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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ
ÝÐÅÄÈÒÀÐÍÎÃÎ ÎÑÖÈËËßÒÎÐÀ ÝÉÐÈ Ñ ÒÐÅÍÈÅÌ

Ð.È. Ïàðîâèê

Ðàáîòà ïîñâÿùåíà âîïðîñàì ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ýðåäèòàðíûõ êîëåáà-

òåëüíûõ ñèñòåì ñ ïîìîùüþ ìàòåìàòè÷åñêîãî àïïàðàòà äðîáíîãî èñ÷èñëåíèÿ íà ïðèìå-

ðå îñöèëëÿòîðà Ýéðè ñ òðåíèåì. Ìîäåëüíîå óðàâíåíèå Ýéðè áûëî çàïèñàíî â òåðìèíàõ

äðîáíûõ ïðîèçâîäíûõ Ãåðàñèìîâà � Êàïóòî. Äàëåå äëÿ ýòîãî îáîáùåííîãî óðàâíåíèÿ

ïðåäëîæåíà êîíå÷íî-ðàçíîñòíàÿ ñõåìà äëÿ ÷èñëåííîãî ñ÷åòà. Ðàññìîòðåíû âîïðîñû

àïïðîêñèìàöèè, óñòîé÷èâîñòè è ñõîäèìîñòè òàêîé ÷èñëåííîé ñõåìû. Ïðèâåäåíû ðå-

çóëüòàòû ìîäåëèðîâàíèÿ, íà îñíîâå ÷èñëåííîãî ðåøåíèÿ ïîñòðîåíû îñöèëëîãðàììû è

ôàçîâûå òðàåêòîðèè â çàâèñèìîñòè îò ðàçëè÷íûõ çíà÷åíèé óïðàâëÿþùèõ ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà: îñöèëëÿòîð Ýéðè; ýðåäèòàðíîñòü; ïðîèçâîäíàÿ Ãåðàñèìîâà �

Êàïóòî, êîíå÷íî-ðàçíîñòíàÿ ñõåìà; ôàçîâàÿ òðàåêòîðèÿ.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ øèðîêî èññëåäóþòñÿ ýðåäèòàðíûå ïðîöåññû èëè ïðîöåññû ñ
≪ïàìÿòüþ≫. Â êíèãå Â.Â. Ó÷àéêèíà [1] ýðåäèòàðíûì ïðîöåññàì ïîñâÿùåíà öåëàÿ
ãëàâà. Ïîíÿòèå ýðåäèòàðíîñòè áûëî ââåäåíî Âèòî Âîëüòåððà [2] äëÿ óñòàíîâëåíèÿ
çàïàçäûâàþùåé (ýðåäèòàðíîé) âðåìåííîé ïðè÷èííî-ñëåäñòâåííîé ñâÿçè. Ïðèìåðîì
òàêîé ýðåäèòàðíîé ñâÿçè ÿâëÿåòñÿ, íàïðèìåð, äèïîëüíûé ìîìåíò àòîìà, íàâåäåííûé
ïðîëåòàþùåé âáëèçè íåãî çàðÿæåííîé ÷àñòèöåé. Òàê æå â ðàáîòå [2] áûë ðàññìîòðåí
ýðåäèòàðíûé îñöèëëÿòîð, äëÿ êîòîðîãî âûâåäåí çàêîí ñîõðàíåíèÿ ïîëíîé ìåõàíè÷å-
ñêîé ýíåðãèè. Íåîáõîäèìî îòìåòèòü, ÷òî â ìàòåìàòè÷åñêîé çàïèñè ýòîãî çàêîíà ñîäåð-
æèòñÿ ïîëîæèòåëüíîå äîïîëíèòåëüíîå ñëàãàåìîå, îòðàæàþùåå äèññèïàöèþ ýíåðãèè
â ýðåäèòàðíîì ïðîöåññå.

Ñ òî÷êè çðåíèÿ ìàòåìàòèêè, ïîíÿòèå ýðåäèòàðíîñòè ìîæíî îïèñàòü èíòåãðî-
äèôôåðåíöèàëüíûìè óðàâíåíèÿìè, ãäå ÿäðà â ïîäûíòåãðàëüíûõ âûðàæåíèÿõ ÿâëÿ-
þòñÿ ôóíêöèÿìè ïàìÿòè. Ðàññìîòðèì ñëåäóþùåå ýðåäèòàðíîå óðàâíåíèå:

t∫
0

K1 (t− τ) ẍ (τ) dτ + λ

t∫
0

K2 (t− τ) ẋ (τ) + tx (t) = f (t) , (1)

ãäå K1 (t− τ) , K2 (t− τ) � ÿäðà, ôóíêöèè ïàìÿòè, λ � êîýôôèöèåíò òðåíèÿ, f (t) �
ôóíêöèÿ, âíåøíåå âîçäåéñòâèå íà ñèñòåìó, x (t) � ôóíêöèÿ ñìåùåíèÿ, t ∈ [0, T ] �
âðåìÿ ïðîöåññà, T � âðåìÿ ìîäåëèðîâàíèÿ, òî÷êè íàä ôóíêöèåé x (t) îçíà÷àþò ïðî-
èçâîäíûå ïåðâîãî è âòîðîãî ïîðÿäêîâ ñîîòâåòñòâåííî.

