ﬁ; oTkpbIThIe fi-okpecTHOCTH Ly (A(A1)) m Ly, (A(A2))
HE TIepeceKaroTCsl.

Bcé npocrpancTBo ognomepHbIx perérok PRy romeomopduo R. [leficTBuTe/ IbHO, TAKUM IOMEO-
MOP(MhU3IMOM SIBIISTETCSI
p: PRy < R,

[IPU KOTOPOM perérke A = A\Z cTaBUTCsI B COOTBETCTBUE TOTKA
©(A) =In()\) € R,
a qnciy 0 € R craBuTcsi B COOTBETCTBUE PEIIETKA
A=¢ 1(0) = eZ e PRy.

Orcrona ciemayer, 9T0 IPOCTPAHCTBO OJHOMEPHBIX Pemérok PR JOKaJIbHO €BKJIUIOBO ITPOCTPAH-
CTBO pa3MepHOCTH 1.

Cormacro Yopuepy (cm. [32], crp. 13), mapa (U, ¢), rne U = L, (M) — oTKpBITast (i-OKPECTHOCTb,
pemérka M = M (M), a ¢ — romeomopdnoe orobpazkenne U na narepsa (In((1—p)A); In((14p4)N))
HA3bIBAETCS CUCTEMOIl KOODJIMHAT, ¢ — KOOPJAUHATHBIM orobpaxkenuneMm. Tak kak ¢(M) = 0, To
peméTka M SABISETCS HATAJOM JAHHOI CHCTEMbBI KOOD/IMHAT.

Corutacno Apnosbiy (em. [2], crp. 205) narepsas (In((1 — p)A);In((1+ p)N)) saBasercs kaproit
oTkpbIToil p-okpectHoctn U = L, (M) u p(A) nsobpaxkennem pemérkn A € L,(M) ma xapre

(In((1 — )\ In((1 + w)A)).

JIEMMA 5. Jlasa mobvix dsyx omxpoimuis nepecexarouuxca jr-okpecmuocmets U, = Ly, (M)
pewémok M, = M,(\,) (v = 1,2) 2omeomoppnvie omobpascenua o, okpecmmuocmed U, wa urmep-
sanve (In((1— )\ );In((14 ) \)) ceasanv coomnowenuamu o1 0 @5 (6) = w209 (0) = 0 daa
1106020 0 uz nepecevenun urnmepsanos (A1(1 — p1); A (14 1)) N(A2(1 — p2); Aa(1 + p2)).



I'majikoe MHOrOOOpa3Ue OTHOMEPHBIX PEITETOK 171

JIOKABATEJILCTBO. [leiicrBurensho, mycrs M, = M,(\,) (v = 1,2) u, 6e3 orpanuvenus
obmHocTH, A1 < A2, TOTJIa OKPECTHOCTH nepecekarorcs, ecan A1(1 4+ p1) > Ao(1 — pg). Pacemorpum
okpecraoctb U = Uy (| Uz u unrepsa

(A2(1 = p2); A1+ 1)) = (A (1 — pa); A (L + pa)) ﬂ()\Q(l — p12); A2 (14 p2)).

T'omeomopduoe orobpaxkenue @, nepesosiiiee U, Ha narepsas (In((1—p, )y ); In((14+p,)N,)), cra-
BuT perérke A = \Z B coorBercTBre 1uciI0 p(A) = In(A) € (In((1—pp) A ); In((14+p)Ay)), a qucay
0 € (In((1 — m)\);In((1 4 p)\,)) craBurcs B coorsercrsue pemérka A = ' (0) = €’Z € U,.
[Mosromy st smoboro 6 € (In((1 — p2)A2); In((1 + p1)A1)) nveem

p10051(0) = p1('Z) = 0 = o (°Z) = 3 0 7 (8),
9qTOo "N ,ZLOKaB])IBaeT yTBep}K,ILeHI/Ie JIEMMBI. O

JIEMMA 6. [omeomopproe omobpastcerue
p: PRy < R,
npu Komopom pewémre A = A\Z cmasumcs 6 coomeememeue mouka
@(A) =In(A) € R,
a yucay 0 € R cmasumea 6 coomeemcemeue pewémsa
A=p1(0) =% € PRy,

nepesodum npoussosvroe omrpoimoe mmodcecmso L=, x Ly, (Mz) 6 omrpwimoe mmosicecmeo

p(L) = |J (n((1 = pa) )i In((1 + ) Aa))- (6)

zeX

JOKABATENBLCTBO. HeiicrBurensro, p(L,, (Mz)) = (In((1 — pa)A2); In((1 + pe)Ag)), 910 1
JIOKa3bIBAET yTBEPXK/eHNe JIeMMbI. [

[Tosb3ysich yKa3aHHLIM COOTBETCTBHEM, MOYKHO OIPEJIETUTh IIOHATHE MIPOU3BOAHON (DyHKIUN
f(A) ma rmagkom MmuOrOoOOpasun M = PR ciemyomum o6pa3oMm.

