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Abstract. Consider the critical Galton-Watson branching system with infinite variance of the offspring
law. We provide an alternative arguments against what Slack [9] did when it seeked for a local expression
in the neighborhood of point 1 of the generating function for invariant measures of the branching system.
So, we obtain the global expression for all s ∈ [0, 1) of this generating function. A fundamentally
improved version of the differential analogue of the basic Lemma of the theory of critical branching
systems is established. This assertion plays a key role in the formulation of the local limit theorem with
explicit terms in the asymptotic expansion of local probabilities. We also determine the decay rate of
the remainder term in this expansion.
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1. Background, assumptions and purpose

Let Zn be the population size in the Galton–Watson Branching (GWB) System at time
n ∈ N0, where N0 = {0} ∪ N and N = {1, 2, . . .}. An evolution of the system will occur by
the following scheme. Each individual lives a unit lifespan and at the end of his life produces
j progeny with probability pj , j ∈ N0, independently of each other at that p0 > 0. Newborn
individuals subsequently undergo reproduction obeying the offspring law {pj}. The population
sizes sequence can be represented by the following recurrent random sum of random variables:

Zn+1 = ξn1 + ξn2 + · · ·+ ξnZn (1.1)

for any n ∈ N, where ξnk are independent random variables with the common distribution
P {ξnk = j} = pj for all k ∈ N. These variables are interpreted as the number of descendants
of the kth individual in the nth generation. The GWB system defined above forms a reducible,
homogeneous-discrete-time Markov chain with a state space consisting of two classes: S0 =
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{0} ∪ S, where S ⊂ N, therein the state {0} is absorbing, and S is the class of possible essential
communicating states. Its n-step transition probabilities

Pij(n) := P
{
Zn+k = j

∣∣ Zk = i
}

for any k ∈ N

are completely given by the offspring law {pj}. In fact, denoting pj(n) := P1j(n), we observe that
a probability Generating Function (GF)

∑
j∈S0

Pij(n)s
j =

[
fn(s)

]i for any i ∈ S and s ∈ [0, 1),

where fn(s) =
∑

j∈S0

pj(n)sj . At that the GF fn(s) is the n-fold iteration of the GF f(s) :=∑
j∈S0

pjs
j .

The classification of S depends on the value of the parameterm :=
∑
j∈S

jpj = f ′(1−), the mean

per-capita offspring number. The chain {Zn} is classified as sub-critical, critical and supercritical
if m < 1, m = 1 and m > 1 respectively. Needless to say that fn(0) = p0(n) is a vanishing
probability of the system initiated by one individual, which is monotone and limn→∞ p0(n) = q,
where q is called an extinction probability of the system and it is smallest nonnegative root of
the fixed-point equation f(s) = s on the domain of {s : s ∈ [0, 1]}. Furthermore fn(s) → q as
n→ ∞ uniformly in s ∈ [0, 1); see [1, Ch.I, §§1–5].

In the paper we focus on the critical case in which q = 1. We assume that the offspring GF
f(s) for s ∈ [0, 1) has the following form:

f(s) = s+ (1− s)1+νL
(

1

1− s

)
, [fν ]

where 0 < ν < 1 and L(∗) is slowly varying (SV) function at infinity. By the criticality of the
system, the assumption [fν ] implies that 2b := f ′′(1−) = ∞. If 0 < b < ∞ then ν = 1 and
L(t) → b as t→ ∞.

