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INVERTIBLE INFINITARY CALCULUS WITHOUT
LOOP RULES FOR A RESTRICTED FTL

ABSTRACT. In the paper a fragment of first order linear time logic (with
operators “next” and “always”) is considered. The object under inves-
tigation in this fragment is so-called ¢-D-sequents. For considered t-D-
sequents invertible infinitary sequent calculus Gt is constructed. This
calculus has no loop rules, i.e. rules with duplications of a main formula
in the premises of the rules. The calculus Gt along with w-type rule for
the temporal operator “always” contains an integrated separation rule
(IS) which includes the traditional loop-type rule (O —), a special rule
(Y —) (without duplication of a main formula) and traditional rule for
the temporal operator “next”. The rule (— 3) is incorporated in an ax-
iom. The soundness and w-completeness of the constructed calculus G
are proved.

1. INTRODUCTION

In order to examine a gap between the notions of formal provability
and validity in some logical systems, a concept of proof rules is generalized
by using infinitary rules. An infinitary rule has infinitely many premises.
A rule of this kind was first considered by Hilbert [10] in the classical
arithmetics of natural numbers. The rule is called infinite induction (the
so-called w-rule or Carnap rule) and has (in the sequent notation) the
following form:

= AJA0); T — AJA(L); .. ;T — A A(k); . ..
I'—= A VeA(z)

(= Vo),

here k € w = {0,1,...}. The completeness and consistency of the clas-
sical arithmetics of natural numbers with the rule (— V,) was proved
by Novikov [20], Schiitte [36] and others. In a series of papers (see, e.g.,
Dragalin [4], Kuznecov [17], Mints [19], Shoenfield [38]), different “con-
structive” variants of the rule were considered. Always when the “con-
structive” rule (— V<) has been applied it is assumed that for any k
there must exist some constructive method to prove the premise of the
rule (— V<). In Dragalin [4], Kuznecov [17], Shoenfield [38], the com-
pleteness of the classical arithmetics with the rule (— V<) is proved. A
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heightened interest in the w-rule can also be explained by the known
Kreisel hypothesis [14] (see also, e.g., Orevkov [22], [23]).

From Godel theorem it follows that the arithmetical formal system
(with an ordinary induction rule or axiom) is incomplete. We can see
similar situation in a first-order linear time temporal logic. Namely, it
is known (see, e.g., Gabbay [8], Andreka, Nemeti and Sain [1], Szalas
[40], Kroger [16]) that the first-order linear time temporal logic (FT'L,
in short) with operators O (“next”) and o (“always”) is not recursively
enumerable, 1.e., it does not possess a complete finitary axiomatization.
However, for this logic one can construct a complete infinitary calculus
containing an w-type rule of the kind:

I A A T —A04;....;T —A 0%4;. ..
I - A oA

A more complex w-type rule can be present for the binary operator W
(“unless”), see, e.g., Pliuskevicius [26]:

F—=A Wy ... ;T —=A Wy ...
r—AAWB

where Wo = BV A, Wy =BV(AAOW,-1) (k=1,2,...).

The completeness of an infinitary calculus for the first-order linear
time temporal logic was proved by Kawai [13], Szalas [41], and others.

The similarity of the linear time temporal logic to the arithmetic of
natural numbers also manifests itself in the property of noncompactness.
For example, if N = {A,0A,... ,0"A4, ...} is an infinite set then clearly
the formula oA semantically follows from N (i.e., N |= 0A). On the other
hand, there does not exist a finite subset N* of N such that N* = oA.

The infinitary axiomatization is wide used and has a rich tradition in
the so-called logics of programs. For example, in Kroger [15], the infini-
tary axiomatization of the Hoare logic with an w-rule for the operator
“while” is proposed; the w-rule is used in the algorithmic logic (Bana-
chowski, Kreczmar, Mirkowska, Rasiowa, and Salwicki [2]) as well as in
the uninterpreted dynamic first-order logic (Harel, Kozen, Tiuryn [9])
and in the constructive propositional dynamic logic (Leivant [18]). The
infinitary completeness of the propositional linear time temporal logic
is proved in Sundholm [39]. A first-order infinitary linear time temporal
logic were considered in Pliuskevicius [24]-[35].

An infinitary axiomatization of a linear time temporal logic has some

(— Ow).

(= W),

useful properties, namely: 1) it allows one to establish closer links be-
tween the theory of models and proof theory; 2) it explicitly reflects the
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semantics of the temporal operators under consideration; 3) it allows a
natural and rather constructive proof of the completeness of a given in-
finitary calculus; 4) the complexity of premises of an infinitary rule (e.g.,
the rule (— 0y)) is lower than the complexity of a conclusion.

The aim of this paper is to construct invertible infinitary sequent cal-
culus without loop rules for a restricted FTL without non-repeating con-
dition (see, e.g. Pliugkevicius [32]).

An inference rule (7) of some sequent calculus is called a loop rule if
the premise (premises) of the rule (¢) contains the main formula of the
rule. Typical examples of loop rules are, for instance, the rules (D—),
(= —) in the intuitionistic propositional calculus, the rule (o0 —) in the
sequent calculus for the modal logic S4, and the rules (V —) and (— 3) in
the sequent calculus for a classical predicate calculus, i.e., the following
rules:

ADB T — A, B - A AT — A
O=) —TT—x—=)
AD BT —A AT — A
A,DA,F—>A(D Y A(t),VxA(x),FHA(V Y
oA, T — A VeA(z), T — A

I'— A A(t), JxA(x)
Ny T

In linear time temporal logic with operators o (“next”) and o (“al-
ways” ), there is an analog of the loop rule as well, namely, the rule of the
form:

A, 00A T — A

AT A 07

where 0OA corresponds to a temporal shift of the main formula oA of
the rule (o —).

A characteristic feature of the loop rule (¢) is the fact that the com-
plexity of a premise (premises) of rule () is greater than (or equal to) the
complexity of the conclusion of the rule (). Loop rules may be a cause
of severe problems in the proof search.

First investigations in elimination of loop rules in intuitionistic calcu-
lus were presented by Vorobjov [42] and Orevkov [21]. Loop-free calculi
for the intuitionistic propositional logic were constructed by Dyckhoff
[5], Hudelmaier [11], Degtyarev and Voronkov [3]. For the propositional
modal logic S4 loop-free calculus was constructed by Hudelmaier [12].

The present paper is a generalization of the papers [30], [32] where
loop-free infinitary calculus for a fragment of F'T'L, namely, so-called ¢-
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D-sequents (see Definition 21) with non-repeating condition, is construct-
ed. Here the restriction ¢-1-sequents to meet non-repeating condition is
removed. Analogously as in Pliuskevicius [31], [33], [34] using the con-
structed infinitary calculus, saturation-based decision procedure for con-
sidered fragment of FTL can be obtained. It means that for considered
fragment of FTL w-type rule is not essential. However, an infinitary cal-
culus is used to justify a deductive decision procedure for the considered
fragment of FTL. The infinitary calculus, which allows a simple decision
procedure for induction-free t-D-sequents, is a first step constructing de-
cision procedure for arbitrary t-D-sequents. There are theorem proving
methods for propositional linear time temporal logic (e.g., Fisher’s reso-
lution method [7], Wolper’s tableaux method [43]) which are justified not
using infinitary calculus.

Our approach uses infinitary calculi. For FT'L w-type rules naturally
reflect semantics of induction-like temporal operators and are essential,
in general. Infinitary calculi allow to present a rather constructive proof
of completeness of considered fragments of F'T'L. When completeness is
proved, w-type rules are replaced by decision or semi-decision procedure,
if it is possible. On the other hand, it is expected that the methods
presented in the paper may help to construct simpler infinitary calculi
even if an w-type rule is essential.

The paper is organized as follows. In section 2 a traditional w-complete
infinitary calculus GG, and a calculus G}, without logical loop rules, i.e.,
without rules (V —) and (— 3), are described. In the calculus G¥, instead
of the rule (V —) there is some specialization of the rule without dupli-
cation of the main formula in the premise of the rule. The rule (— 3) is
incorporated in an axiom. In section 3 an equivalence between calculi G,
and G, with respect to so-called D-sequents is proved. In section 4 some
auxiliary tools for constructing a loop-free invertible calculus G (i.e., a
calculus without the rule (o0 —)) are presented. In section 5 the calculus
G} is constructed, the soundness and w-completeness of the calculus G
with respect to f-D-sequents is proved.