[Iycts M = M(X) € PRy, U = L,(M) — OTKpbITast [i-OKPECTHOCTb, KOODANHATHAs (PYHK-
Ius p JIA TPOM3BOJIbHOM pemerkn A = \7Z € U samgaercsa pasenctBoM @(A) = In(A A1), Tax
kak (M) = 0, to pemérka M sBisleTCsl HAYAJOM JIAHHOW cucTeMbl KoopjauHar. s mroboro
0 € (In(1 — p);In(1 + p)) mmeem: o~ 1(0) = e - M. Kacarenbnoe npocrpancTso Muoroobpasus M
B Touke M Oynem 0603Ha4UaTh Yepes M s, OHO UMeeT PasMepHOCTh OJUH.

KacarenbHublii BeKTOp %‘ € M 3a1811M PaBEeHCTBOM
M

(el,) 0= 25

(7)

(M)

Jutst Kaxkon yukiun f kiacca C°° B okpectHoctu pemérku M € M. Takxke 6yjuer ucoib3o-

BaTLCA 0003HAUCHUE
) < ; )

i = . 8

5s = ag )0 3)
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3. OyHKNUU Ha MIPOCTPAHCTBE PEeHIETOK U pajbl Jdupuxie

B TeopeTuKo-1mnCcI0BOM METO/e B IIPHOJIMKEHHOM aHAIN3e Cieyomue HOyHKIUN Ha IIPOCTPAH-
CTBE PEIIETOK IPEJICTABIISIIOT OCOOBIl MHTEPEC, 9TO — JIETEPMHUHAHT DPEIIETKH, TUIEePOOIMIeCKHit
apaMeTp PEéTKN, HOPMEHHbII MUHUMYM, J3eTa-(DYHKIU PEIETKN U TUIePOO/IMIecKas J3eTa-
dbyukIws permérku. PaccMOTpuM 9TH MOHATHS [OCJIEI0BATEILHO B Cllydae Ipocrpanctsa PRy o-
HOMEPHBIX PEIETOK.

Herepmunant perérku A = A(X\) 3amaercsa pasercrsoMm det A= \. fcuo, uro det A*=(det A)~
Odet A

Op )

det Z = 1. [Inst BEIYKACIEHNS 3aMeTuM ciefyroree: st pemérku M = M () KoopauHAaT-

nas byakmua ¢(A) sagaercsa pasenctsoM ©(A) = In(MA™Y) = 6, e A = A(\1). Janee mveem
0 1(0) =€ M udet Aoy ! =det(e - M) = e’ \. Orcrona ciemyer, uro
el — X

= lim ———— = )\ = det M.
g h—0 h

ddet Al  9efA
oo |y 00

B onHOMepHOM ciIydae BCe TPU BEJIMYMHBI — JIETEPMHUHAHT PEIIETKU, MUIepOOIMIecKuil napa-
METD PENIETKH, HOPMEHHbI MUHIMYM — COBIaJatoT. Haunnas ¢ pasMepHOCTH § = 2 CHpPaBe/JINBBL
uepasencTBa NV (A) < g(A) < det A, rue

N(A)= inf [|z-... 24| — HOpMeHHBIH MUHEMYM,
FEA, 70
q(A) = inf IR IR runepboIMIecKnii mapaMerp pereTKu.
FEN, TAD

J3era~-yHKIng peméTku B OJHOMEPHOM CJIydae BCErJia OIPENEeHA U MBI I PENIETKU

A =A(\) upu A > 0 umeem:
C(Alo) = Z x|~ = ( ).

rEA
Orcrona ciiesryer, 9To
2((a) 20(a) _ 2¢(a)
C2%(@)  KMa)| OGN L e T e

OTHOCUTENIBHO J3eTa~-PYHKIUUA PEIIETKH W TUNEPOOINIECKO 13eTa~-DyHKITMN PENETKA Heob-
XOJINMO CKa3aTh CJEAYIOIIee B Cliydae pasMepHocTu S = 2. Jzera~-dyHKIms pPeréTku onpeieieHa
JUIsE IPOM3BOJIBHON JIEKAPTOBOI PEIETKY, HO HeolpeJiesieHa JJisd ITPOU3BOJIbHON ajredpamdecKoi
pemérku. [losTomy eé Kak (DYyHKIIMIO Ha BCEM IIPOCTPAHCTBE MHOTOMEDPHBIX PENIETOK PACCMATPHU-
BaTh HEJIb3sl, TAaK KAK MHOYXKECTBO aJredpanvdecKnX PEméTOK BCIO/Ly IIOTHO B IIPOCTPAHCTBE BCEX
pemérox (cm. [31]).