Further, putting into practice the function

Λ(y) :=
f(1− y)− (1− y)

y
= yνL

(
1

y

)
for y ∈ (0, 1], we rewrite and will use the condition [fν ] in the following form:

f(s)− s = (1− s)Λ(1− s). [fΛ]

Slack [9] has shown (see, also [8]) that

Ûn(s) :=
fn(s)− fn(0)

fn(0)− fn−1(0)
−→ U(s) as n→ ∞ (1.2)

for s ∈ [0, 1], where the limit function U(s) is the GF of the invariant measure for the system
{Zn}, and it satisfies the Abel equation

U
(
f(s)

)
= U(s) + 1. (1.3)

Moreover, in the case when [fν ] attends SV-function L(∗) at zero instead of L(∗), Slack [9] found
that U(s) admits a local expression

U(s) ∼ 1

ν(1− s)νL(1− s)
as s ↑ 1.
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The mean value theorem implies that fn+1(0)−fn(0) ∼ fn(0)−fn−1(0) as n→ ∞ and hence
altering Slack’s definition of Ûn(s) to

Un(s) :=
fn(s)− fn(0)

fn+1(0)− fn(0)
, [SU ]

we see that limn→∞ Un(s) = U(s). Then Slack’s [9] arguments, in contrast to the method
in [5], made it easy to prove the following statement, called the Basic Lemma of the theory of
critical GWB systems, which clearly shows an explicit asymptotic expression for the function
Rn(s) := 1− fn(s).

Lemma 1 (Basic Lemma [6]). If the condition [fΛ] holds then

Rn(s) =
N (n)

(νn)
1/ν

·
[
1− Un(s)

νn

]
, (1.4)

where the function N (x) is SV at infinity and

N (n) · L1/ν

(
(νn)1/ν

N (n)

)
−→ 1 as n→ ∞, (1.5)

and the function Un(s) has the following properties:

• Un(s) → U(s) as n→ ∞ so that the equation (1.3) holds;

• lims↑1 Un(s) = νn for each fixed n ∈ N;

• Un(0) = 0 for each fixed n ∈ N.

First direct result of the statement of the Basic Lemma 1 is certainly an expression of survival
probability of the family of one individual in a form of

Qn := P {Zn > 0} = Rn(0) =
N (n)

(νn)
1/ν

.

In our discussions an important role plays the following assertion, which we call the differential
analogue of the Basic Lemma 1.

Lemma 2 ( [6]). Let the condition [fΛ] holds. Then the following relation is true:

R′
n(s) = −ψn(s)

Rn(s)Λ
(
Rn(s)

)
(1− s)Λ(1− s)

, (1.6)

where the function ψn(s) has following properties:

• ψn(s) is continuous in s ∈ [0, 1), for all n ∈ N and

f ′(s)

f ′
(
fn(s)

) 6 ψn(s) 6 1;

• ψ(s) := limn→∞ ψn(s) exists for s ∈ [0, 1) and

f ′(s) 6 ψ(s) 6 1 and ψ(1−) = 1.
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By definition L (λx)
/
L(x) → 1 as x→ ∞ for each λ > 0. Then it is natural that

αλ(x) :=
L (λx)

L(x)
− 1

decreases to zero with a certain speed rate at infinity. With a known rate of decrease of αλ(x),
the function L(∗) is called SV at infinity with remainder; see [2, p. 185].

The following statement is also known, which is an improved analogue of the Basic Lemma 1.

Lemma 3 ( [4]). Let the condition [fΛ] holds and αλ(x) = o
(
L (x)

/
xν

)
. Then

1

Λ
(
Rn(s)

) − 1

Λ(1− s)
= νn+

1 + ν

2
· ln

[
Λ(1− s)νn+ 1

]
+ ρn(s), (1.7)

where ρn(s) = o
(
lnn

)
+ σn(s) and, σn(s) is bounded uniformly for s ∈ [0, 1) and converges to

the limit σ(s) as n→ ∞ which is a bounded function for all s ∈ [0, 1).

The peculiarity of the Lemma 2 is that it perfectly generalizes an analogous statement estab-
lished in [7, Theorem 1], in which the offspring law variance was assumed to be finite and later
refined under a third finite moment assumption in [3, p. 20]. In both papers just mentioned,
ν = 1 and Λ(y) ≡ y, and thereat f ′′(1−)n

/
2 appeared instead of the first term νn and moreover,

the subsequent tail terms are found on the right-hand side of (1.7).
In accordance with our purpose, we now recall the following theorem, which shows the explicit-

integral form of the invariant measure GF U(s).