Çàìå÷àíèå 1. Óðàâíåíèå (1) îïèñûâàåò ýðåäèòàðíûé êîëåáàòåëüíûé ïðîöåññ ñ ëè-
íåéíî âîçðàñòàþùåé ïî âðåìåíè t âîçâðàùàþùåé ñèëîé è âíåøíåé ñèëîé f (t). Ýòî
óðàâíåíèå ìîæíî ñ÷èòàòü îáîáùåíèåì èçâåñòíîãî óðàâíåíèÿ Ýéðè, êîòîðîå áûëî èñ-
ñëåäîâàíî àíãëèéñêèì àñòðîíîìîì Äæ. Ýéðè â 1838 ãîäó [3] äëÿ îïèñàíèÿ çâåçä, êàê
òî÷å÷íîãî èñòî÷íèêà ñâåòà â òåëåñêîïå. Òàêæå êîëåáàíèÿ Ýéðè ðàññìàòðèâàþòñÿ â
ðàìêàõ òåîðèè äèôðàêöèîííîé îïòèêè äëÿ ïîëó÷åíèÿ ëàçåðíûõ ïó÷êîâ [4].
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Çàìå÷àíèå 2. Èñïîëüçóÿ àïïàðàò äðîáíîãî èñ÷èñëåíèÿ, êîòîðûé äîñòàòî÷íî õî-
ðîøî ðàçðàáîòàí [5, 6], ìîæíî óðàâíåíèå (1) ïðèâåñòè ê óðàâíåíèþ ñ ïðîèçâîäíûìè
äðîáíûõ ïîðÿäêîâ, åñëè ôóíêöèè ïàìÿòè èìåþò âèä:

K1 (t− τ) =
(t− τ)1−β

Γ (2− β)
, K2 (t− τ) =

(t− τ)−γ

Γ (1− γ)
, 1 < β < 2, 0 < γ < 1. (2)

Äåéñòâèòåëüíî, åñëè â óðàâíåíèå (1) ïîäñòàâèòü ñîîòíîøåíèÿ (2), òî ìû ïðèõîäèì
ê ñëåäóþùåìó óðàâíåíèþ:

∂β
0tx (τ) + λ∂γ

0tx (τ) + tx (t) = f (t) , (3)

ãäå ∂β
0tx (τ) =

1

Γ (2− β)

t∫
0

ẍ (τ) dτ

(t− τ)β−1
è ∂γ

0tx (τ) =
1

Γ (1− γ)

t∫
0

ẋ (τ) dτ

(t− τ)γ
� ïðîèçâîäíûå

äðîáíûõ ïîðÿäêîâ β è γ â ñìûñëå Ãåðàñèìîâà � Êàïóòî [7].

Çàìå÷àíèå 3. Îòìåòèì, ÷òî â ñëó÷àå, åñëè β = 2 è γ = 1, óðàâíåíèå (3) ïåðåõîäèò
â êëàññè÷åñêîå óðàâíåíèå Ýéðè [3].

Çàìå÷àíèå 4. Â ðàáîòå àâòîðà [8], â ñëó÷àå, êîãäà λ = 0 è f (t) = 0, áûëî ïîëó÷åíî
òî÷íîå ðåøåíèå â òåðìèíàõ òðåõïàðàìåòðè÷åñêîé ôóíêöèåé Ìèòòàã � Ëåôôëåðà [9],
à òàêæå áûëè íàéäåíû àíàëîãè ôóíêöèé Ýéðè ïåðâîãî è âòîðîãî ðîäà.

Çàìå÷àíèå 5. Â ëèòåðàòóðå [10, 11] îñöèëëÿòîðû, êîòîðûå îïèñûâàþòñÿ ïðîèçâîä-
íûìè äðîáíûõ ïîðÿäêîâ, èíîãäà íàçûâàþòñÿ ôðàêòàëüíûìè, òàê êàê ôóíêöèè ïà-
ìÿòè ÿâëÿþòñÿ ñòåïåííûìè ôóíêöèÿìè âèäà (2), ÷òî õàðàêòåðèçóåò îäíî èç ôðàê-
òàëüíûõ ñâîéñòâ ñðåäû � ñòåïåííóþ çàâèñèìîñòü ñìåùåíèÿ îò âðåìåíè (≪òÿæåëûå
õâîñòû≫). Ìû áóäåì íàçûâàòü òàêèå îñöèëëÿòîðû ýðåäèòàðíûìè, òàê êàê ôðàêòàëü-
íîñòü � ÷àñòíûé ñëó÷àé ýðåäèòàðíîñòè è ôóíêöèè ïàìÿòè ìîãóò íå îãðàíè÷èâàþòñÿ
çàâèñèìîñòÿìè âèäà (2).

Òåîðèÿ ýðåäèòàðíûõ êîëåáàòåëüíûõ ïðîöåññîâ ïîëó÷èëà øèðîêîå ðàçâèòèå â ñâÿ-
çè ñ ðàçëè÷íûìè ïðèëîæåíèÿìè [10�14], ÷òî ïîäòâåðæäàåò àêòóàëüíîñòü èññëåäîâà-
íèé. Ïîýòîìó èññëåäóåì ýðåäèòàðíûé êîëåáàòåëüíûé ïðîöåññ Ýéðè áîëåå äåòàëüíî.

1. Ïîñòàíîâêà çàäà÷è è ìåòîäèêà åå ðåøåíèÿ

Ðàññìîòðèì ýðåäèòàðíîå óðàâíåíèå (3) ñ íà÷àëüíûìè óñëîâèÿìè:

x (0) = x0, ẋ (0) = y0, (4)

ãäå x0 è y0 � çàäàííûå êîíñòàíòû.