[Numepbosmaeckoit a3eTa-QyHKINA PENIETOK MOCBIIIEHbI CAeAYIONIe IBa pas3/eia.

3.1. 'mmeposmyeckas n3eTa-PYyHKIUSA PENIETOK

Tak xkak B manHoill paboTe HAC MHTEPECyeT TOJbKO OJHOMEPHBIN ciiydail, TO Bce HEOOXOIUMbBIC
OIIpEJIeJIEHNUsI ¥ PE3YILTATHI Oy/1eM (DOPMYIUPOBATS JIJIst PA3MEPHOCTHU S = 1, XOTs OHU CIIPABE/JINBI
u JIst 000t pasmepHocTH S > 1.

Paccmorpum kitace A1 Beex nepuoauuecknx (yukuumit f(x) ¢ nepuogom 1, y KOTOPBIX UX PsiJ
Oypbe

1
Z C 27r1mac C(m) _ /f(x)e%rim-xdx
0

meZ
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abcomtorao cxomurcs. [IpocTtpancTso 2y OTHOCHUTETHHO HOPMBI

If (@)l = D 1C(m)| < oo

meZ

ABJIAETCS cerrapabeTbHbIM 0AHAXOBBIM ITPOCTPAHCTBOM, N30MOPMHBIM IPOCTPAHCTBY [; — BCex ab-
COJIIOTHO CYMMUPYEMBIX KOMILIEKCHO3HAUHBIX TI0CIe0BaTeabHocTei (em. [11]).
. o (3 [e%

H. M. Kopo6oB BBé B paccMoTpeHue mupokuii kiaace nepuoguieckux yuximii £ (C) (a > 1)
¢ 6picTpo yopBatonuMu kodddurmenramu Pypre. Yepes ES(C) obo3HadaeTcss MHOXKECTBO (DYHK-
nuit u3 £ ¢ HopMoii, He npeBocxoydrieit C', To ecTs map B 6aHaxoBOM HpocTpaHcTBe E paanyca
C ¢ UeHTpOM B HyJIE.

BamaxoBo mpocrpancTBo nepuogmdecknx ¢yuknuii Ef C 2; cocront u3 dymkmmit f(x), y
KOTOPBIX JIst KoadduruenTo Oypbe BHIIOIHICTCS OIEHKA®

Takum obpazoM, 3T PYHKIUN YIOBIETBOPSIIOT YCIOBUSIM
sup |C(m)[m* = || f(z)||zg < oo. (9)
meZ

fcuo, aro mist stux GyHKIUE paapl Pypbe cxomaaTcs abCOTIOTHO, TaK KaK

IF @)l < 1F (@) e (1 +2¢(a)),

a ModTOMY JiIst JI060ro o > 1 OHHU HPEJICTABJISIIOT HelpepbiBHbIe (DYHKIMHU. 3/€eCh U Jiajee, Kak
o6brano, ((a) — mzera-bynkius Puvana.

O csoiicrBax knacca ES(C) noapobuo Moxno y3uars B [21] u [22] (Tak xe cu. [11]).

st nanpreiinero Mer 6yem paccmarpusars kKiace By = |J EY. Ouesnano, E; C ;. fcuo,

a>1
qro Kjacc ) HesaMKHYT B npocrpaHcTse 2A; oTHOCHTEIbHO HOPMBI || f(2)]];,, HO siBisieTcst BCroy
IJIOTHBIM MHOYKECTBOM.

IIpocrpancrsa Ef' (o > 1) — necenapabesbHble OAHAXOBBI IPOCTPAHCTBA, H30MOPQHBIE IIPO-
CTPAHCTBY 1 oo — OIPaHNYEHHBIX KOMIIJIEKCHO3HAYHBIX (DYHKINII Ha DyHIaMeHTaIbHON peméTKe 7,
KOTOPOE B CHJIy CUETHOCTH Z n30MOPMHO TPOCTPAHCTBY loo — OIPAHMYEHHBIX HOCJIE0BATEILHOCTEIH
KOMILJIEKCHBIX THCE.

