HepaBeHcTBa M d3KCTpEMATbHBIE 3aa4N

Teopua skcTpeMyMa B IIPOCTHIX ITPUMePax

1. Bpunkxayc B. FO. IIporacos

C zagadamMu Ha, MUHUMYM U MAKCUMYM KaXKIBIM U3 HAC BIEPBBLIE CTATKABACT-
CA B IIKOJE, & 3aTEM HA OJUMINATAX W BCTYMUTEIHHBIX DK3aMEHAX, T'I€ OHU, MMOM-
9ac, MOMUMO OY€HL XOPOIIEH MaTeMaTUIeCKOU IOATOTOBKM U COOODPa3UTEJLHOCTH,
TpeOyIoT IONCKA HECTAHJAPTHLIX IIyTEeN PelIeHnsa. 34eCh MLl BCTPEIaeM MHOXKECTBO
KpAaCUBLIX 33Ja49, U I KaxXKJOU IPUXOJUTCSA M300peTaTh CBOM METO[. 3aTeM, B UH-
CTUTYTE, CTYIEHTOB 3HAKOMAT C JIEMEHTAMU TEOPUU DKCTPEMYMa HA BAHATHUAX TIO
MATEMATUYICCKOMY aHAMu3y. A TyT cuTyalusa o6paTHaAA: €CTh METOIBI CTAH AP THOTO
pellleHns, HO OYeHb MAJIO KPACUBBLIX IPUMEPOB. BOJLIIMHCTBO 3a1a¢, KAaK IIPABUIO,
pyTunHble. Kax [uii mpenogasaTeab 3HaeT, KaK TPYIHO OLIBaeT yOequTh CTyIeHTa
(0COBEHHO — YBJIEYEHHOIO MPEAMETOM ) EPEKIIOIUTHCA HA HOBBIE METOILI PEIIeHNS,
U HE THITATHCA PEIIATh HOBBIE 33JaUN (IIO-TITKOTHHOMYY.

B sTou cTaThe MBI TpeAIaraeM SKCKYpPC B TEOPUI0 KOHETHOMEPHBIX DKCTPEMATh-
HEIX 327039 (MMEHHO C HUX HAYMHAKOTCA BCE CTAHIAPTHHIE KYPCHl ONTUMU3AIAA B
YHUBEPCUTETAX), UEJIMKOM IOCTPOEHHBIN HA IIPUMEPaX U 33Ja9aX, C MUHAMYMOM T€O-
peTndeckux oObAcHeHun. IIpuMepsr 1 3a1a491u COOUPAIUCH ABTOPAMU B TEIEHUE MHO-
I'UX JIET, IPYU HOATOTOBKE KYPCOB IS CTYIEHTOB MATEMATUICCKUX U DKOHOMUIECKIX
cnenuanbHOCTen B yHuBepcuTerax Mockser (MTY u HMY) u Hugepraunos (yHuBEp-
curetsl Porrepnava, Measdra u Yrpexta). [lo HameMy yOex IEHUIO, KAXK IHIN YHA-
BEPCUTETCKUN KyPC MOJXKEH BLIIOJIHATEL TPU OCHOBHLIE (DYHKINN: HAYIUThL, YOSIUTH
U 3aMHTEPecoBaThb. I[03TOoMY mpUMepH M 3a0a4M IOJKHBI OBITh, BO-IEPBLIX, MHTE-
PEeCHBIMU, BO-BTOPHIX (1 5T0 TpyaHee Bcero!) — ybeaurensubivu. Kax e npumep
IOMKEH MOAIePKUBATE CATY TOTO WX MHOTO METOAa. A KpoMe TOr0 — TMOKA3LIBATD,
9TO JaXKe OMUMIINATHBIE 33Ja91, KOTOPKIE UMEIOT KPACUBLIC DIEMEHTAPHBIC PEIeHNU],
MOT'YT PEeIIaThCSI B PAMKAX CTAHIAPTHHEIX METONOB MPOIE, KPACUBEE U €CTECTBEH-
nee. Bosee Toro, HavaIa TEOPUU SKCTPEMANBHBLIX 33,138 MTO3BOJIAIOT HAXOIUTH HOBLIE
IOKA3aTEIbCTBA CTAPHIX KIACCUIECKUX TEOPEM.