Çàìå÷àíèå 6. Íà÷àëüíûå óñëîâèÿ (4) ñîãëàñóþòñÿ ñ äðîáíûìè ïðîèçâîäíûìè Ãå-
ðàñèìîâà � Êàïóòî è ÿâëÿþòñÿ ëîêàëüíûìè. Åñëè äëÿ îïèñàíèÿ ýðåäèòàðíûõ êî-
ëåáàòåëüíûõ ñèñòåì âûáðàòü äðîáíûå ïðîèçâîäíûå Ðèìàíà � Ëèóâèëëÿ, òî íåîáõî-
äèìî ñòàâèòü íåëîêàëüíûå íà÷àëüíûå óñëîâèÿ êàê ïðåäåëû îò èíòåãðàëüíûõ îïåðà-
òîðîâ [9]. Íàïðèìåð, â êíèãå [12] ðàññìîòðåíû íåêîòîðûå ëèíåéíûå è íåëèíåéíûå
ýðåäèòàðíûå êîëåáàòåëüíûå ñèñòåìû â òåðìèíàõ ïðîèçâîäíîé Ðèìàíà � Ëèóâèëëÿ,
îäíàêî òàì áûëè âûáðàíû íà÷àëüíûå óñëîâèÿ òèïà (4).

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 1. Ñ. 138�148
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Çàäà÷à Êîøè (3) è (4) ìîæåò áûòü ðåøåíà ÷èñëåííûìè ìåòîäàìè, íàïðèìåð ñ
ïîìîùüþ òåîðèè êîíå÷íî-ðàçíîñòíûõ ñõåì [15]. Ðàçîáüåì âðåìåííîé îòðåçîê t ∈ [0, T ]
íà N òî÷åê ñ ïîñòîÿííûì øàãîì τ = T/N è ââåäåì ñåòî÷íóþ ôóíêöèþ x(tj) = xj.
Äàëåå ñ ïîìîùüþ ñîîòâåòñòâóþùèõ àïïðîêñèìàöèé äðîáíûõ îïåðàòîðîâ Ãåðàñèìîâà�
Êàïóòî ïî ôîðìóëàì [7]:

∂β
0tx (τ) ≈

τ−β

Γ (3− β)

j−1∑
k=0

[
(k + 1)2−β − k2−β

]
(xj−k+1 − 2xj−k + xj−k−1) ,

∂γ
0tx (τ) ≈

τ−γ

Γ (2− γ)

j−1∑
k=0

[
(k + 1)1−γ − k1−γ

]
(xj−k + xj−k−1) ,

ìû ïðèõîäèì ê ÿâíîé êîíå÷íî-ðàçíîñòíîé ñõåìå [16]:

x1 = τy0 + x0, j = 0,

xj+1 = Ajxj −Bxj−1 −B
j−1∑
k=1

pk (xj−k+1 − 2xj−k + xj−k−1)−

−C
j−1∑
k=1

qk (xj−k+1 − xj−k) +Dfj,

(5)

Aj =
2A1 +B1 − jτ

A1 +B1

, B =
A1

A1 +B1

, C =
B1

A1 +B1

, D =
1

A1 +B1

,

A1 =
τ−β

Γ (3− β)
, B1 =

λτ−γ

Γ (2− γ)
,

pk = (k + 1)2−β − k2−β, qk = (k + 1)1−γ − k1−γ, j = 1, ..., N − 1.

2. Àïïðîêñèìàöèÿ, óñòîé÷èâîñòü è ñõîäèìîñòü ñõåìû

Èññëåäóåì âîïðîñû àïïðîêñèìàöèè, óñòîé÷èâîñòè è ñõîäèìîñòè ñõåìû (5). Àï-
ïðîêñèìàöèÿ äèôôåðåíöèàëüíîé çàäà÷è (3),(4) ðàçíîñòíîé (5) âî âíóòðåííèõ óçëàõ
ðàñ÷åòíîé ñåòêè èìååò âòîðîé ïîðÿäîê, ýòî ñëåäóþò èç àïïðîêñèìàöèè äðîáíûõ ïðî-
èçâîäíûõ. Îäíàêî çà ñ÷åò àïïðîêñèìàöèè â ãðàíè÷íûõ óçëàõ îáùèé ïîðÿäîê àïïðîê-
ñèìàöèè ñõåìû ÿâëÿåòñÿ ïåðâûé. Ïîðÿäîê àïïðîêñèìàöèè ìîæíî ïîâûñèòü, âûáðàâ
ñïåöèàëüíûé âèä àïïðîêñèìàöèè â ãðàíè÷íûõ óçëîâûõ òî÷êàõ, íàïðèìåð ìåòîä ôèê-
òèâíîãî óçëà. Ñôîðìóëèðóåì ñëåäóþùóþ ëåììó.

Ëåììà 1. Êîýôôèöèåíòû ÿâíîé êîíå÷íî-ðàçíîñòíîé ñõåìû (5) Aj, B,B1, C, pk, qk
îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè:

Aj > 0, B1 > 0, 0 < qk ≤ 1, 0 < pk ≤ 1, 0 < B ≤ 1, 0 < C ≤ 1. (6)

Ðàññìîòðèì ñòðóêòóðó ÿâíîé êîíå÷íî-ðàçíîñòíîé ñõåìû (5), êîòîðóþ ìîæíî ïå-
ðåïèñàòü â ìàòðè÷íîì âèäå ñëåäóþùèì îáðàçîì:

M ·X = F, (7)
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M =



1 0 0 0 . . .
−2A1 −B1 A1 +B1 0 0 . . .

A1p0 τ − 2A1 −B1 A1 +B1 0 . . .
A1p1 A1 (1− 2p1)−B1q1 2τ +A1 (p1 − 2) +B1 (q1 − 1) A1 +B1 . . .
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .

 ,

X = [x0, τy0 + x0, . . . , xN ]
T , F = [f0, f1, . . . , fN ]

T .