JeiicTBuTebHO, 3TOT N30MOPMU3M (P, HOPMUPOBAHHBIX IPOCTPAaHCTB E{' 1 11 o 3a7aeTcsa pa-
BeHcTBaMu 115t KoadburmentoB Pypbe

c(m)

—a

C(m) =

m € Z, |le(m)|lo = sup |e(m)| < oo.
meZ

Takum obpasom, ecimm € R — npomssosbhast Touka, a ¢(m) € lj s, TO 3HadYeHHe (BYHKIUH
©a(c(m)) B TOuKe x 3ajaercs ¢ oMoIIbIO psia Jlupuxiie

c(m)e?rizm > a(z,n
palem)(@) = 3 AT 5 alen)
meZ n=1
e '
a(z,n) = c(m)emem,

33 1ech u masee IS BeleCTBEHHBIX M HoTaraeM m = max(1, |m]).
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Paccmorpum keadpamypryro dopmyay ¢ eecamu

L N
[ e = 5 Y ouslew) - Rl (10)
0 k=1

Baech uepes Ry [f] obo3HaueHa MOIPENTHOCTD, MOy YAONIAsCs [IPU 3aMeHe HHTerpasa

/1 f(x)dz
0

CpeJHUM B3BEIIICHHbIM 3HaY€HUEM beHKLII/II/I f(m')7 BBIYUCJIEHHBIM B TOYKaX

CoBokymHocte M Touek My, HaswiBaercs cemxoti M, a camu ToUku — yaaamu keadpamyprot gop-
myavt. Besmanust p = p(M}) HasbIBatoTCst BecaMu KBaApaTypHOii opmMysibl. Byjiem ucrosb3oBarh
paBHONpaBHble 0003Haudenust |M| = N. B sroii pabore Oymem Be3je mpejmosiaraTb, 9TO BCe Beca
BeIlECTBEHHO3HATHBIE.

ONPEAENEHUE 1. Tpueonomempuueckol cymmoti cemru ¢ eecamu (M, p) das npouseosvrozo
UCAOHUCAEHI020 T, HA3BLEACTNCA 6bLPAACEHUE

S(m, (M, p)) = Y plx)e?™m™e, (11)
zeM

a HOPMUPOBAHHOT Mpu2oHOMeMPUEckol cymmol cemru C 6ecamy, —

§*(m, (M, p)) = Mlﬂswn, (M. p)).

CupaseBa cieayolast obobIeHHas TeopeMa KopoboBa 0 HOrpenrHocT KBaapaTypPHBIX (hop-
My (em. [6]). 4

TEOPEMA 1. ITyemo pad Dypve dynryuu f(Z) cxodumes abcomommo, C(m) — ee xoappu-
yuenmovr Pypoe u Sy (1) — MPULOHOMEMPULECKUE CYMMbL CEMKU C 6ECAMU, MO20A CNPAEEIIUCO
PAGEHCNE0

=CO) (Sis® - 1)+ > ClmSi M) (12)

M1 ,...,Mg=—00

u npu N — oo noepewnocmv Ry|[f] 6ydem cmpemumuves x nyaro moeda, u moavko mozada, xo-
2da s3sewenmble Y345, KEAIPamYPHOT HOPMYAbL PABHOMEPHO Pacnpedeetvl 6 eOUHUYHOM S-MEPHOM
xyoe.

B pabore [12] mano ciemyroree onpesenenue n3era-pyHkimu cerku M ¢ Becamu f.

43ech u gasnee Y.’ osnauaer cymmupoBanue o cucremam (mi, . .., ms) # (0,...,0).
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ONPENENEHUE 2. /[zema-dynruyued cemxu M ¢ eecamu p nazweaemes dynwyus C(a|M, p),
3adannas 6 npasotll nosynaockocmu o = o + it (o > 1) padom Jupuzae

>, S*. (m  Gv (M. Fn

M1 ,...,Mg=—00 n=1

2de
S* M, gn) = > |Si0m)] (14)

meN (n)
u N(n) — yceuénnas HOPMEHHAA NOBEPTHOCTNG, 3a0AHNAA PAGEHCTNEOM
N(n)={m e Zmy...ms =n}.

CupageyBbl JiBe 00001IeHHBIE TeopeMbl KOopoboBa 0 MOrpenHoCTy KBaIpaTyPHBIX (hopMy/T —
9TO TeopeMa 1 U ciIeIyolasl TeopeMa;

TEOPEMA 2. Ecau f(x1,...,25) € E(C), mo das nozpewnocmu xeadpamyproti Gopmysvy
CNPasedIusa oueHKa
Lo o o[ 0 s~ _|Sus(m)] .
RNIf]| <C | =S H(0)—1|+= SMEIEL 0 |83,50) -1 +C - C(alM, ), (15
Rl <0 gsua®-1+5 X PMAE sy 01 +0 -l (5)

M1 ,...,Mg=—00

ede cymma Sy (M) onpedesena pasencmeom (11). Ha wracce EF(C) amy ouenry meavssa yay-
wums.