Theorem 1.1 ( [6]). If condition [fΛ] holds and αλ(x) = o
(
L (x)

/
xν

)
, then

(1) the GF U(s) is

U(s) =

∫ s

0

ψ(y)

(1− y)Λ(1− y)
dy, (1.8)

where ψ(s) is continuous in s ∈ [0, 1], and f ′(s) 6 ψ(s) 6 1;

(2) the derivative U ′(s) has the following representation:

U ′(s) =
ψ(s)

(1− s)Λ(1− s)
, (1.9)

where ψ(s) = 1 +O
(
Λ(1− s)

)
as s ↑ 1.

In the last statements inequality estimations for the functions ψn(s) and ψ(s) were announced,
but explicit expressions were not obtained for them.

In this paper, in addition to the assumption [fΛ], we adopt the remainder term rate of the
SV-function L(∗) to be

αλ(x) = O
(
L (x)

xν

)
as x→ ∞, [RL]

that is more exact decreasing speed rate condition, than it was assumed in contents of the
Lemma 3 and in the Theorem 1.1.

Our purpose is as follows. First, we improve the result of Theorem 1.1 by finding an explicit
expression for the function U(s) that is more exactly than in (1.8) and an explicit expression
for the “undesirable” function ψ(s) in the equality (1.9) depending on GF f(s) and f ′(s). This
contributes to the refinement of the formula (1.6), pointing to the explicit form of the function
ψn(s). In this issue we propose another proof of the Lemma 2 that improves its content. Next,
using condition [RL], we find the main part term in the asymptotic expansion of the right-hand
side of (1.6) with an estimate for the remainder term. All these results facilitate to refine some
limit theorems.

The rest of this paper is organized as follows. Section 2. contains main results. Section 3.
provides the proof of main results.
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2. Main results
In this section we present our main results. Let

V(s) := 1

νΛ(1− s)
and J(s) :=

1− f ′(s)

Λ(1− s)
− 1.

Theorem 2.1. If condition [fΛ] holds, then

(1) the GF U(s) has the following form:

U(s) = V(s)− V(0); (2.1)

(2) the derivative U ′(s) has the following expression:

U ′(s) = J(s)
V(s)
1− s

. (2.2)

Remark 1. Undoubtedly, the function U(s), as the limit of the generating function, admits the
form of a power series expansion U(s) =

∑
j∈S

ujs
j , where uj =

∑
k∈S

ukPkj(1) and
∑

k∈S ukp
k
0 = 1;

see [9, Lemma 4]. Then relation (2.2) immediately implies that

u1 = U ′(0) =
J(0)

νp0
=

1− p0 − p1
νp20

. (2.3)

Next, differentiating the Slack’s altered definition [SU ] we have

U ′
n(s) = − R′

n(s)

QnΛ
(
Qn

) .

Thus, we can interpret the statement of the Lemma 2 in terms of the convergence U ′
n(s) → U ′(s)

as n→ ∞. So we provide its refinement in the following theorem.

Theorem 2.2. If conditions [fΛ] and [RL] hold, then

U ′
n(s) = U ′(s)

(
1 +O

(
1

n

))
as n→ ∞, (2.4)

where U ′(s) has the form of (2.2).

The assertion of Theorem 2.2 provides the following important limit result. Let

Nν(n) := L−1/ν

(
1

Qn

)
and P{j}

ν (n) := (νn)(1+ν)/νpj(n).

Theorem 2.3. If conditions [fΛ] and [RL] hold, then the sequence
{
Pν(n) := P{1}

ν (n)
}

is SV
at infinity such that

Pν(n)

Nν(n)
= u1 ·

(
1− (1 + ν)2

2ν2
lnn

n
+ o

(
lnn

n

))
as n→ ∞, (2.5)

where u1 is given in (2.3). Moreover

Nν(n) · L1/ν

(
(νn)1/ν

Nν(n)

)
−→ 1 as n→ ∞

and
Nν(n) = CN +O

(
n−ν

)
as n→ ∞,

where CN = C
−1/ν
L and CL := L(∞−) <∞.
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The statement of this theorem can be generalized for all j ∈ S as follows.