B ìàòðè÷íîì óðàâíåíèè (7) òðåóãîëüíàÿ ìàòðèöà M îáðàòèìà, åå îïðåäåëèòåëü,
ñ ó÷åòîì Ëåììû 1, áîëüøå íóëÿ. Ïîýòîìó ìàòðè÷íîå óðàâíåíèå (7) èìååò ðåøåíèå.
Äàëåå ïåðåïèøåì ñõåìó (5) â âèäå:

xj+1 = (Aj −BB − CC) xj −DDxj−1−

−B
j−1∑
k=2

pk (xj−k+1 − 2xj−k + xj−k−1)− C
j−1∑
k=2

qk (xj−k+1 − xj−k) +Dfj,
(8)

ãäå BB = p1B, CC = q1C è DD = B(1− p1)− Cq1.
Ñëåäóÿ ìåòîäèêå ðàáîòû [17] è ñ ó÷åòîì ñîîòíîøåíèÿ (8), ñîñòàâèì îøèáêó εj+1 =

xj+1 − x̄j+1 ìåæäó ÷èñëåííûì xj+1 è òî÷íûì x̄j+1 ðåøåíèÿìè. Ïîäñòàâèì îøèáêó
εj+1 â óðàâíåíèå (8). Ïîñëå ïðîñòûõ ïðåîáðàçîâàíèé ìû ïðèõîäèì ê ñëåäóþùåìó
íåðàâåíñòâó:

|εj+1| ≤ |Aj −BB − CC −DD||εj|. (9)

Äëÿ îïðåäåëåíèÿ óñòîé÷èâîñòè è ñõîäèìîñòè ÿâíîé êîíå÷íî-ðàçíîñòíîé ñõåìû (5)
ñ ó÷åòîì íåðàâåíñòâà (9) ñôîðìóëèðóåì òåîðåìó.

Òåîðåìà 1. ßâíàÿ ñõåìà (5) ÿâëÿåòñÿ óñòîé÷èâîé è ñõîäèòñÿ, åñëè âûïîëíÿåòñÿ
óñëîâèå:

0 ≤ jΓ (3− β) Γ (2− γ) τβ+1

Γ (2− γ) + λΓ (3− β) τβ−γ
≤ 2, j = 0, 1, .., N − 1. (10)

Äîêàçàòåëüñòâî. Óñëîâèå Òåîðåìû 1 ñ ó÷åòîì Ëåììû 1 äîëæíî óäîâëåòâîðÿòü íåðà-
âåíñòâó [15]:

|Aj −BB − CC −DD| ≤ 1.

Îòêóäà ìû ïðèõîäèì ê óñëîâèþ Òåîðåìû 1.

Âûïîëíåíèå óñëîâèÿ (10) Òåîðåìû 1 çàâèñèò îò ïàðàìåòðîâ β, γ, λ, τ è íå çàâèñèò
îò çíà÷åíèé èíäåêñà j, òàê êàê óâåëè÷åíèå êîëè÷åñòâà óçëîâ N â ðàñ÷åòíîé ñåòêå
ïðèâîäèò ê óìåíüøåíèþ øàãà τ .

Ðàññìîòðèì ðàáîòó ÿâíîé êîíå÷íî-ðàçíîñòíîé ñõåìû (5) íà ñëåäóþùåì òåñòîâîì
ïðèìåðå.

Ïðèìåð 1. Ðàññìîòðèì çàäà÷ó Êîøè:

∂β
0tx (τ) + λ∂γ

0tx (τ) + tx (t) = t4 +
6t3−β

Γ (4− β)
+

6λt3−γ

Γ (4− γ)
, x (0) = ẋ (0) = 0. (11)

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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Ïðîñòîé ïðîâåðêîé ìîæíî óáåäèòüñÿ, ÷òî òî÷íûì ðåøåíèåì çàäà÷è Êîøè (11)
ÿâëÿåòñÿ ýëåìåíòàðíàÿ ôóíêöèÿ [7]:

x (t) = t3. (12)

Ïóñòü çíà÷åíèÿ óïðàâëÿþùèõ ïàðàìåòðîâ: N = 100, τ = 0, 1, λ = 0, 02, x0 = y0 =
1, β = 1, 8, γ = 0, 7.

Ðèñ. 1. Êîíå÷íî-ðàçíîñòíàÿ ÿâíàÿ ñõåìà (êðèâàÿ 1) è òî÷íîå ðåøåíèå (êðèâàÿ 2)

Íà ðèñ. 1 ìîæíî îòìåòèòü, ÷òî ÷èñëåííîå ðåøåíèå (5) ïðàêòè÷åñêè ñîâïàäàåò ñ
òî÷íûì ðåøåíèåì (12) çàäà÷è Êîøè (11). Ðàññìîòðèì êàê èçìåíÿåòñÿ àáñîëþòíàÿ
îøèáêà è ðàñ÷åòíûé ïîðÿäîê òî÷íîñòè p = ln(| ε |)/ ln(τ) ñõåìû (5) ïðè ðàçëè÷íûõ
çíà÷åíèÿõ äðîáíûõ ïàðàìåòðîâ β è γ.

Èç òàáëèöû ñëåäóåò, ÷òî àáñîëþòíàÿ îøèáêà ìåæäó òî÷íûì ðåøåíèåì è ÷èñëåí-
íûì ñòðåìèòñÿ ê íóëþ ïðè óìåíüøåíèè øàãà τ . Ïîðÿäîê òî÷íîñòè p äëÿ ñõåìû (5)
ìîæíî ñ÷èòàòü áëèçêèì ê åäèíèöå. Ïðè÷åì óìåíüøåíèå çíà÷åíèé äðîáíûõ ïàðàìåò-
ðîâ β è γ íåçíà÷èòåëüíî âëèÿåò íà òî÷íîñòü ñõåìû äëÿ ýòîãî ïðèìåðà.