JpyrumMu ciioBaMu Teopemy 2 MOKHO ¢hOPMYJIMPOBATH TaK:
L nopmot || Ry |[fl]||ge aunetinozo dynxyuonara noepewrocmu npubaudicennozo unmeepupo-
sanus no keadpamyphot gopmyae (10) cnpasedauso pasencmeo

1 - 1 Su0m)] . -
||RN[f]||E?:‘NSM,ﬁ(O)_l“f‘N > (mfwz\wﬁ(mqhqaw,ﬁ). (16)

M1 5eeny Mg =—00

Caenyst K. 1. Babenxko (3] u O. B. Jlokynuesckomy [23|, B pabore [6] qano ciemyromiee onpe/ie-
JIEHVEe HEeHACBIIAeMOro ajropuTMa IPUOJIMKEeHHOTo HHTerpupoBanus Ha kiacce Es = |J ES.
a>1
ONPEAENEHUE 3. [osopam, wmo nepuoduueckasn gynryus f(X) usz xaacca Es= |J ES npu-
a>1
nadaedrcum xoneuromy nokazameno a=a(f(x)), ecau f(¥) € ES u f(¥) & E2 0na mobozo B> a.
B npomuerom cayuae 206opam, wmo nepuoduseckas Gynrkyua us kaacca Es npunadsestcum becko-
HEUHOMY NOKA3AMENI.

HAcuo, uTo GECKOHETHOMY ITOKA3ATE/I0 MPUHAIIEKUT JII000 KOHEUHBIH TPUTOHOMETPUIECKUA
nosmHoM. Eciu nepuomueckas dyukius f (&) € Eg He sIBIS€TCST KOHEYHBIM TPUTOHOMETPUIECKUM
[TOJIMHOMOM U TIPUHAJJIC2KUT OECKOHEYHOMY I10KA3aTeJi0, TO OHa OyaeT OeckonedHo auddepeHIu-
pyemoii byHKIIHEiA.

ONPEAENEHUE 4. [080opam, wmo aa20pumm npubiusicemHo20 UuHme2puposaHus
<M(5),00),A> (j=1,2,...)
nepuoduueckux dynrkyul ud kaacca Es = | ES nenacwwaemod muna (v, \), ecau daa 410600 ne-

a>1
puoduneckots pynrkyuu f(Z) koneunozo noxazamens o = o f(&)) u nozpewnocmu npubausicernozo

UHMEPUPOBAHUA BBINOANHAEIMCA PAGEHCITNEO

Ry, [(@) = 0 (W ].Vj) . (1)
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Kaxk usBecrro (cMm. [22]), MeTomoM onTuManbHbIX Koddduimenros KopoboBa MOXKHO HOCTPO-
UTHh HeHachlmaeMble ajroput™bl Tuna ((s — 1)a, 1), a momgudunupoBanabiM MeTogoM PpostoBa —
1
((s—1),1) . dna ciaydas pasHOMepHbIX ceToK mmeeM Tun (0, <).
3 Teopembl 2 cpasdy CJIELyeT, YTO €CJIM aJlOPUTM IIPUOIMKEHHOTO WHTErPUPOBAHUS

<M©G),pG),A> (j=1,2,...)

nepuojudeckux GyHknuii u3 kinacca Fs = |J EY Henacbimaemsrit tuna (7y, A), T0
a>1

Sip(0) = 1, <<a|M<j>,ﬁ<j>>=o<“;\:_j_Zj) G=12..)
J

W3 mipeaprynero BUIHO, 9TO psiabl Jlupuxiie, mopoxkKIEHHBbIE PEIIeTKAMU, €CTECTBEHHO BO3HU-
KalOT B TE€OPETUKO-IYUCIOBOM MeETO/IE B HpI/I6.HI/I}KeHHOI\/I AHaJIN3€ U UTr'partoT B €r0 Pa3BUTUUN CYIIE-
CTBEHHYIO POJIb.

Temepb MbI paccMoTpuM OOIHUiL CIydail OJHOMEPHON 0000IIEHHON TapasLIe/IeNuIe A TLHON ceT-
ku. [Iycte A = A(\) — npousBosbHast oJfHOMEpHasi periéTka ¢ gerepmuaanToM det A = A > 1 u A*
— e conpsiKeHHas peméTka ¢ det A = A7 < 1.