2. INFINITARY CALCULUS WITHOUT LOGICAL LOOP RULES

In this section a traditional infinitary calculus G, and some specifica-
tion of this calculus without logical loop rules, i.e. without rules (V —),

(— 3), are described.

Definition 1 (language, term, formula, atomic formula). The language
is a countable collection of predicate symbols P, Q, R, P1,Q1, R, ...,
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functional symbols f,q,h, f1, g1,h1,..., constants a,b,c,ay,by,cq,...,
variables x,y, z, %1, 41, %1, - - ., logical symbols D, A, V, -, quantifiers ¥, 3,
and temporal operators O (“next”), o (“always”). The language does not
contain the equality symbol. We assume that all the predicate symbols
are flexible (i.e., their value change in time), and the function symbols
and constants are rigid (i.e., with time-independent meanings). A term
and a formula are defined in the usual way. An atomic formula is an
expression of the form P(ty,...,t,), where P is a predicate symbol, t;
(1 <i<n)isaterm.

In first-order linear time temporal logic we have 0(A®B) = 0A© 0B
(®@ € {D,AV})and 0ocd =004 (¢ € {-,0,Vz,3x}). Relying on these
equivalences, we can consider occurrences of the “next” operator O only
entering the formula O* E (k-time “next” atomic formula E). For the
sake of simplicity, we “eliminate” the “next” operator and the formula
OF E is abbreviated as E* (i.e., as an atomic formula with the index k).
We also use the notation A* for an arbitrary formula A defined as follows.

Definition 2 (index, elementary formula, quasi-predicate symbol).

1) If E is an atomic formula, i, k € w, k # 0 then (E)* := Ei+F (B9 .=
E); E'(l > 0) is called an elementary formula, and E' becomes atomic if
[=0;

2) (Ao B} == A0 B¥ if © € {D,A,V}; (cA)f = oAk if o €
{=,0,Ve,3z}. Let P*(ty,...,t,) be an elementary formula then P* is a
quasi-predicate symbol.

Definition 3 (sequent). A sequent is an expression of the formT — A
where T') A are arbitrary finite multisets (i.e., not sequences or sets) of
formulas.

Definition 4 (calculi Gy, G). A calculus G, is defined by the following
postulates.

Axiom: ', A — A A.
Rules:

1) temporal rules:

A, gAY T — A I - A A;...;T — A AF: . i .
DA,FHA (D _>) F—>A,DA (_> Dw) ( E(.d),
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2) logical rules:

A—AB Ir—-AA I''B—A
r—aon rA>B) —a 07
F—>A,A;F—>A,B(_>/\) I'A,B— A

I'—=A(AAB) I(AAB)— A

(A=)

r—-AAB IA—A;, I''B—A

r—aave VY T ave —a V)
A—A r—AA
I—A A (=) F,ﬁA—>A(ﬁ_>)
I'— A A[b/x] (=) A[t/x],VxA,FHA( )
T — A VzA VAT — A

F—>A,A[t/x],§|xA( Alb/2], T — A 3 )
- —).
I —A3zA JzA,T — A

In the rules (— V), (3 —) the eigen-variable b does not enter the
conclusion of the rules.

3) structural rules: it follows from the definition of a sequent that G,
implicitly contains the structural rule “exchange”.

A calculus G is obtained from G, by dropping the rule (— 0y).

—3)

Definition 5 (height of derivation). Let D be a given derivation of a
sequent S in G,. Then the height of the derivation D of the sequent S
(denoted by O(D)) is defined as follows (Schwichtenberg [37]). If S is an
axiom then O(D) = 1. Let S be a conclusion of rule with k premises then
O(D) = sup; .,(O(D;) + 1), where D; are derivations of the premises of
the given rule. If a derivation D does not contain w-type rule (— 0O,)
then the height of the derivation D is denoted by h(D).

Let I, I1, I5 be arbitrary calculi then 7 = S means that the sequent S is
derivable in [; the notation I; F S1 = I - S5 means that the derivability
of Sy in I; implies the derivability of S5 in I5. In this case, the derivation
of S1 in I is called a given derivation and the derivation of Sy in Iy is
called a resulting derivation.

The concept “sequent S is universally valid in model M” (in symbols:
VM = S) is defined in a traditional way (see, e.g., Kawai [13]). The
rule (j) is called admissible in calculus T if, by adding (j), we do not
extend the set of derivable sequents in I. The rule (j) is called invertible
in calculus I if the derivation in I of the conclusion of (j) implies the
derivability in I of each premise of (j).
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Lemma 1. The structural rule weakening

I — A

II,r— A0 (W)

1s admissible in G, .

Proof. By induction on the height of the derivation of the premise of
the rule (W) and renaming eigen-variables of (— V), (3 —).

Definition 6 (elementary axiom, elementary derivation). An axiom of
the form I', E'(t) — A, E'(t) , where E'(t) is an elementary formula and
t =t1,...,t, (n > 1) is called an elementary axiom. A derivation D in
G, 1s called an elementary one if axioms occurring in D are elementary
axioms.

Lemma 2. An arbitrary derivation in GG, may be transformed into an
elementary one.

Proof. Let us denote by g(A) the complexity of A defined by the number
of occurrences of logical and temporal symbol 0 in A. The lemma is
proved by induction on g(A).

Lemma 3 (invertibility of the rules of G,,). If Sy is a premise and S is
a conclusion of any rule of G, then G, F S = G, I 57.

Proof. By induction on O(D), where D is the given elementary deriva-
tion.

Theorem 1 (soundness and w-completeness of Gy, ; admissibility of (cut)
inGy). (a) VM = S ifand only if G, F S; (b) the (cut) rule is admissible
in G, .

Proof. Analogously as in Kawai [13].

Now we introduce a rather specific sequents, so-called D-sequents. The
D-sequents allow us to avoid loop rules on logical level.

Definition 7 (D-sequent, induction-free D-sequent, index condition).

For simplicity we consider only one-place predicate symbols and one-
place function symbols. A sequent S is called a D-sequent if S has a
shape X, 11, VV,,0YV, — oA, where ¥ consists of atomic formulas,
It either is empty or consists of elementary formulas, YV; (I € {1,2})
consists of formulas of the form Vu;(Q7*(z;) D PZm’(ﬁ(xl))) (called V-
formulas, if n; = 0 then V-formula is called an aV-formula), where Q7 (x;)
is an elementary formula without functional symbols; P*'(fi(z;)) is
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an elementary formula containing some one-place functional symbols;
file:) = fu( .. (fu,(x5))...); n; > 0, m; > 0, and also indexes enjoy
a index condition, namely for every i n; < m;. In separate case YV1 may
be empty. 0® € {#,0}; A = V£, ElyiEf’(yi); Ef’(yi) is an elementary
formula; moreover, for some i the variable y; may be a constant (in this
case Jy; Is a fictitious quantifier which is omitted). If 0° is empty then
the D-sequent is called induction-free.

Remark 1. The form of the D-sequent was proposed in 1998 by
V. P. Orevkov in a private conversation with the author. The shape of
D-sequent is rather similar to normal form proposed by Fisher [6].

Instead of V-formulas Va(Q"(x) D P™(f(x))) (and succedent formulas
Ef’(xi), we sometimes write Vo (Q(2) D P(x)) (E;i(#;), respectively), if
function symbols and indices are not essential.

For D-sequents one can construct a calculus in which the rule (— 3)
is omitted altogether. The operation with positive occurrences of the
quantifier 3 can be transferred to the axiomatic level. Instead of the rule
(V —) it is possible to use the rule (V* —) not containing duplicate of
the principal formula in the premise of this rule. Moreover, in the case
of induction-free D-sequents only linear derivations, i.e., the ones with a
single branch, are constructed.