Èñïîëüçóÿ òåîðåìó Ëàêñà [15], ìû ìîæåì ñäåëàòü âûâîä, ÷òî ñêîðîñòü ñõîäèìî-
ñòè ÷èñëåííîãî ðåøåíèÿ ê òî÷íîìó èìååò ïåðâûé ïîðÿäîê. Ïîýòîìó ìîæíî ñäåëàòü
âûâîä î òîì, ÷òî ñõåìà (5) ìîæåò áûòü èñïîëüçîâàíà â ÷èñëåííîì ìîäåëèðîâàíèè
ýðåäèòàðíîãî îñöèëëÿòîðà Ýéðè.

Â ñëåäóþùèõ ïðèìåðàõ ïîëó÷åííóþ ñõåìó (5) ìû áóäåì èñïîëüçîâàòü ïðè ïîñòðî-
åíèè ôàçîâûõ òðàåêòîðèé â çàâèñèìîñòè îò ðàçëè÷íûõ çíà÷åíèé äðîáíûõ óïðàâëÿ-
þùèõ ïàðàìåòðîâ.

3. Ðåçóëüòàòû ìîäåëèðîâàíèÿ

Ïðèìåð 2. Ñ ó÷åòîì ðàçíîñòíîé ñõåìû (5) ìîäåëèðîâàíèå ïðîâåäåì ñî ñëåäóþùèìè
óïðàâëÿþùèìè ïàðàìåòðàìè: N = 2000, τ = 0, 05, φ = 6, ω = 0, 3, λ = 0, 85, δ =
12 · ωβ, γ = 0, 75, x (0) = 0, 02, ẋ (0) = 0, f (t) = δ cos (φt).
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Òàáëèöà

Èññëåäîâàíèå ñõåìû (5)

β = 1, 8 è γ = 0, 7
N τ Àáñîëþòíàÿ îøèáêà Ïîðÿäîê òî÷íîñòè p
10 1/10 0,0558 1,25
20 1/20 0,0339 1,12
40 1/40 0,0195 1,006
80 1/80 0,0108 1,032
100 1/100 0,0089 1,024
320 1/320 0,003 0,999

β = 1, 5 è γ = 0, 5
10 1/10 0,0899 1,095
20 1/20 0,0528 0,981
40 1/40 0,0289 0,96
80 1/80 0,0152 0,954
100 1/100 0,0123 0,953
320 1/320 0,004 0,955

β = 1, 3 è γ = 0, 3
10 1/10 0,0989 1,004
20 1/20 0,0562 0,9609
40 1/40 0,0299 0,9508
80 1/80 0,0154 0,9509
100 1/100 0,0124 0,9517
320 1/320 0,0039 0,9577

Âèçóàëèçàöèÿ ðåçóëüòàòîâ ìîäåëèðîâàíèÿ ïðèâåäåíà íà ðèñ. 2.

Ðèñ. 2. Îñöèëëîãðàììû ýðåäèòàðíîãî óðàâíåíèÿ Ýéðè ñ òðåíèåì è âíåøíèì ïåðèî-
äè÷åñêèì âîçäåéñòâèåì: 1) β = 1, 3; 2) β = 1, 5; 3) β = 1, 7; 4) β = 2

Íà ðèñ. 2 ïðèâåäåíû îñöèëëîãðàììû ïðè ðàçëè÷íûõ çíà÷åíèÿõ äðîáíîãî ïàðàìåò-
ðà β è ôèêñèðîâàííîãî çíà÷åíèÿ äðîáíîãî ïàðàìåòðà γ = 0, 75, êîòîðîå ñîîòâåòñòâóåò
ôðàêòàëüíîìó òðåíèþ.

Ìîæíî îòìåòèòü, ÷òî â ñëó÷àå β = 2 (êðèâàÿ 4) àìïëèòóäà êîëåáàíèé âîçðàñòàåò,
ïî-âèäèìîìó, ïðîÿâëÿåòñÿ ýôôåêò ðåçîíàíñà (ñîâïàäåíèå ñîîòâåòñòâóþùèõ ÷àñòîò).

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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Äàëåå ìîæíî îòìåòèòü, ÷òî ñ íåêîòîðîãî ìîìåíòà âðåìåíè ïðîèñõîäèò óìåíüøåíèå
àìïëèòóäû è ïîòîì îíà óñòàíàâëèâàåòñÿ.

Ñ êàæäûì óìåíüøåíèåì çíà÷åíèé äðîáíîãî ïàðàìåòðà β → 1 àìïëèòóäû êî-
ëåáàíèé âîçðàñòàþò, îäíàêî ñ òå÷åíèåì âðåìåíè îíè óñòàíàâëèâàþòñÿ ïðèìåðíî íà
îäèíàêîâîì óðîâíå. Ïîýòîìó ìîæíî ñäåëàòü âûâîä î òîì, ÷òî ðàñ÷åòíûì êðèâûì â
ðàññìàòðèâàåìîì ñëó÷àå ìîãóò ñîîòâåòñòâîâàòü òðàåêòîðèè íà ôàçîâîé ïëîñêîñòè,
ïîñòðîåííûå â çàâèñèìîñòè îò çíà÷åíèé äðîáíîãî ïàðàìåòðà β, êîòîðûå âûõîäÿò íà
ïðåäåëüíûå öèêëû ïðàêòè÷åñêè ïîõîæèå äðóã íà äðóãà (ðèñ. 3).