ONPEAEJIEHUE 5. Jlaa npouseoavhoti pewemsu A 0b60buernnot napassesenunedasbroll ce-
mxot M (A) naswieaemes mnoorcecmeo M(A) = A* N [0;1).

Cemxa Mi(A) = A*N[-1;1).

O6obusennoti napasseaenunedanvroti cemxoti II poda M'(AN) nasweaemes mmoorcecmeo

M'(A) =A{z|z = {y},y € Mr(A)}.

ONPEAEJEHUE 6. Becosol dynxuueld nopadxa v ¢ xowcmanwmolt B, naswvisaemcs 2nadxas
Pyrryua p(r), YoosAemMEOPAIOULA YCAOBUAM

p(x)+plx—1) =1 npu z € [0;1), (18)
p(x) =0 npu =z ¢ (-1;1), (19)
1
/p(m)e%w'mdaz < By ()" daa awbozo o € R. (20)
1

Eciu Beinosnenst yesiosust (18) u (19), To roBopum npocTto o BecoBoii dbyHukmuu p(x).
[Tpumepom BecoBoii byHKIMI HOPSIIKA 1 > 2 CIlyKUT (DYHKIWs u3 paboTsl [8]

0 upu |x| > 1,
|z|

1—(2r =3)C572, [#772(1 —t)"2dt npum |z < 1
0

ONPEAEJNEHUE 7. Keadpamypnot dopmyaroti ¢ 0606wenHot napairesenunedaivHoti cemxot
II muna u eecosotl gynryuet p(x) nazvieaemes gopmyaa 6uda

1
/f iz = (det )0 Y pf(a) — Ravn ],
0

xzeM’'(A)

2de  py = S ply), N'(A) =M,
yeMl(A)v{y}::E

Ry a)[f] — noepewnocmo weadpamyproti popmyavi.
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PaccmoTrpum iBa nmpuHIUNIUAIbHO pasHbix caydad. [Iycts A = N — HaTypajabHOe YUCTIO, TOTIA

k
AN=<—|keZ
{x]e2)
u gyist cerku M/(A) cupaBeyiuBo paBeHCTBO
! k /
M(A)—{N‘k—o,l,...,N—l}, ps =1, N'(A)=N.

B srom cirydae Mbl mostydaemM OOBIYHYIO (DOPMYJIY JIEBBIX IIPSIMOYTOJIbHUKOR:
/ 1=, [k
dr = ~ 2~ Rylf).
[ s = %f(@ i
J -

[Iycrs Tenepb A — Heresnoe 4ucyo 6oJbie 1, Toraa fjs JIoObIX 1eJablX k u m uMeeMm 1 — § # %,
IIO9TOMY

A
M’(A)_{O<1—)\<§\< ..<1—§ ];7} N'(A) = 2N + 1,
Dy — p(x) HpH$:§,]€:0,. ., N,
1 —p(x) HpI/ILEZl—%,k‘:l, ,N

B sTom ciydae kBagparypHast popMysia OyIeT ¢ BecaMu U IPUMET BU:

o3 GBS 0-e D)D) e

k=0

st morperHocT! KBapaTypHOil hopMy/Ibl ¢ 0000IIEHHON MapaJiiesennne aabHoi ceTkoir 11
poJia Ha kiacce Ef' cipase/ymBa orenka (cum. [8], [22])

Ryiy[ET(C)] = sup  [Ryynlf]l < CB-c1(a)Cu(Aa),
fFEER(C)

e enfa) = 2071 (3 ¥ 2) L Calhle) = Y @)
a—1 TEA

OTMeTnM BayKHOE 0OCTOSATENBCTBO — KBaJIpaTypHbIe (hOPMYJIBI ¢ 0DODIIEHHO TapaJsiiesenurie-
nanbHol cerkoii 11 Tuna u Becosoit dynkimeii p(Z), BooOIIE TOBOPSI, 38/Ia10T HACBIIIAEMbIH aJITOPUTM
YUCJIEHHOTO UHTEIPUPOBAHUSA, €CJIN BecoBasi (DYHKITMS KOHEYHOIO MOPsi/IKA U PEIIeTKA He SBJISETCS
eJIOYNCJICHHOI.

DTOT aaropuTM Oy/IeT HEHACBHIIAEMBbI JIJIsT [EeJIOYUCIEHHBIX PEIIETOK, TO €CTh JjIs Hapasuiesie-
MUTEeIATHHBIX CETOK, W JIJIsT BECOBBIX (DYHKIMIH GeCKOHedIHOTOo mopsiaka. Ompeiesienne HeHACKIITTA-
eMBIX aJrOPUTMOB JIaHO B MoHOrpadusx (3], [23].