Definition 8 (calculi G, G*). A calculus G}, is obtained from the
calculus G,
(a) replacing the axiom by the following axiom (3*)

r n k‘j —
L, Ef*(f(a)) — v, 35877 (5(4)),
provided that there exists j such that E]]»cj = Ef’, and the term f(a) is

an instance of the term g(z;) (for example, f(g(a)) is the instance of the

term f(z));
(b) replacing the logical rules by the following one:

P, QU T—A
Pi(D), Va(P(z) > QI (J(2)), T — A

The formula P(t) is called an elementary main (in short e-main) for-
mula of the rule (V* —); the formula Vx(P!(z) D @Q’(f(x))) is a main
formula of the rule (V* —); the formula Q7 (f(t)) is called a side formula
of the rule (V* —).
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The calculus G* is obtained from the calculus G}, by dropping the rule
(— Ow).

Remark 2. (a) The index condition on D-sequents, which means that
the part YV; (i € {1,2}) of a D-sequent consists of formulas of the form
Yz(P*(xz) D Q™(f(x))) and n < m, is essential for the correctness of
the rule (V* —). Indeed, consider, for example, the sequent S = P(e),
oVe(P(z) D Q'(f(v))), aVy(Q'(y) D P(9(y))) — Q' (f(9(f(c)))). For
the sequent S the index condition is violated. It is easy to see that G = 5,
but G* I/ S.

(b) The rule (V* —) is noninvertible. Indeed, let S; = E(e), E(d),
Vz(E(x) D PYf(x))) — PYf(d)). Then it is easy to construct the

derivation Sy in G*:

E(c), E(d), P1(f(d)) — P'(f(d))
E(e), E(d),Va(E(z) D P(f(x))) — P(f(d))

however G* I/ E(c), E(d), PL(f(c)) — PY(f(d)).

(V" =),

Definition 9 (regular application of the rule (V* —), V*-regular deriva-
tion in the calculus G*). Let V be a derivation in the calculus G*. The
application of the rule (V* —) in G* is called regular if there are no ap-
plications of the rule (0 —) above this application of the rule (V* —) in
the derivation V. A derivation V' in the calculus G* is called V*-regular
ifin V' all the applications of the rule (V* —) are regular.

Lemma 4. Let S be an induction-free D-sequent. Then any derivation
V' in the calculus G* of sequents S can be transformed into a V*-regular
derivation with the same end-sequent S.

Proof. We shall use induction on the number n of irregular applications
of the rule (V* —)in V.

The basis of induction: n = 0; then V is a V*-regular derivation. The
induction step: n > 0. Let us examine the topmost irregular application

of the rule (V* —) in V:

v
") =, VeB,VV,,avV, — A

(V" —).

Let m(V11) be the number of applications of (0 —) in a derivation Vi;.
The induction step is founded using the induction on m(V11).
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The case when m(V;1) = 0 is trivial. Let m(V11) > 0 and ¥ = E(¢), X1;
VeB = Ve(E(z) D R(x)); YVa = 0C,0YVa;. Then the end of the
derivation Vi has the following shape:

v E(t)axlaR(t)avvlaCa DCl,va21 — A (D )
v "1 E(), 21, R(t),¥V 1,00, 0VV sy — A
"YU E(), %1, Va(E(z) D R(x)),VV1,00, 0¥V, — A

(V" —).

Let us interchange the applications of the rules (o0 —) and (V¥ —), i.e.
let us construct the following derivation:

E(t),%1,R(t),YV1,C, 00, 0VV,; — A

V/
v 11{E(t),21,Vx(E(x) D R(x)),YV4,C,0C1,0VVa — A
! E(1),%1,Vo(E(z) D R(z)),¥V1,0C,0VV2 — A

Since m(V{;) < m(V11) derivation VY] can be transformed into a
V*-regular derivation in G*.

3. EQUIVALENCE OF THE CALCULI (G}, AND (G, FOR D-SEQUENTS

In this section we prove that the calculi G}, and G, are equivalent with
respect to D-sequents. To prove this equivalence we follow techniques
described in [30]. First, the following calculus is introduced.

Definition 10 (calculus G1). The axioms of a calculus GG are elemen-
tary ones only. The rules of the calculus Gy are given by the following
list:

Ve A, T — AJE(t); VeA,Q(), T — A
Ve(E(z) D Q(»)),T — A
where A= (E(z) D Qx));
VA ovVeAl — A (0—);
ovz A, T — A ’
I = A E(t1), ..., En(tn), Jx1 E1(21), ..., Jen Fr(xy,)

(V+ _>)a

(— 3%).

The rule (Vt —) covers the rules (V —),(D—). The rule (— 3%)
includes the rules (— V), (— 3).
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Lemma 5. Let S be an induction-free D-sequent. Then the condition

G+ S impliesGy F S.

Proof. Relying on Lemma 2 we can assume that the given derivation is
an elementary one. From the definition of D-sequent it follows that each
application of the rule (— 3) is a special case of the rule (— 3%) when
n = 1. Therefore to prove the lemma 1t is sufficient to show that each
application of the rules (V —), (— V) can be replaced by the applications
of the rules (V* —), (— 3*). Let us consider the lowest application
of the rule (V —). From the definition of D-sequent it follows that the
application of the rule (V —) has the following form:

VA{(E(®) D Q1)) Ve A, T — A v —)
Ve(E(z) D Q(x)), T — A ’

where A = E(z) D Q(=).

Using the invertibility of the rule (OD—) (see Lemma 3), from the
derivation V we can get two derivations of the sequents S; = Ve A, T’ —
A E(t) and Sy = VzA,Q(t),I — A. Applying the rule (Vt —) to the
sequents 51, Sa, we get a derivation of the sequent Va(E(x) D @Q(2)),T —
A. In the same way we can replace all applications of the rule (V —) by
the rule (Vt —).

Let us consider the lowest application of the rule (— V). From the
definition of D-sequent it follows that the application of the rule has the
following form:

VAT — A, Je1 By (21), ..., Jen En(zn)

(— V).

Using the admissibility of the structural rule (W) from the derivation V'
we can get a derivation of the sequent 51 =T — A, Fi(t1),..., En(tn),
dz1F1(21), ..., Jw,En(x,). Applying the rule (— 31) to the sequent 57,
we get a derivation of the sequent I' — A '91 Jai(x;). In such a way we

can replace other applications of the rule (—_> V).

Definition 11 (regular application of rule (— 3%), J-regular deri-
vation). Let V' be a derivation in the calculus Gy. An application of
the rule (— 3%) is called regular if a premise of this application is an
axiom. A derivation V in the calculus 1 is called 3-regular if, either in
V' there is no application of the rule (— 3%), or all applications of the
rule (— 3%) in V are regular.
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Lemma 6. The rule (V* —) is invertible in the calculus G1.
Proof. Follows from the admissibility of the structural rule weakening.

Lemma 7. Let S be an induction-free D-sequent. Then any derivation V
in the calculus G of the sequent S can be transformed into an 3-regular
derivation with the same end-sequent S.

Proof. We use induction on the number m of irregular applications of
the rule (— 3%) in V. The basis of induction: m = 0; then V is an 3-
regular derivation. The induction step: m > 0. Let us consider a topmost
irregular application of the rule (— 3%) in V. The derivation V is as
follows:

, .
Vl {F — EZ,G,EleEl(xl), - ,E'l‘nEn(l‘n) (j)

1% o (— E|+)
I'— >, '\_/1 Hl‘zEZ(l‘Z)
S
where ¥y consists of elementary formulas, © = Fy(t1),..., En(tn) (4,

1 < ¢ < n, is some term). The case when j is an regular application
of (— 3%) is obvious. Therefore we consider only the cases when (j) €
{(V* —), (@ —)}. Tojustify the induction on m, we make use of induction
on the number § of the application of the rules (j) € {(v* —),(c —)} in
VY. The induction basis on § (i.e., when é = 0) is trivial. Let > 0. Then
it is possible to interchange the application of the rules (j) and (— 3%),
which reduces 6.

Definition 12 (calculus G2). A calculus G5 is obtained from the calculus
G by replacing the rule (— 3%) and the axiom by the axiom (3*) (see
Definition 8).

Lemma 8. Let S be an induction-free D-sequent. Then the condition

G1 F S implies Go F S.

Proof. Let V be a derivation of the sequent S in (G;. By Lemma 7 we
can assume that all applications of the rule (— 3%) in V are regular, i.e.,
the premise of any application of the rule (— 3%) is an axiom. Then any
regular application of the rule (— 3%) can be replaced by the axiom (3*).
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Definition 13 (regular application of the rule (VT —), V-regular deriva-
tion in the calculus G2). Let V be a derivation in the calculus Go. The
application of the rule (V* —) in 5 is called regular if there are no ap-
plications of the rule (0 —) above this application of the rule (V* —) in
the derivation V. The derivation V in the calculus G» is called V-regular
if in V all the applications of the rule (vt —) are regular.