Ðèñ. 3. Ôàçîâûå òðàåêòîðèè ïðè ðàçëè÷íûõ çíà÷åíèÿõ äðîáíîãî ïàðàìåòðà β

Ôàçîâûå òðàåêòîðèè íà ðèñ. 3 ñ òå÷åíèåì âðåìåíè âûõîäÿò íà ïðåäåëüíûé öèêë,
ïðè÷åì ïðè β → 1 òàêîé âûõîä òðàåêòîðèé íà ýòîò ðåæèì ïðîèñõîäèò ñ êàæäûì
ðàçîì âñå ìåäëåííåå è ìåäëåííåå.

Ïðèìåð 3. Ðàññìîòðèì äðóãèå ïàðàìåòðû ìîäåëèðîâàíèÿ: N = 2000, τ = 0, 05, ω =
0, 3, φ = 1, 5, λ = 2, 5, δ = 12ωβ, γ = 0, 9, x (0) = 0, 2, ẋ (0) = 0, f (t) = δ cos (φt).

Íà ðèñ. 4 ïðèâåäåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ â âèäå îñöèëëîãðàìì. Íà ðèñ. 4
ìû ìîæåì çàìåòèòü, ÷òî ðàñ÷åòíûå êðèâûå ñèíôàçíûõ êîëåáàíèé èìåþò çàòóõàþùèé
õàðàêòåð. Îäíàêî êàê â ïðåäûäóùåì ñëó÷àå àìïëèòóäà êîëåáàíèé ñ òå÷åíèåì âðåìåíè
óñòàíàâëèâàåòñÿ. Ñîõðàíÿåòñÿ ðîëü äðîáíîãî ïàðàìåòðà β.

Óìåíüøåíèå çíà÷åíèé ïàðàìåòðà β → 1 ïðèâîäèò ê óâåëè÷åíèþ àìïëèòóäû êîëå-
áàíèé, îäíàêî ñî âðåìåíåì àìïëèòóäû êîëåáàíèé ìîæíî ñ÷èòàòü îäèíàêîâûìè. Òàêîå
ïîâåäåíèå ðàñ÷åòíûõ êðèâûõ óêàçûâàåò íà ñóùåñòâîâàíèå îäíîãî áîëåå îáùåãî ïðå-
äåëüíîãî öèêëà íà ôàçîâîé ïëîñêîñòè (ðèñ. 5).

Ôàçîâûé ïîðòðåò íà ðèñ. 5 ïîäòâåðæäàåò, ÷òî âñå òðàåêòîðèè âûõîäÿò íà îäèí è
òîò æå ïðåäåëüíûé öèêë. Ïðè β → 1 ïðîèñõîäèò áîëåå ìåäëåííûé âûõîä òðàåêòîðèé
íà ïðåäåëüíûé öèêë.
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Ðèñ. 4. Îñöèëëîãðàììû ýðåäèòàðíîãî óðàâíåíèÿ Ýéðè ñ òðåíèåì è âíåøíèì ïåðèî-
äè÷åñêèì âîçäåéñòâèåì: 1) β = 1, 3; 2) β = 1, 5; 3) β = 1, 7; 4) β = 2

Ðèñ. 5. Ôàçîâûå òðàåêòîðèè ïðè ðàçëè÷íûõ çíà÷åíèÿ äðîáíîãî ïàðàìåòðà β: 1) β = 2;
2) β = 1, 7; 3) β = 1, 5; 4) β = 1, 3

Çàêëþ÷åíèå

Ââåäåíèå äðîáíûõ ïðîèçâîäíûõ Ãåðàñèìîâà � Êàïóòî ïîðÿäêîâ β è γ â ìîäåëü-
íîå óðàâíåíèå Ýéðè ðàñøèðÿþò åãî ñâîéñòâà çà ñ÷åò äîïîëíèòåëüíûõ óïðàâëÿþùèõ
ïàðàìåòðîâ β è γ. Ýòî ïîçâîëÿåò áîëåå ãèáêî ïðîâîäèòü èññëåäîâàíèå ýðåäèòàðíûõ
êîëåáàòåëüíûõ ïðîöåññîâ, êîòîðîå íàéäåò ñâîå îòðàæåíèå â ðàçëè÷íûõ ïðèëîæåíèÿõ.

Ðåçóëüòàòû ìîäåëèðîâàíèÿ ýðåäèòàðíîãî êîëåáàòåëüíîãî ïðîöåññà Ýéðè ïîêàçà-
ëè, ÷òî ïðè çíà÷åíèÿõ äðîáíîãî ïàðàìåòðà β → 1 ñ ó÷åòîì âíåøíåãî ïåðèîäè÷åñêîãî
âîçäåéñòâèÿ, ÷òî ôàçîâûå òðàåêòîðèè âûõîäÿò ñ çàìåäëåíèåì íà ïðåäåëüíûé öèêë.
Çíà÷åíèÿ äðîáíîãî ïàðàìåòðà γ îïðåäåëÿþò ñòåïåíü âÿçêîñòè òðåíèÿ, ÷òî ïðèâîäèò
ê åùå áîëåå ìåäëåííûì êîëåáàòåëüíûì ïðîöåññàì.

Îïðåäåëåííûé èíòåðåñ, â ðàìêàõ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, ïðåäñòàâëÿåò
ó÷åò çàâèñèìîñòè äðîáíûõ ïàðàìåòðîâ β è γ îò âðåìåíè t èëè îò ôóíêöèè ðåøåíèÿ
x (t).

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 1. Ñ. 138�148

145



Ð.È. Ïàðîâèê

Ëèòåðàòóðà

1. Uchaikin, V.V. Fractional Derivatives for Physicists and Engineers. Vol. I. Background and
Theory / V.V. Uchaikin. � Beijing, Berlin: Higher Education Press, Springer-Verlag, 2013. �
373 p.