Proposition. If conditions [fΛ] and [RL] hold, then

P{j}
ν (n)

Nν(n)
= uj ·

(
1 + 0n

)
,

where

0n = − (1 + ν)2

2ν2
lnn

n
+ o

(
lnn

n

)
as n→ ∞.

We leave the proof of Proposition until our next works.

3. Proof of results
We will need the following auxiliary statement.

Lemma 4. Let condition [fΛ] holds.

1. Then
ρ(s) :=

∣∣∣ν − J(s)
∣∣∣ −→ 0 as s ↑ 1. (3.1)

2. If, in addition [RL] holds, then

ρ(s) = O
((
1− s

)ν) as s ↑ 1. (3.2)

Proof. From representation [fΛ] we have

1− f ′(s) = Λ(1− s) + (1− s)Λ′(1− s). (3.3)

On the other hand, it was proved in the book [2, p. 401] that

yΛ′(y)

Λ(y)
−→ ν as y ↓ 0.

Then it follows

J(s) =
1− f ′(s)

Λ(1− s)
− 1 =

(1− s)Λ′(1− s)

Λ(1− s)
−→ ν as s ↑ 1

which implies (3.1).
To prove the second part we first write

yΛ′(y)

νΛ(y)
= 1 + δ(y), (3.4)

with some continuous δ(y) being that δ(y) → 0 as y ↓ 0. And then we follow the corresponding
arguments in [6, p.126], relying, in contrast to them, on the condition [RL]. Then we obtain in
this issue that

δ(y) = O
(
Λ(y)

)
as y ↓ 0.

Continuing discussions in accordance with [6, p.126], we see that CL := L(∞−) <∞ and

[RL] ⇐⇒ L(x) = CL +O
(
x−ν

)
as x→ ∞. (3.5)

Therefore it follows δ(y) = O (y−ν) as y ↓ 0. Then using this conclusion, combining relations
(3.3) and (3.4), we get to the estimation (3.2).

The lemma is proved.
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Proof of Theorem 2.1. Put

Mn(s) := 1−
Λ
(
Rn(s)

)
Λ
(
Qn

) . (3.6)

Using relations (1.2) and (1.4), in [6, p.131] proved that

nMn(s) −→ U(s) as n→ ∞.

Moreover, it was shown there [6, p.130] that

lim
n→∞

1

νn

[
1

Λ
(
Rn(s)

) − 1

Λ
(
1− s

)] = 1. (3.7)

Combining (3.6) and (3.7), we obtain

U(s) = lim
n→∞

nMn(s)

= lim
n→∞

n

[
1−

Λ
(
1− s

)
p0

p0νn+ 1

Λ
(
1− s

)
νn+ 1

]
= V(s)− V(0).

We accounted for Λ(1) = L(1) = p0 in the last step. The relation (2.1) is proved.
The proof content of second part is short due to (3.3). Write

U ′(s) = V ′(s) =
Λ′ (1− s)

νΛ2 (1− s)
=

1− f ′(s)− Λ (1− s)

ν (1− s) Λ2 (1− s)
.

The right-hand side is easily transformed to the form of those part of (2.2).
The theorem is proved completely.

Remark 2. Repeatedly use of Abel equation (1.3), with considering of relation (2.1), yields

1

Λ
(
Rn(s)

) − 1

Λ(1− s)
= νn.

It more exact refines the well-known statement mentioned in (3.7), indicating the absence of the
limit operation as n→ ∞ on the left-hand side. Then under the condition [fΛ] it follows that

Qn =
Nν(n)

(νn)
1/ν

(
1− 1

p0νn

(
1 + o(1)

))
as n→ ∞,

where Nν(n) = L−1/ν
(
1
/
Qn

)
.

Proof of Theorem 2.2. Repeatedly using (1.3) entails U
(
fn(s)

)
= U(s) + n and hence

f ′n(s) =
U ′(s)

U ′
(
fn(s)

) .