Lemma 9. Let S be an induction-free D-sequent. Then any derivation
V' in the calculus G2 of sequents S can be transformed into a V-regular
derivation with the same end-sequent S.

Proof. We use induction on the number n of irregular applications of
the rule (V* —) in V.

The basis of induction: n = 0; then V is a V-regular derivation. The
induction step: n > 0. Let us examine the topmost irregular application

of the rule (V* —) in V:

Vll{S—l(i); VlZ{S_z(j) "

v
') X, V2B, VV,, aVyV, — %*

—),

Let m(a) be the number of applications of (o —) in Vi1, Via. In the
induction step we use the induction on m(g).

The following three cases are possible:

(1) () = (@ —), (j) = (V* —), i.e., the derivation Vi» is V-regular;

(2) (¢) = (Vt —) (i.e., the derivation Vi; is V-regular), (j) = (o —);

3) ()= () = (@)

We consider the case (1) only (the cases (2) and (3) are investigated
in a similar manner). The end of the derivation V7 is of the form:

Vi { St
11 S_i(g —>) Vis {SZ

21, Vl‘B, VVl, DVyA, DVVQ — E;

V1 (V+ —>),

where V{; and Vi, are V-regular derivations, B = E(z) D Q(x); 51 =
El,Vl‘B,Vvl, DVyA, avVvs, — E;, E(t), Sy = El,Vl‘B,Vvl, DVyA, DVVQ,
Q(t) — X%; ST =31,V B,VVy,VyAd, aVyAl vV, — X5 E(t).
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We transform the derivation V; as follows:

V1/1 {ST ) V1/2 {SQ (V"’ _})

Sy, Y2 B,VVy, oVyA, oVyAl, ovV, — 33
21, Vl‘B, VVl, DVyA, DVVQ — E;

vy

(@ —),

where S, = X1, Ve B, VV1,VyA, oVyAl, ovVVs, Q(t) — ¥%. By relying
on the admissibility of the structural rule weakening in G5 (which can
be proved by the evident induction on height), the V-regular derivation
Viz can be transformed into a V-regular derivation VY, of the sequent
S%. Using induction on m(d), we transform the derivation V|* into an
V-regular derivation V**. Having replaced the derivation V1, in the given
derivation of the sequent S by the V-regular derivation V;**, we obtain the
derivation V* of the sequent .S, which contains n—1 irregular applications
of the rule (¥t —). According to the induction hypothesis, the derivation
V™ can be transformed into a V-regular derivation.

Definition 14 (calculi G, Gg’) A calculus G3 is obtained from the
calculus G5 by replacing the rule (Y* —) by the following one-premise

rule: E@®),Q),Ve(E(x) D Q(x)), T — A

E(t),V2(E(z) 5 Q(x)),T — A (v —).

A calculus G¥ is obtained from the calculus G by adding the rule
(vt —).

A regular application of the rule (V*+ —) and V-regular derivation in
the calculi G, Gg’ are defined analogously as in Definition 13.

Lemma 10. Let S be an induction-free D-sequent. Then any deriva-
tion V in the calculus G;’ of the sequent S can be transformed into the
derivation of the sequent S in the calculus G's.

Proof. Clearly, if in Lemma 9 the calculus G5 1s replaced by the calcu-
lus Gg’, Lemma 9 still holds. Therefore, we can assume that the given
derivation V is V-regular, i.e., there are no applications of the rule (o —)
above the application of the rules (V* —) and (Vt* —). In order to prove
Lemma 10 we use induction on n(V* —) (the number of applications of
the rule (V* —) in the given derivation).

The basis of induction: n(¥* —) = 0; then the given derivation is the
one we wish to have.
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The induction step: n(¥* —) > 0. Consider the topmost application
of the rule (V* —) in the derivation V:

v { Vin {Ve A, T — E(t),A; Ve A, Q(),T — A
1

+
VzA T — A (V" =),

where Ve A = Va(E(x) D Q(z)). To justify the step of induction on
n(Vt — ), we apply induction on A(Vi1), i.e., on the height of derivation
of the left premise of the considered application of the rule (¥t —).

Below 1s the list of all possible cases.

1. h(V11) = 1, i.e., the sequent V2 A, T' — E(t), A is an axiom.

1.1. The chosen occurrence of the formula E(¢) is not a main formula
of an axiom. Then the conclusion of the rule (V¥ —), i.e., the sequent
VoA, I — A is also an axiom. Thus, in this case, it is possible to reduce
the induction parameter n(Vt —).

1.2. The formula E(t) is a main formula of an axiom. In this case,
the considered application of the rule (V* —) can be replaced by an
application of the rule (Vt+ —).

2. h(V11) > 1. Since the considered application of the rule (V¥ —) is
the topmost in the V-regular derivation V' and h(Vi1) > 1, the sequent
Ve A, T — E(t), A is the conclusion of the rule (Vt+ —).

2.1. The main formula of the considered application of the rule
(VtT —) is the formula Yz A. Then the end of the derivation V; is of
the following form:

E(p),YzA,Q(p), T — E(), A o _
v, V“{ B VAT —E@,a " g,

(vF =),
E(p),VeA,T — A

where Sy = E(p), VoA, Q(t),T — A; p is some term. Now we construct
a derivation:

Vlll{E(p)aV$AaQ(p)’F_>E(t)’Aa S;

(vt —)
\%Yi E(p),VzA,Q(p), T — A

(V++ _>)’
E(p),VeA,T — A
where S% = E(p),Ve A, Q(t), Q(p),T — A. The derivation of the sequent

S% can be obtained with the aim of the structural rule weakening (which
is evidently admissible in the calculus Gg’) from the derivation of the



164 REGIMANTAS PLIUSKEVICIUS
sequent Sz = F(p), Ve A, Q(1), T — A. Since h(V{;) < h(V11), the deriva-
tion V/ can be transformed into a derivation in the calculus Gs3.

2.2. The main formula of the considered application of the rule
(vt*T —) differs from the chosen occurrence of the formula Yz A. This
case 18 treated quite similarly to the case 2.1.

Lemma 11. Let S be an induction-free D-sequent. Then any derivation
in the calculus (G can be transformed into a derivation in the calculus
('s with the same end-sequent.

Proof. Follows from Lemma 10.

Remark 3. As it follows from the shape of the rule (V** —) any deriva-
tion in the calculus G3 has a linear form.

Definition 15 (descendant, ancestor, X and II parts of the D-sequent,
trace). Let us consider the rule

B(),Ya(B(z) 5 PU), PUD) T = A& iy
B(0).¥2(E(z) > P(/@)T = &

The formula E(t) is called an elementary main (in short: e-main) formula

of the rule (Vt* —); Va(E(z) D P(f(x))) is called a main formula of the
rule (Vt+ —); P(f(t)) is called a side formula of the rule (v*+ —). The
side formula is called a descendant (or an immediate descendant) of the
e-main formula, while the e-main formula is called an ancestor (or an
immediate ancestor) of the side formula. Let us consider the part of a
V-regular derivation in the calculus G of the D-sequent S consisting of

applications of the rule (vt —) and denoted by V*:

L E(t), . Eigp(tigp), Figpr1(tigpt1), I — ©
E, H, El(tl), N ,Ei+p(ti+p), F — @

(VT —)

S, Ei(ti), Eiga(tig1), T — ©
EaHaEl(tl)’F - @

(V++ _>)a

where X consists of elementary formulas of an initial D-sequent S and
is called a X part of the D-sequent; part Il of D-sequents in the deriva-
tion V* is either empty or consists of elementary formulas obtained in
the process of construction of the derivation; T' = VV,0VVa; E;(t;)
(Fi41(tig1)) is an e-main (side, respectively) formula of the lower appli-
cation of the rule (VtT —) in V* and E;4,(tivp), (Eitp+1(titp+1)) Is an
e-main (side, respectively) formula of the upper application of the rule
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(Vt* —) in V*. We say that E;j1py1(titp+1) is a descendant of the for-
mula E;(t;), and E;(t;) is an ancestor of the formula E;qpi1(tiypy1) If
the list E;(t;), Eiy1(tit1), - -, Eixp(titp), Fitps1(tizpt1) (called a trace
of the formula F;(t;)) satisfies the following condition: Vp (0 < p < p)
Eitp(tiy,) is an e-main, and E;4 ;41 (tiy p41) Is a side formula of the same
application of the rule (V*+ —). If the last member of this list is the main
formula of an axiom then such a trace is called axiomatic.