2. Âîëüòåððà, Â. Òåîðèÿ ôóíêöèîíàëîâ, èíòåãðàëüíûõ è èíòåãðî-äèôôåðåíöèàëüíûõ óðàâ-
íåíèé / Â. Âîëüòåððà. � Ì.: Íàóêà, 1982. � 304 ñ.

3. Airy, G.B. On the Intensity of Light in the Neighbourhood of a Caustic / G.B. Airy //
Transactions of the Cambridge Philosophical Society. � 1838. � V. 6. � P. 379�402.

4. Õîíèíà, Ñ.Í. Çåðêàëüíûå ëàçåðíûå ïó÷êè Ýéðè / Ñ.Í. Õîíèíà, Ñ.Ã. Âîëîòîâñêèé //
Êîìïüþòåðíàÿ îïòèêà. � 2014. � Ò. 34, � 2. � Ñ. 203�213.

5. Oldham, K.B., Spanier J. The Fractional Calculus. Theory and Applications of Di�erentiation
and Integration to Arbitrary Order / K.B. Oldham, J. Spanier. � London: Academic Press,
1974. � 240 p.

6. Miller, K.S. An Introduction to the Fractional Calculus and Fractional Di�erntial Equations
/ K.S. Miller, B. Ross. � N.-Y.: A Wiley-Interscience Publication, 1993. � 384 p.

7. Ïàðîâèê, Ð.È. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ëèíåéíûõ ýðåäèòàðíûõ îñöèëëÿòîðîâ /
Ð.È. Ïàðîâèê. � Ïåòðîïàâëîâñê-Êàì÷àòñêèé: èçä-âî Êàì÷àòñêîãî ãîñóäàðñòâåííîãî óíè-
âåðñèòåòà èìåíè Âèòóñà Áåðèíãà, 2015. � 178 c.

8. Ïàðîâèê, Ð.È. Î ðåøåíèè îáîáùåííîãî óðàâíåíèÿ Ýéðè / Ð.È. Ïàðîâèê // Äîêëàäû
Àäûãñêîé (×åðêåññêîé) ìåæäóíàðîäíîé àêàäåìèè íàóê. � 2014. � Ò. 16, � 3. � Ñ. 64�69.

9. Kilbas, A.A. Theory and Applications of Fractional Di�erential Equations / A.A. Kilbas,
H.M. Srivastava, J.J. Trujillo. � Amsterdam: Elsevier, 2006. � 523 p.

10. Mainardi, F. Fractional Relaxation-Oscillation and Fractional Di�usion-Wave Phenomena /
F. Mainardi // Chaos, Solitons & Fractals. � 1996. � V. 7, � 9. � P. 1461�1477.

11. Àôàíàñüåâ, Â.Â. Ñòàáèëèçàöèÿ ôðàêòàëüíîãî îñöèëëÿòîðà èíåðöèàëüíûìè âîçäåéñòâè-
ÿìè / Â.Â. Àôàíàñüåâ, Ì.Ï. Äàíèëàåâ, Þ.Å. Ïîëüñêèé // Ïèñüìà â æóðíàë òåõíè÷åñêîé
ôèçèêè. � 2010. � Ò. 36, � 7. � Ñ. 1�6.

12. Petras, I. Fractional-Order Nonlinear Systems. Modeling, Analysis and Simulation / I. Petras.
� Beijing, Berlin: Higher Education Press, Springer-Verlag, 2011. � 218 p.

13. Tavazoei, M.S. Chaotic Attractors in Incommensurate Fractional Order Systems /
M.S. Tavazoei, M. Haeri // Physica D: Nonlinear Phenomena. � 2008. � V. 237, � 20. �
P. 2628�2637.

14. Rossikhin, Y.A. Application of Fractional Calculus for Dynamic Problems of Solid Mechanics:
Novel Trends and Recent Results / Y.A. Rossikhin, M.V. Shitikova // Applied Mechanics
Reviews. � 2010. � V. 63, � 1. � P. 010801.

15. Ñàìàðñêèé, À.À. Óñòîé÷èâîñòü ðàçíîñòíûõ ñõåì / À.À. Ñàìàðñêèé, À.Â. Ãóëèí. � Ì.:
Íàóêà, 1973. � 415 ñ.

16. Ïàðîâèê, Ð.È. ×èñëåííûé àíàëèç íåêîòîðûõ îñöèëëÿöèîííûõ óðàâíåíèé ñ ïðîèçâîäíîé
äðîáíîãî ïîðÿäêà / Ð.È. Ïàðîâèê // Âåñòíèê ÊÐÀÓÍÖ. Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè.
� 2014. � Ò. 9, � 2. � Ñ. 30�35.

17. Xu, Y. A Finite Di�erence Technique for Solving Variable-Order Fractional Integro-
Di�erential Equations / Y. Xu, V. Suat Ertürk // Bulletin of the Iranian Mathematical
Society. � 2014. � V. 40, � 3. � P. 699�712.

146 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2017, vol. 10, no. 1, pp. 138�148



ÏÐÎÃÐÀÌÌÈÐÎÂÀÍÈÅ

Ðîìàí Èâàíîâè÷ Ïàðîâèê, êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò êàôåä-
ðû ≪Ìàòåìàòèêà è ôèçèêà≫, Êàì÷àòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Âèòó-
ñà Áåðèíãà (ã. Ïåòðîïàâëîâñê-Êàì÷àòñêèé, Ðîññèéñêàÿ Ôåäåðàöèÿ); ñòàðøèé íàó÷-
íûé ñîòðóäíèê ëàáîðàòîðèè ìîäåëèðîâàíèÿ ôèçè÷åñêèõ ïðîöåññîâ, Èíñòèòóò êîñ-
ìîôèçè÷åñêèõ èññëåäîâàíèé è ðàñïðîñòðàíåíèÿ ðàäèîâîëí ÄÂÎ ÐÀÍ (Êàì÷àòñêèé
êðàé, ñ. Ïàðàòóíêà), romanparovik@gmail.com.