Cdopmynupyem 6e3 j1oka3aTeIbCTBa YaCTHBIH CJIydail 0JHOl jeMMbl u3 paborsl 7).

JIEMMA 7. ITyemw enadkan dynrkyus f(x) obpawsaemea 6 noav emecme co ceoeti npouseoonot
[/ (x) na epanuye ompeska [—1;1] u obpawsaemea mostcdecmeenno 6 Hoab 6He €20.
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Tozda Oas noepewHocmu NPUbAUNHCEHH020 UHMELPUPOBAHUA KEadPamypHot Gopmyab

1

[ H@ade = o S @) - RI

-1 TEA*

cnpaeednueo paserHcmeo
1

R =Y / f(y)e 2 dy.

1‘6/\_1

OreHKa MOIPEITHOCTH UHTErPUPOBAHUSI TIOJIYYaeTCsl Cpa3y U3 JIEMMBbI 7 U ONpeJIeIeHUs BECOBOI
dyukuun, ecu BMecto f(x) B3aTh Tiagkyo dyHkuuio f(x)p(x) 1 BOCHOIB30BATHCSI PABEHCTBOM

1

/1 Fla)de = / F@)pla)da.
0

-1

eificTBuTesIbHO, ecan p(x) — BecoBad HKIMS Iopaaka r > o > 1 u f(x) € ES, To
) P YHKIT DA 15

Fa)y = 30 S amime )| < () g

1
Rl =3 [ ey =3 3 A [ ennin-ay,
)

€A 7y €A mEZ

Orcrona ciieryer, 910

RN <Bf@les S > ﬁ

z€EA meZ

ITosb3ysice onenkoii (2.10) u3 monorpaduu [22| crp. 53, noayunm

RIS Bl @y 3 2 = By £() 15z A(0)Car(Alo),

TEA

e Afa) = 2771(1 + 2((a)).

Tenepsb npuBeiém npumep u3 paborsl [8] Becopoii dbyHkun GeckoHedHOro nopsiyika. Ilycrs

0 upu |z| > 1,
1 npu z = 0,
plw) = exp (xlfl exp (—%)) npu 0 < x < 1,

1—p(x+1) mpu —1 <z <O0.

Oyukius p(z) Ha orpeske [0; 1] monoronno ybeiBaer ot 1 70 0, Tak Kak npu 0 < z < 1

/() 1 1 1 —:U2+x—1<0
z)=exp|——exp|—=) |exp|—= | — <0.
r Ple—1%P\ 2 P\7% 22(x —1)?
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3.2. IIpousBo/siHas OT rUNepodOIMIEcKOii a3eTa-PyHKINN

ITpexkye Bcero BBenéM ciemyiomue obosuadenns K () = [ﬂ, riae g x > 0 [z] = k npu
k—1<x<k, keN. Ionoxkum ipu k € N, o > 1

— 1
(ko) =) .
n=k
ITpu k = 1 umeem ((k, o) = ().
Ucronb3yst clesiatnible 0003HAYEHHsI, MOYKHO 3allCaTh CJIEIyIOIee IIPOCTOe BLIPAyKEHHe JJIst
runiepbosinaeckoii n3era~-pynkinun pemérku A = A(X)

2¢(a)

A1
Ala) = 1 3 mpr A > 1,
S (Ale) {Z(K()\)—l)—I—ZQ(KAW, npu 0 < A < 1.
* — 2A(K(\),a)
Ecmu nonoxurs (fr(Ala) = =557, 10 111 moboro A > 0 crpaBeyInBoO PaBeHCTBO

Ca(Ala) = 2(K(A) = 1) + (g (Ala).

HenpepbiBrocThb runepbosindeckoii jazera-dyskiun pemérkn A = A(A) odeBumHa st Beex

A # %, e k — Jyoboe HATypasibHOE Yucyio. HenpepbhlBHOCTE CjieBa B TOUKE \ = % TaKKe oue-

BUJIHA.

Pacemorpum  lim (g (Ala). Mmeewm:
A= ()

lim  (g(Ala) =2(k—1) +2(k — 1)*¢(k,0) =2((k — 1) = 1) + 2(k — 1)*¢(k — 1,a) =

()
~or(*(i53)

1 HEIIPEPLIBHOCTD CIIpaBa TaKrKe YCTAHOBJIEHA.

Taxum 06pa3oM, ycTaHOBJICHA HEIPEPBIBHOCTHL ITMIEpOOJINIecKoil 13eTa-(DyHKINT Ha IIPOCTPaH-
crBe PRy, uto cornacyercs ¢ obmieit Teopemoit u3 padorsr [13].