Definition 16 (essential application of the rule (V*+ —)). The appli-
cation of the rule (Y*1 —) is called essential if the e-main formula (and
hence, the side formula) of this application is an ancestor of the main
formula of an axiom.

Lemma 12. Let V be a V-regular derivation of the induction-free D-
sequent S in the calculus G's. Then it is possible to construct a V-regular
derivation V* of the sequent S, in which all applications of the rule
(Vt*T —) are essential.

Proof. Since the deletion of nonessential applications of the rule (vt —
) will change neither the axiom nor all essential applications of the rules
(VtT —), we get the desired derivation V* of the same sequent S in the
calculus Gs.

Definition 17 (6-application of the rule (V** —) 6 € {X,11}). Let an
e-main formula of application of the rule (V*+ —) belong to the §-part
(6 € {X,11}) of a D-sequent. Then the application of the rule (Y*+ —)
is called a 6-application. Any Tl-application of the rule (Y*+ —) is called
regular if above this Il-application of the rule (Vv** —) one can find
only T-applications of the rule (Vv*+ —). Any V-regular derivation in the
calculus G5 is called TIY-regular if all ll-applications of the rule (Yt —)
are regular.

Lemma 13. Let S be an induction-free D-sequent. Then any V-regular
derivation in the calculus Gz can be transformed into a llV-regular deriva-
tion with the same end-sequent.

Proof. We use induction on the number n(II) of irregular I-applications
of the rule (Vt+ —).

If n(IT) = 0 then the given derivation is the desired one. Let n(II) > 0.
Then we use induction on the number m(X) of the T-applications of the
rule (VT —), which are above the II-applications of the rule (V*+ —).
The basis of induction (i.e., the case m(X) = 0) is trivial. Let m(X) > 0.
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Consider the topmost irregular T-application of the rule (Y*+ —):
E(e), X, 1L, Bi(ti), Eiyi(tip1), P,T — ©
(VF* =)

Vi E(e), 5,10, Ey(t;), Eiyi(tizr), I — ©

(V++ _>)’
E(C),E,H,Ei(ti),r — 0

where F;(t;) is an e-main formula of the Il-application of the rule
(Vt*T —), E(c) is an e-main formula of the X-application of the rule
(vtT —), and P is the e-side formula of the X-application of the rule
(vtT —). Then it is possible to interchange the X-application under
consideration with a IT-application of the rule (V** —); this will result
in reduced m(X).

Lemma 14 (trace property). Let there be given a IIV-regular derivation
V' of the induction-free D-sequent S in the calculus G3. Let Ef”(ti) be
an e-main formula of some I-application of the rule (V** —). Let us
consider an arbitrary trace of the formula Ef”(ti) (i.e., a list of elemen-

tary formulas Ef”(ti), Ef_ll_l(ti+1), e Eﬁp(ti+p))~ Then the sequence
of indices of elementary formulas in the trace ko, ki, ... kp is strictly

increasing, i.e., ko < k1 < ... <k,.

Proof. By induction on the length of the trace of the formula Ef”(ti):
I(Elk”(tl)) The basis of induction (i.e., when I(Ef”(ti) = 1) is trivial.
Let I(Ef”(ti)) > 1. According to the inductive assumption, for the trace

Ef”(ti), o Ef_l’i;il(ti+p_1) we have kg < ... < kp—1. Let us consider

the application of the rule (V** —) with e-main formula Ef_l’f;il(th_l):

kp_1 kp
Ea Ha Ei+p_1(ti+p—1)a Ei+p(ti+p)a vaa r—A

Fp_1
S B (fgp1), Ve A, T — A

here A = (Ef_ﬁ;il(x) D Ef_l’fp(f(x))) and t4p, = f(ti+p_1). According to

the index condition on D-sequents (Definition 7), we have ky,_1 < kp.
Therefore, the given trace of the formula Ef”(ti) is such that the list of
indices is strictly increasing, i.e., ko < k1 < ... < k,.

(V++

—),

Lemma 15. Let S be an induction-free D-sequent. Then G5 F S implies
G*FS.

Proof. Let V be a given derivation of an induction-free D-sequent S in
Gs. A pair of elementary formulas ETZ’ (1), E?E(q), where t and ¢ are
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terms that are values of the variable z; from the formula VJ:Z(EZi(xz) D
ET(2;))), is called a singular pair, while the elementary formulas them-
selves are called repeating formulas. Let S* be the axiom of the derivation
V. To prove the lemma we employ induction on |S*|, the number of re-
peating formulas in S*.

Basis of induction: |S*| = 0; this means that in the derivation V the
rule (Vt+ —) with the same main formula was not applied twice. In
this case, every application of the rule (V*+ —) can be replaced by the
application of the rule (V* —). From this fact it follows that G* I S.

Induction step: |S*| > 0. First , let us make the following preliminary
remark: by Lemmas 12 and 13 one can assume that all applications of the
rule (VT —) are essential and that the derivation V is IIV-regular. Let
us consider the topmost singular pair E7% (f(t)), E%(f(q)) arises from.
Let given derivation V be as follows: 7 7

S Ve A, BT (F(0), BT (F(), EPy(g), T — A

(v =)

S, Ve A ETS (F(1), Efi(q), T — A
Vi :
S

here Va; A = Va;(E]'{(2i) D ETZ’(j?(xl))), Ei(q) (ETZ’(jT(q))) is the e-
main (side, respectively) formula of the considered application of the rule
(Vt*T —). In accordance with the index condition for D-sequents we have
n; < m;.

We examine the following cases.

1.ET2’(f(q)) Is not an ancestor of the main formula of the axiom.

Then the considered application of the rule (V** —) is nonessential.
This contradicts to the preliminary remark.

2. ETZ’(f(q)) Is an ancestor of the main formula of the axiom.

2.1. ETZ’(f(t)) is the e-main formula of the rule (V** —) in the part V’
of the derivation V. According to the preliminary remark, this application

of the rule (Vt* —) is essential. Therefore ETZ’ (f(?)) is an ancestor of the
main formula of the axiom, and hence an ancestor of the formula E7i(q)

(since El'i(q) is an ancestor of the formula E7% (f(¢q)), which, according
to the assumption of case 2, is the ancestor of the main formula of axiom).

This means that there exists an axiomatic trace of the formula E75 (f(2))
containing the formula Eﬁ(q), where (as follows from the index condition
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on D-sequents) n; < m;. This is impossible by Lemma 14. Therefore,

Elnfz’(f(t)) cannot be the e-main formula of the essential application of
the rule (V*+ —). This contradicts to the preliminary remark.

2.2. ETZ’(f(t)) is not the e-main formula of the rule (V*+ —) in the
part V'’ of the derivation V. Then Elnfz’(f(t)) is the side formula of an
application of the rule (V** —). Moreover, this application is essential,
le., ETZ’(f(t)) is an ancestor of the main formula of axiom, and thus an
ancestor of the formula E7'{(¢). Now, using the argument described in
case 2.1 we get that Elnfz’(f(t)) cannot be the side formula of the essential
application of the rule (V*+ —). This contradicts to the preliminary

remark.

Lemma 16. If G + S then G* = S, where S is an induction-free
D-sequent.

Proof. Follows from Lemmas 5, 8, 11, and 15.

Lemma 17. If G* + S then G + S, where S is an induction-free
D-sequent.

Proof. Follows from admissibility of structural rule weakening in GG, and
applying the rules (D—) and (V —).

Theorem 2. Let S be a D-sequent then G, = S if and only if G, - S.

Proof. Follows from the invertibility of the rule (— o,) and Lemmas

16, 17.

Theorem 3 (soundness and w-completeness of the calculus G}, for D-
sequents). Let S be a D-sequent. Then VM |= S if and only if G}, - S.

Proof. Follows from Theorems 1, and 2.