Ïîñòóïèëà â ðåäàêöèþ 15 ìàÿ 2016 ã.

MSC 37C70 DOI: 10.14529/mmp170109

MATHEMATICAL MODELLING OF HEREDITARITY AIRY
OSCILLATOR WITH FRICTION

R.I. Parovik, Kamchatka State University by Vitus Bering, Petropavlovsk-Kamchatsky;
Institute Space Physics Research and Radio Wave Propagation FEB RAS, Kamchatka
region, Paratunka, Russian Federation, romanparovik@gmail.com

Work is devoted to mathematical modelling hereditarity oscillatory systems with

the help of the mathematical apparatus of fractional calculus on the example of an

Airy oscillator with friction. Model Airy equation was written in terms of Gerasimov �

Caputo fractional derivatives. Next a �nite-di�erence scheme to this generalized equation

for numerical computation was proposed. The problems of approximation, stability and

convergence of a numerical scheme are considered. The results of simulations are presented

based on numerical solutions waveforms and phase trajectories depending on di�erent values

of the control parameters are built.
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References

1. Uchaikin V.V. Fractional Derivatives for Physicists and Engineers. Vol. I. Background

and Theory. Beijing, Berlin, Higher Education Press, Springer-Verlag, 2013. 373 p.
DOI: 10.1007/978-3-642-33911-0

2. Volterra V. Theory of Functionals and of Integral and Integro-Di�erential Equations. N.Y.,
DOVER, 1959. 304 p.

3. Airy G.B. On the Intensity of Light in the Neighbourhood of a Caustic. Transactions of the
Cambridge Philosophical Society, 1838, vol. 6, pp. 379�402.

4. Honina S.N., Volotovskij S.G. Mirror Laser Airy Beams. Computer Optics, 2014, vol. 34,
no. 2, pp. 203�213. (in Russian)

5. Oldham K.B., Spanier J. The Fractional Calculus. Theory and Applications of Di�erentiation

and Integration to Arbitrary Order. London, Academic Press, 1974. 240 p.

6. Miller K.S., Ross B. An Introduction to the Fractional Calculus and Fractional Di�erntial

Equations. N.Y., Wiley-Interscience Publication, 1993. 384 p.

7. Parovik R.I. [Mathematical Modelling of Linear Oscillators Hereditarity]. Petropavlovsk-
Kamchatskiy, Kamchatskiy Gosudarstvennyy Universitet Imeni Vitusa Beringa, 2015. 178 p.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 1. Ñ. 138�148

147



Ð.È. Ïàðîâèê

8. Parovik R.I. Cauchy Problem of Generalized Airy Equation. Doklady Adygskoy (Cherkesskoy)
mezhdunarodnoy akademii nauk [Reports Adyghe (Circassian) International Academy of
Sciences], 2014, vol. 16, no 3, pp. 64�69. (in Russian)

9. Kilbas A.A., Srivastava H.M., Trujillo. J.J. Theory and Applications of Fractional Di�erential
Equations. N.Y., Elsevier Science, 2006. 523 p. DOI: 10.1016/0960-0779(95)00125-5

10. Mainardi F. Fractional Relaxation-Oscillation and Fractional Di�usion-Wave Phenomena.
Chaos, Solitons & Fractals, 1996, vol. 7, no. 9, pp. 1461�1477.

11. Afanas'ev V.V., Danilaev M.P., Pol'skij Yu.E. Stabilizatsiya fraktal'nogo ostsillyatora
inertsial'nymi vozdeystviyami [Stabilization of Fractal Oscillator Inertial E�ects]. Technical
Physics Letters, 2010, vol. 36, no. 7, pp. 1�6. (in Russian)

12. Petras I. Fractional-Order Nonlinear Systems. Modeling, Analysis and Simulation. Beijing,
Berlin, Heidelberg, Higher Education Press, Springer, 2011. 218 p. DOI: 10.1007/978-3-642-
18101-6

13. Tavazoei M.S., Haeri M. Chaotic Attractors in Incommensurate Fractional Order
Systems. Physica D: Nonlinear Phenomena, 2008, vol. 237, no. 20, pp. 2628�2637.
DOI: 10.1016/j.physd.2008.03.037

14. Rossikhin Y.A., Shitikova M.V. Application of Fractional Calculus for Dynamic Problems of
Solid Mechanics: Novel Trends and Recent Results. Applied Mechanics Reviews, 2010, vol. 63,
no. 1, pp. 010801. DOI: 10.1115/1.4000563

15. Samarskij A.A., Gulin A.V. Ustojchivost' Raznostnyh Shem [The Stability of Di�erence
Schemes]. Ìoscow, Nauka, 1973. 415 p.

16. Parovik R.I. Numerical Analysis Some Oscillation Equations with Fractional Order
Derivatives. Bulletin KRASEC. Physical and Mathematical Sciences, 2014, vol. 9, no. 2,
pp. 34�38. DOI: 10.18454/2313-0156-2014-9-2-34-38

17. Xu Y., Suat Ertürk V. A Finite Di�erence Technique for Solving Variable-Order Fractional
Integro-Di�erential Equations. Bulletin of the Iranian Mathematical Society, 2014, vol. 40,
no. 3, pp. 699�712.

Received May 15, 2016

148 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2017, vol. 10, no. 1, pp. 138�148