Tax kaxk mpum A > 1 uMeeM paBeHCTBO A3eTa-PYHKINNA PEMIETKA W THHepOOINIecKoil a3era-
GYHKIUN PEmETKH, TO Ipu A > 1 cupaBeyInBO PaBEHCTBO

OCh(Al)
i

= —aly(M|a).
M

Herpynuo Bumers, uro nmpu A € (%,ﬁ) JUIst JTIODOTO HATYPAJIBHOTO Kk 2> 2 CIpaBeJJInBO
PaBEHCTBO
OCH(Al)
dp

= —alg(Mla).
M

Taxum obpazom, Mbl BujuM, uTo mpu 0 < A < 1 runepbosntdeckas n3eta~-pyHKITHS PEIETKH K-
couno guddepennupyemas (pyHKIMs, Y KOTOPO OTCYTCTBYIOT IIPOU3BOAHbBIE B TouKax M = M (%),
e k € N.
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3.3. Paaer Jupuxie njs penréTok

[Tycrs a(n) — npoussosbHas uuciaosas dyukiwus na Z', rae Z' = 7\ {0}, Torga psinom Tupuxiie
Ha pemérke A = A(\) Ha30BéM QYHKIMIO

F(A a(mla) = 37

(An)e’
nez’!
a runepbosimtaeckuM psijioM upuxie — HyHKIUIO
a(n)
fu(A,a(n)|a) = 2; o
TTosoxxum ( )
Aam) = > a(n), f(ham)e)= > #
[n|<K () [n|>K(X)
TOTJIA
7
F(A a(n)]a) = W Fr(Aa(m)o) = A(h a(n) + F (A, a(n)]a),
rie \
Fir,atmle) = LRI

HO aHaJIOTUM C IPpEeAbLAYITUM Pa3Jde/IOM ITOJIyYUM:
of (A, a(n)|a)

PRSI~ —af(M, a(n)|a).

12 M

[Tpu A > 1 cipaBeyiuBO PaBEHCTBO

ofu (A, a(n)|a)

9 y = —afg(M,a(n)|a);

npu A € (%, ﬁ) J1st JII0O0TO HATYPaabHOrO k 2> 2 CIpaBeyInBO PaBEHCTBO

ofu (A, a(n)|a)

i T —afy(M,a(n)|a).

Takum 06pazom, Mbl BujuM, 9ro npu A > 1 psan Jupuxie f(A,a(n)|a) — 6eckoneuno mudde-
pennupyemast pyukmus Ha guddepennupyemom Muoroobpasun PR, a mpu 0 < A < 1 runepbo.in-
veckuit pan Jupuxiie Ha pemérke Kycouno guddeperiupyemast QyHKIMs, ¥ KOTOPO# OTCYTCTBYIOT
IIpou3BoAHbIe B TouKax M = M (%), roe k € N.

4. 3akKJII04eHue

[TocTpoennble OCHOBBI TEOPHUH TVIAIKHX MHOT00Opa3uii KacaioTCs TOJBKO MTPOCTEHINEro CIydast
[IPOCTPAHCTBA OJHOMEPHBLIX TEOPETHKO-YUCIOBLIX pemérok. OH 0oJiee IPOCTOi, Tak Kak Jirobast
OJTHOMEpHAs PEIIETKa MMEET TOJBKO JBa 0a3Uca, OTINIAIONINXCS 3HAKOM.

Vxke paccMOTpeHHE CABUHYTBHIX PEIIETOK OCJIOXKHEHO TeM, UTO JIJIsl 3aJ[aHusl METPUKHU Ha IIPO-
CTPAHCTBE TAKUX PEIIETOK HEOOXOIMMO PACCMOTPETh WX IOTPYXKEHWE B IPOCTPAHCTBO PEIIETOK
6OJILLION pasMepHOCTH. A KakK U3BECTHO, y2Ke IJIs JIIOOOH IBYMEPHON PEIIéTKH KOJUIeCTBO Oa-
31UCOB PEIMETKU CUYéTHO. [[09TOMY BO3HMKAIOT OIpE/Ie/IeHHBbIE TPYIAHOCTU I IMOCTPOCHUSI TEOPUU
IJIQJIKIX MHOTOOOpa3uil MHOTOMEPHBIX TEOPETHUKO-UHUCIOBBIX PEIIETOK U CABHHYTBIX PEIIETOK.

Permenuio atux mpobjeM OYIyT MOCBSIIEHBI CIEIYIONNE CTATbU 110 3TOH TeMaTUKe.
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