4. AUXILIARY TOOLS FOR CONSTRUCTING AN
INFINITARY CALCULUS WITHOUT LOOP RULES

On the logical level the calculus G (constructed and founded in the
previous sections) does not contain loop rules. However, the premise of the
rule (o0 —) still contains a duplicate of the main formula corresponding
to a time shift.

Example 1. Let us consider the following D-sequent S = E(t), E'(t),
oA — FyQ*(y), where A = Va(E(z) D Q*(f(x))). Let us construct a
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derivation of the D-sequent S in G*:
E@t), EY(t), Q*(f(t)), A,0A? — FyQ*(y)

E(t), E*(t), A, A',0A% — FyQ*(y)

Et), EY(t), A, 0A — FyQ?(y)

(@ —)

E(t)’ El(t)’ oA — Elsz(y)

It 1s easy to verify that without the duplication of the main formula in
the rule (0 —) the sequent S is not derivable in G*.

First we introduce some generalization of the rule (V* —) which allows
to achieve the existential invertibility for aV-formulas of this generalized
rule not introducing the non-repeating condition (see Pliugkevicius [32]).

Definition 18 (operation (*)). Let X, 1I1,VV,0VVy — oA be a D-
sequent and E*(t) € X 1!, and Vz(P"(z) D R'(z)) € VVi. Then
(B (t),Yz(P™(z) D R'(2)))* = E*{),Va(P*(z) D R'(x)), if B* #
Pn. Let E¥ = P" then (E*(t),Yz(E*(z) D R'(2)))* = E*(), R'(1).
Let VYV, = Va:l(Efl(xl) D Rlll(xl)),... Ve (Efe(z,) D Rle (l‘n))
then (P(O.VV1) = (B0, Ver(BE (r1) 5 REGa)so (B40)
Vo, (Efe(z,) D Rlr(z,)))*. Let S, 111 = E*(ty),... ,Ek(tn), ¥y, I
(Where k > 0 and for any i E*(t;) ¢ Xy, I1}). Then (X, 111, VV,)* =
(EX(t1),YV )", ... (E*(t,),YV1)*, Xy, II}. The elementary formulas
E*(t;) (1 < i < n) are called an e-main formulas of the operation ()
and the quasi-predicate symbol E* is a main quasi-predicate symbol of
the operation (*). A main quasi-predicate symbol becomes a main pred-
icate symbol of the operation () if k = 0.

The operation () is nondeterministic, it depends on the choosing of
the main quasi-predicate symbol of this operation.

Example 2. Let 111 = Q(t1), Q(t ), P(uy), PY(uz), RY(v); YV =

Va(Q(z) D Ni(x)), Vy( Y(y) D M?*(y)). Choosing @ as the main predi-

cate symbolwe have (E Vv, = ( 1), Q(t2), P(uy), PL(us), R*(v),

N(ty), N(t9),Vy(Pt(y) D M?*(y)). Choosing P' as the main quasi-

predlcate symbol, we get (E,Hl,vvl) = Q(t1),Q(ta), P (u1), P(us),
R (0), Y2(Q(x) 5 N (), M(u), M?(uz).
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Definition 19 (calculi G*, G**). A calculus G}* is obtained from the
calculus G¥, replacing the rule (V* —) by the following rule:

(E, Hl,Vvl)*, DVVQ — DOA
E, Hl, VVl, DVVQ —o%A

(V" =)

A calculus G** is obtained from the calculus G by dropping the rule
(— o).

Remark 4. The rule (V** —) (different from the rule (V* —)) may
contain more than one e-main formulas, more than one main formulas
and more than one side formulas.

Lemma 18. Let S = X, II' VV,,0YV, — A be an induction-free D-
sequent, V be a derivation (of the sequent S in G*) containing only
applications of the rule (¥* —). Then there exists a main quasi-predicate

symbol such that G* F S = G** + 5* = (3,11}, VV)*, oVV; — A.

Proof. We shall use induction on A(V). Let A(V) = 1, i.e., S is an axiom.
Then by definition of the operation (), the sequent S* is also an axiom of
the calculus G**. Let h(V) > 1, then let us consider the last application
of the rule (V* —) in V:

Pk(t),El,H%,Rl(t),Vvl,DVVQ — A
PE(t), 5, 1 Va(P*(z) D Ri(x)),VV1,0VV, — A

(V" =)

By induction assumption there exists a main quasi-predicate symbol
such that G** = St = (P*(t), X, I3, RY(t),VV1)*, 0¥V, — A. Taking as
the main quasi-predicate symbol P* we get G** F S* = (P*(¢), ¥y, 111,
Vz(P*(z) D Ri(2)),YV1)*,0VVy — A.

Lemma 19. Let S = X, II' VV,,0YV, — A be an induction-free D-
sequent, V be a derivation (of the sequent S in G*) containing only

applications of the rule (V* —). Then G* + S = G™ F S.

Proof. By using Lemma 18 there exists a main quasi-predicate symbol
such that G** + S* = (X, 1I',VV)*,0VV2 — A. Applying the rule
(V** —) to the sequent S* we get G** F S.

Lemma 20. Let S be a D-sequent then G, F S = GI*F S.

Proof. Follows from the invertibility of the rule (— o, ) and Lemmas 4,

and 19.
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Lemma 21. Let S be a D-sequent then G S = G, F S.

Proof. Follows from the fact that each application of the rule (V** —)
can be step by step replaced by corresponding applications of the rule
(V* —).

Definition 20 (parametrically active/inactive aV-formula). An aV-
formula Vz(E(z) D Q*(f(x))) is called parametrically inactive in a D-
sequent S = X, I Vz(E(z) D Q¥(f(x))), VV12,0VVy — B, if B(t) ¢ X.

Otherwise, this aV-formula is called parametrically active in S.

Theorem 4 (soundness and w-completeness of the calculus G* for D-
sequents). Let S be a D-sequent. Then VM |= S if and only if GIF - S.

Proof. Follows from Theorem 2 and Lemmas 20, 21.

Lemma 22 (existential invertibility of the rule (V** —) for aV-
formulas). Let S = ¥ I, ¥V 1,YV12,0VVs — A be an induction-free
D-sequent and YV 11 consists of parametrically active aV-formulas. Then
there exists a main predicate symbol of the operation (%) such that if

G b S then G F S* = (2,VV11)*, T}, YV, 0VV, — A.

Proof. Let V be a derivation of the sequent S in G**. The proof of the
lemma can be obtained by induction on A(V). Let h(V) = 1, i.e., the
sequent S is an axiom. By definition of the operation (x), the sequent S*
is also an axiom. Let A(V) > 1 and also let (j) be the last rule applied
in V. The following cases are possible.

1. (j) = (V** —) and main formulas belong to YVi3, i.e., a main
quasi-predicate symbol of the operation (*) belongs to II':

Vl{E,VVH, (Hl,VVu)*, avVvs; — A
E, Hl,VVH,VVu, DVVQ — A

(V" =)

Having applied the induction assumption to the derivation Vi we get
G F St = (X,VV11)", (I}, VV1)*, oVVs — A. Applying the rule
(V** —) to the D-sequent ST we get desired derivation of the D-sequent
S* = (E,VVH)*, Hl, Vvlz, avVs — A in G™™.

2. (j) = (V" —) and main formulas belong to ¥Vii, i.e., a main
predicate symbol of the operation (*) belongs to X:

Vi{(Z,¥V11)*, 1, ¥V 15,0VV, — A
E,VVH, Hl,VVu, DVVQ — A

(V" =)

In this case the derivation V; is desired one.
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3.(j) = (o —) and the main formula of this application is the following
formula oVz(E*(z) D P'(z)), where k < [ and k > 0, i.e., OVVy =
aVz(E*(x) D PY(z)), oVVay:

Vi{X,VV 11, 1}, ¥V 1o, Va(E* (2) D Pl(z)),0C!, 0¥V — A
¥, VVi1, Hl,VVu, DVl‘(Ek(l‘) D) Pl(l‘)), ovVVa, — A

(@ —),
where Ct = Va(E**1(z) D PHL(2)).