Using relation (2.2) in last equality, in our notation we have

R′
n(s) = − J(s)

J
(
Rn(s)

) Rn(s)Λ
(
Rn(s)

)
(1− s)Λ(1− s)

. (3.8)
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We recall now to relation (2.2) and the Lemma 4. Then

J
(
Rn(s)

)
= ν +O

(
Rν

n(s)
)
= ν +O

(
1

n

)
as n→ ∞

and

J(s)

ν(1− s)Λ(1− s)
= U ′(s).


(3.9)

Formulas (3.8) and (3.9) complete the proof of the theorem.

Proof of Theorem 2.3. First, in our assumptions, we rewrite (2.4) as follows:

R′
n(s) = −U ′(s)Rn(s)Λ

(
Rn(s)

)(
1 +O

(
1

n

))
as n→ ∞.

Then, since R′
n(0) = −p1(n), letting s = 0 implies

p1(n) = U ′(0)QnΛ
(
Qn

)(
1 +O

(
1

n

))
as n→ ∞. (3.10)

Using Lemma 3 we obtain

Λ
(
Qn

)
=

1

νn

(
1− 1 + ν

2ν

lnn

n
+ o

(
lnn

n

))
as n→ ∞ (3.11)

and

Qn =
L−1/ν

(
1
/
Qn

)
(νn)1/ν

(
1− 1 + ν

2ν2
lnn

n
+ o

(
lnn

n

))
as n→ ∞. (3.12)

Further, combining (3.10)–(3.12) produces

p1(n) = u1
Nν(n)

(νn)(1+ν)/ν

(
1− (1 + ν)2

2ν2
lnn

n
+ o

(
lnn

n

))
as n→ ∞, (3.13)

where Nν(n) = L−1/ν
(
1
/
Qn

)
and u1 is defined in (2.3). It is known that Qn = N (n)

/
(νn)1/ν

which is a result of Lemma 1, where N (∗) is SV at infinity with the asymptotic property (1.5).
In accordance with this property we write that

1 = Nν(n) · L1/ν

(
1

Qn

)
= Nν(n) · L1/ν

(
(νn)1/ν

N (n)

)
∼ Nν(n)

N (n)
as n→ ∞.

Then it follows

Nν(n) · L1/ν

(
(νn)1/ν

Nν(n)

)
−→ 1 as n→ ∞.

But by virtue of (3.5)
Nν(n) = CN +O

(
n−ν

)
as n→ ∞,

where CN = C
−1/ν
L . Recalling now denotation Pν(n) := (νn)(1+ν)/νp1(n), we transform the

asymptotic relation (3.13) to the form of (2.5).
The proof is completed.
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Дальнейшие замечания о явном выражении
производящей функции инвариантной меры
критических ветвящихся систем Гальтона-Ватсона

Азам А. Имомов
Каршинский государственный университет

Карши, Узбекистан
Сарвар Б. Искандаров

Ургенчский государственный университет
Ургенч, Узбекистан

Аннотация. Рассмотрим критическую ветвящуюся систему Гальтона-Ватсона с бесконечной дис-
персией закона превращения одной частицы. Предлагаем аргументы, альтернативные аргументам
Слейка [9], который нашел локальное выражение в окрестности точки 1 производящей функции
для инвариантных мер ветвящейся системы. Мы получаем глобальное выражение для всех s ∈ [0, 1)
этой производящей функции. Устанавливаем улучшенный вариант дифференциального аналога ос-
новной леммы теории критических ветвящихся систем. Это утверждение играет ключевую роль
в формулировке локальной предельной теоремы с явными членами в асимптотическом разложе-
нии локальных вероятностей. Мы также определяем скорость убывания остаточного члена в этом
разложении.

Ключевые слова: ветвящиеся системы Гальтона–Ватсона, производящие функции, медленное
изменение, основная лемма, переходные вероятности, инвариантные меры, предельные теоремы,
скорость сходимости.
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