Having applied the induction assumption to the derivation V; we get
G*™ F St = (E,VVH)*,Hl,VVu,Vx(Ek(x) D Pl(l‘)), Dcl, avv, — A.
Applying the rule (0 —) to the D-sequent ST we get desired derivation
of the D-sequent S* = (X,YV11)*, 11, VV15,0C,0VVsy — A in G**.

4.(j) = (o —) and the main formula of this application is the following
formula aVz(E(z) D P'(z)), i.e., 0VVs = aVz(E(z) D P'(z)), oVVar:

Vi{X, ¥V, 1Y, ¥V 1o, Va(E(z) D P(x)),0C!,0VVa — A
E,VVH,Hl,VVu,DVx(E(x) D) Pl(l‘)),DVVQl — A

(@ —),

where C! = Va(EY(z) D P"!(z)). Having applied the induction as-
sumption to the derivation V; we get G** + St = (X,VVqq,Va(E(x) D
Pl(z)))*, 11} ¥V 2,001 0¥Vs; — A. Let us consider two cases.

4.1. The main predicate symbol of the operation (%) is different from
E. In this case (Z,VVy1,Va(E(z) D PY(x)))* = (X,VV11)*, Vz(E(z) D
P!(z)). Applying the rule (o —) to the D-sequent ST we get desired
derivation of D-sequent S* = (X,VV )", II', VYV s, 0Vz(E(z) D P'(z)),
ovVay — A in G**.

4.2. The main predicate symbol of the operation (*) is F. In this case
(X,VV1,Vz(E(z) D Pl(z)))* = (X,VV1)*, P(t1),..., P'(t,), where
n > 1. Applying the rule (V** —) to the D-sequent ST we get G**
S = (X,VV11)*, Va(E(x) D P(z)),II',¥YV1s, oC! — A. Applying the
rule (0 —) to the D-sequent S’ we get desired derivation of the D-sequent
S* = (E,VVH)*, Hl,VVu, DC, avVsr — A in G**.

Remark 5. Lemma 22 is not valid if a quasi-main predicate sym-
bol is chosen instead of main predicate symbol. Indeed, let S =
RY(u), P(t),Vz(P(z) D RY(z)),Yy(R'(y) D N%(y)) — NZ(t). It is easy
to verify that bottom-up applying the rule (V** —) to the D-sequent S
with P as the main predicate symbol and after then the rule (V** —)
with R! as the main quasi-predicate symbol, we get G** I S. However

G** i R (u), P(t),Vz(P(z) D RY(z)), N?(u) — N2(1).
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Lemma 23 (elimination of parametrically inactive aV-formulas). Let
S be an induction-free D-sequent of the form X, 1I',¥V1,VV15,0VV,
— B, where YV consists of parametrically inactive aV-formulas. Then
the condition G** F S = X, 1I' V¥V 1,VV2,0VVy — B implies G**
S* = E,Hl,VVM,DVVZ — B.

Proof. Let V be a derivation of the sequent S in G**. The proof of
the lemma is conducted by induction on A(V). If A(V) =1, i.e, S is an
axiom, then S™* is also an axiom.

Let A(V) > 1 and let (¢) be the last rule applied in V. All possible
cases can be classified as follows.

1. (i) = (V** —). The expression YV 15 consists of parametrically inac-
tive aV-formulas; therefore, (3,11, VV11,VV12)* = (X, 111, YV11)*,VV12

and the end of derivation V is as follows:

Vi{(Z, 11}, ¥V 11)*,VV12,0VVs — B
E,Hl,VVH,VVu,DVVQ — B

Having applied, first, the induction assumption to the derivation V7 and
afterwards the rule (V** —), we have the required derivation of the D-
sequent X, II' VV,,,0VVy — B in G**.

2. (1) = (0 —). Let oVVy = oVa A(x),0VVay. Then the end of this

derivation is as follows:

Vi{X, 11, VV11,VV 10, Ve A(z), 0V2 AL (2),0VV 2 — B
E, Hl,VVH, Vvlz, DVl‘A(l‘), DVVzl — B

(@ —).

2.1. The formula Yz A(z) is a parametrically active a¥-formula. Thus,
having applied, first, the induction hypothesis and afterwards the rule
(o0 —) to the derivation V7, we get the derivation of the sequent X 1!,
VVH, DVl‘A(l‘), DVVzl — B.

2.2. The formulaVz A(z) is a parametrically inactive a¥-formula. Then,
having applied the induction assumption to the derivation Vi, we get the
derivation Va of the sequent ¥, I1*, ¥V, 0Ve Al (2), 0¥V — B. Having
applied the structural rule weakening (which is admissible in the calculus
G**) and then the rule (o0 —) to the derivation Va, we have the required
derivation of the sequent ¥, I1*, ¥V, 0V A(z),0¥Va — B.

Definition 21 (temporal-primary induction-free D-sequent, in

short: t-primary induction-free D-sequent; temporal D-sequent, in short:
t-D-sequent). An induction-free D-sequent S is called t-primary, if S =
¥, Y, aQ! — B, where ¥ consists of atomic formulas, II" either is empty
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or consists of elementary formulas of the form E't! and o' consists of

V-formulas of the form aVz(P"*t(z) D Q™ (f(z))), n < m, n > 0. A
D-sequent S is called t-D- sequent, if S = E,Hl,\:@ — 0B and of
consists of the formulas of the form oVz(E(x) D P!(f(x))), [ > 0.

Lemma 24 reduction to a t-primary induction-free D-sequent). Let S =
¥, M, 0, o2 — B be an induction-free D-sequent. Then the condition
G** + S implies G** F S* = ¥, I}, ©!, oQ!, oQi — B, where the

expressions 11" and ©' consist of elementary formulas of the form E'*',

Proof. The lemma is proved in three steps. In the first step, by invert-
ibility of the rule (o —), the initial induction-free D-sequent S is reduced
to the D-sequent S; = ¥, 11, VV1, VA oQl, 00 — B, where VV1(VA)
consists of parametrically active (respectively, inactive) aV-formulas such
that G** F S7. In the second step, by Lemma 22, in the sequent 57, para-
metrically active aV-formulas are replaced by the respective conclusions
of these aV-formulas. Hence, G** + S;; = X, I1*, ©, VA oQ!, 00l — B,
where @' consists of conclusions of parametrically active aV-formulas.
In the third step, by Lemma 23, we can remove parametrically inac-
tive aV-formulas from the sequent Si1, thus obtaining the derivation
G F S* = X 111,01 a0t ol — B, ie., the desired derivation of a
t-primary D-sequent.

Lemma 25 (separation property). Let S be an induction-free D-sequent
of the form ¥, II' YA!, oQ' — B, where ¥ consists of atomic formulas;
II' either is empty or consists of elementary formulas of the form E'*?;
VA either is empty or consists of formulas of the form Yxz(E"T1(z) D

PT™HL(f(z))) (n < m), B = '@1 ElyiEf’(yi). Let S is not an axiom with
a main formula from X. Thlen the condition G** F S implies G**
II,YA, 00! — B~!, where B~! denotes the formula which is obtained
from B, replacing an elementary formula Ef’(yi) by Ef’_l(yi), moreover,
if k; — 1 < 0 then the i-th disjunctive component is omitted. Il (YA, o)
is obtained from I1* (YA, oQ!, respectively) having reduced the indices
of elementary formulas by 1.

Proof. Let V be a derivation of the sequent S in G**. The lemma is
proved by induction on A(V). The basis of the lemma is trivial. Let
h(V) > 1 and let (¢) be the last rule applied in the derivation of V.
All possible cases can be classified as follows.
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1. (i) = (V** —). Then the end of the derivation V is as follows:

Vi{Z, (', VAY)* oQ! — B
¥, I, VAL oQl — B

Having applied the induction assumption to the derivation V; we have
G F ST = (II,VA)*,0Q — B~!. Having applied the rule (V** —) to
the D-sequent St we get the required derivation of the D-sequent II, VA,
o — B~L.

2. (i) = (o0 —). Then the end of the derivation V is of the form

Vi{Z, I VAL, A 0A? 0@} — B
¥ I VAL oAl oQt — B

(@ —),

where A = Vz(E*t(z) D P™t(f(x))) (n < m). Having applied the
induction hypothesis to the derivation Vi, we have G** | §* = 1I, VA,
A, oAl oy — B~ Having applied the rule (o —) to the sequent S*,
we get the required derivation of the sequent II, VA, oA, 0Q; — B~'.
Lemma 26 ({-primary separation property). Let S = X 11, oQ! — B
be a t-primary D-sequent and S is not an axiom with a main formula
from ¥. Then G** + X, 11", 0Q! — B implies G** 11,00 — B~1.

Proof. The lemma follows from Lemma 25 (take YA = ).

Lemma 27. In the calculus G** the rule

I'— B

O,IT — B! (+1)

1s admissible.

Proof. The lemmais proved by induction on the height of the derivation
of the D-sequent I' — B.

Remark 6. The separation properties are inverted rule (+1) that cor-
responds to a traditional rule for the temporal operator “next”.

5. INFINITARY CALCULUS WITHOUT LOOP RULES

In this section an infinitary calculus for ¢-D-sequents, containing the
w-type rule (— 0,) and only one so-called loop-free integrated separation
rule (15), is constructed. The rule (I.5) includes the rules (o0 —), (V** —)
and t-primary separation property. First we introduce an operation (+).
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Definition 22 (operation (+), Q-consistent atomic formula). Let S =
¥, 111,00 — B be an induction-free t-D-sequent and E(t) € ¥, and
oVz(Q(z) D Pl(f(l‘))) € 0. Then (E(t),oVz(Q(x) D P(f(x)))t =
avz(Q(z) D P!(f(z))), if E # Q. Let E = Q then (E(t),0Vz(E(z) D
PI(f(x))T = P=1(f(t),aVz(E(x) D PY(f(x))); in this case E(t) is an
Q2-consistent atomic formula. Let o) = oVa1(Q1(z1) D Plll(fl(xl))), R
Ve, (Qn(2n) D Pl (fu(x,))), then (E(t), o)t = (E(t),oVe1(Q1(x1) D
PR(filz))t, - (BE@),0Vn(Qu(za) D P (fa(za))T. Let © =
Ei(t1), ..., En(tn), then (X, 0Q) = (E1(t1),00)", ..., (E.(t,),0)T.

Example 3. Let ¥ = R(u),Q(t1),Q(t2), P(v); o = oVz(P(z) D
Ni(f1(2))),0¥y(P(y) D N3(f2(y))), aYz(Q(z) DO M*(g(2))). Then
(E’DQ)-I_ = M(g(t1)), M(g(t2)), Ni(f1(v)), Nzl(fZ(v))’ of2.

Definition 23 (integrated separation rule). The integrated separation
rule, when applied to an arbitrary induction-free t-D-sequent, is of the
form:
(3, DQ)+, n— B!
11,00 — B

(IS)a

where ¥, 11", 0 — B is not an axiom with a main formula from ¥;
m

B = 'Vl ElyiEf’(yi); B~ denotes the formula which is obtained from B,
1=

replacing an elementary formula Ef’(yi) by Ef’_l(yi), and if k; — 1 <0
then the i-th disjunctive component is omitted. 11 is obtained from II'
having reduced the indices of elementary formulas by 1.

Definition 24 (index complexity of induction-free ¢-D-sequent). Let
S = %, II', oQ — B be an induction-free t-D-sequent. Then an in-
dex complexity of the sequent S (in short IC(S)) is defined as maximal
index in B.

Remark 7. Let S be a conclusion and S; be a premise of the rule (15).
Then from the form of the rule (15) it follows that IC(Sy) < IC(S).

Thus, the rule (1.5) is not a loop rule with respect to index complexity.

Definition 25 (calculus G"’). The calculus G is obtained from the
calculus G** replacing the rules (V** —), (@ —) by the rule (IS).

Now we prove the equivalence of the calculi G** and Gt with respect
to induction-free ¢-D-sequents. First we prove the following lemma.

Lemma 28. The rule (I15) is admissible in the calculus G**.
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Proof. Let o2 = ofy, DQg, where 0y = aVa (F1(z1) D Plkl(ﬁ (1)),
o OV (En(2n) D PEr(fu(2n))); 0 = 0¥y1(Q1(y1) D RY (1(w1))),
o OVYm (Qm(ym) D R (pm(ym))) and let ¥ = % %o where ¥
consists of atomic formulas that are -consistent, whereas ¥, con-
sists of atomic formulas that are not -consistent. Let G** F S; =
(2,00t 1 — B~!. Having applied the rule (+1) (which by Lem-
ma 27 is admissible in the calculus G**) to the sequent Sy, we have
G** '; Sy = (El,Vl‘l(El(l‘l) D) Plkl(fl(l‘l))), ,Vl‘n(En(l‘n) D)
P (fa(a)))®, 091, Vuu(@i(y) D R (71(y1)))s -+ Vo (Qm(ym) D
Rlr (pm(ym))), 004 I — B. Having applied the rule (V** —) and
afterwards the rule (o —) to the sequent Sa, we have G**  S; =
¥, X0, 1Y 00,00 — B, i.e. the conclusion of the rule (I5).

Lemma 29. Let S be an induction-free t-D-sequent. Then the condition

G** + S implies Gt I S.

Proof. Let S = X, II' 0 — B, where ¥ = X, %y and 0Q = 0Qy,0Q-,
where €7 consists of parametrically active aV-formulas and Qs consists
of parametrically inactive aV-formulas. Let 0@y = oVei1(Ei(211) D
Pli(fi(x))), - - oV (Ey(213) D P (fi(21))), -, OV (En(2n1)
D (F1(201))), -+ O (Bn(n) D P (95 (20g))); 092 = OV (Q1 (y1)
Dle (P1(y1)), - -, OVYm (Qm (Ym) D Rl (pm(ym))). Since ) consists of
parametrically active aV-formulas, we have 1 = Ei(p11),..., E1(pu),
oo, Ba(pn1), .., En(pnj). We prove Lemma 29 by induction on IC/(S),
i.e., on the index complexity of the sequent S. Let IC'(S) = 0, then the
sequent S is an axiom and, therefore, G*  S. Let IC(S) > 0. If S
is an axiom then GT  S. If S is not an axiom then, by Lemma 24,
the sequent S can be reduced to the t-primary D-sequent S; = X,
S, I, P (Fi(p11))s -, P35 (pag)), 091,004 — B, where G** I- 5.
The sequent 57 satisfies the condition of Lemma 26, because we consider
the case that S is not an axiom. Having applied Lemma 26 to the se-
quent Sy, we get that G** F Sy = I, PP (fi(p11)), . .. ,Pi?_l(ﬁj(Pnj)),
oy, 00y — B~!. According to the induction hypothesis, Gt F S3. Ap-
plying the rule (I5) to the sequent S2, we get that Gt S| i.e., the
desired derivation of the sequent S in the calculus G¥.

Lemma 30. If S is an induction-free t-D-sequent then G** + S if and
only if Gt + S.

Proof. Follows from Lemmas 28, and 29.
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Lemma 31. The rule (I5) is invertible in the calculus Gt i.e., if Gt +
S = X, II',0Q — B and the sequent S is not an axiom with a main
formula from ¥ then Gt + 5* = (¥,0Q)%, 11 — B~L.

Proof. Let V be a derivation of the sequent S in Gt. The lemma is
proved by induction on h(V). The case when h(V) = 1 is trivial. Let
h(V) > 1. Since G* consists of a single rule (I5), the last applied rule in
V is the rule (15), the premise of which is the desired derivation.

Lemma 32. The calculus G71 is decidable for induction-free t-D-
sequents.

Proof. Let S = X, II', 02 — B be an induction-free t-D-sequent. The
decision procedure is quite simple. Since the axiom of the calculus GT
is decidable, we can check whether S i1s an axiom or not. If S is not an
axiom then by Lemma 31 we have that if Gt F X II' 0 — B then
GTF(X,00)T, T — B~!. Continuing in the same manner, we get either
an axiom (and then Gt I S) or a sequent of the form ¥* 111, 0Q — By,
which is not an axiom (and then Gt I/ .5).

Definition 26 (infinitary calculus G without loop rules). The calculus
G} is obtained from the calculus Gt by attaching the rule (— 0y).

Theorem 5 (soundness and w-completeness of the calculus G). The
calculus G} is sound and w-complete for t-D-sequents S, i.e., VM = S if
and only if G} + S.

Proof. Follows from Theorem 4, Lemma 30 and the invertibility of the
rule (— Oy).
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