HaumeMm ¢ 3amad, KOTOpPBIE PELMIAIOTCA (IKOJILHLIMAY MeTomamu: npuHmun Dep-
Ma (IpOUM3BOAHAA B TOYKE MUHUMYMA, PABHA HYJI0) ILTIOC TEOPEMa CyIIeCTBOBAHUA
(Teopema Bemepmrpacca 0 IOCTURUMOCTA MUHUMYMa HENPEPLIBHOW (YHKIMU HA
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KOMIIAKTHOM MHOXECTBE) — 3T0 TeMma maparpada 1. Bo sropom maparpadge o6pa-
TUMCS K BBIIYKABIM 3amadaM. B TpeThbeM — K 3amadaM € OT'PDAHUYECHUIMU, Della-
e€MBIM C TIOMOIIBIO TpaBumia MEOKUTeaen Jlarpamxka. Cpean mpeIIoXeHHBIX TPUMe-
POB — KaK KJIACCAIECKUE TEOPEMEI U3 PA3JIUIHBIX O0IACTEN MaTeMaTUKK (OCHOBHASA
TeopeMa anreGpbl, MPUBEIEHNE KBAAPATUYHOU (POPMBI K TUIABHBIM OCAM, TEOPEMa
Bupkroda u T. 1., HEKOTOpPBIE KIACCUYECKUE HEPABEHCTBA, 3akoH CHewnyca 0 mpe-
JgoMmieHuu csera, 3agagau Jumonsr, Paubano, Topuuemru, ceru llrennepa u T.1.),
TaK ¥ OTHOCUTENLHO HOBHIE 33,1881 T€OMETPUN, aITeOpPLI U aHAIN3a, & TaKXKe 33 1a41,
IpeqIaraBUInecs HA PA3JUYIHBIX CTYIEHYECKUX U INKOJBHBIX OIUMInanax. Heckouanb-
KO TPUMEPOB U3 MATEMATUYECKON DKOHOMUKHU COODAHBI B OTAEJIbHBIN maparpad.
Kax e maparpad Mbl HAMIHAEM ¢ KOPOTKOT'O TEOPETUIECKOTO BBEICHUS.

B craree npegnaraercs 50 3amad 4151 cCAMOCTOATEIBHOIO PEIIEHVS, OKOJIO TPETH
U3 HUX — OOBOJILHO TpyaHble. HageeMcs, ITO cTaTha OyIeT WHTEPECHA MPEMOaa-
BATEIAM MATEMATUKU, CTYIEHTAM MIAIIINX KYPCOB W YICHUKAM MATEMATUIECKUX
IIKOJ.

1. IIpuHIU PEPMA

DYHKIUM OAHON MTEPEMEHHOU. Meron, nazsieaembin mpunnunoM depma, 06-
mewsBecTen: ecan GyHKusa f quddepeHmupyema, TO KaxX Iasg TOYKA €€ JOKAILHOTO
MUHEMYMa (MAKCUMyMa) ABIACTCA CTAMOHAPHON TOYKOU, T.€. ABIACTCA PEIICHUEM
ypasrenus f'(x) = 0. O6 sroMm eme 1o Pepma GBLIO CKA3AHO:

«ITo 06e cTopoHBI OT MecTa HAMOOJBIIEr0 3HAYEHUsA yOLIBAHNE BHAYAJIE HEIYB-
creurensroy (Moramn Kemrep).

O6paTHOE HEBEPHO: CTAIMOHAPHAS TOYKA MOXKET HE OLITH TOYKOU JOKAJILHOI'O
DKCTPEMYMA, KAK IOKA3BIBAET IPOCTEHIME mpuMep: (PyHKIUA xz° B Touke T = 0.
Y1066l HAUTH DKCTpEMaIbHBIE 3HaYeHusa GpyHkuuu f, pemaem ypasaenue f'(z) = 0,
HAXOJWM BCE CTAIMOHAPHEIE TOYKM, KOTOPLIE Oy IyT (MOA03PAUTEILHLIMIY HA SKCTPE-
myM. OCTaeTCa BOCIOAL30BATECA TEOPEMON CYIIECTBOBAHNUA: HEIPEPLIBHAA (PyHKIAA
Ha oTpe3ske [a,b] mocTUraeT CBOEro HAMGOMBIIETO ¥ HANMEHBIIEro 3HavYeHnsA. Bygem
CUINTATE >TOT (PAKT NEOMETPUICCKN OUYEBUIHBIM, U TIPUMEM €ro 6e3 JOKa3aTeTbCTBA.
Taxum 06pa3oM, TOIYKA MAKCUMYMa, ¥ MUHIMYMA, CYIIECTBYIOT, 8 3HAYMAT, HAXO IATCA
CPEU «ONO3PUTEMLHLIXY — JUO0 CTAMOHAPHEIX, 160 KOHIEBLIX. 1Oraa IpOCTEIM
mepe6opoM HAXOAUM TOYKA MUHMMYMAa W MAKCHMYMA.

3ATAYA C IBYMSA WK BOJIEE NEPEMEHHBIMUA. IIpuanun depma pacnpocTpans-
€TCA Ha DTOT CIydau 6e3 CyIIeCTBeHHBLIX M3MEHEHNN. UTOOL HAUTHU SKCTPEMAILHEIE
suavenus pyuxmun f(z), roe ¢ = (r1,...,T,) € R, HAXOIUM CTAIMOHAPHBIE TOYKY
13 ypaBHEHUSA

fl®)=0 & fo(x1,...,2,) =0, 1<j<n.

YpaBHEHUN 31€CH CTOMLKO e, CKOJIbKO HEM3BECTHLIX. [lamee mob3yeMcs TeopeMon
Benepirpacca (TeopeMon CylecTBOBAHNA), 3AMEHUAB B HEN «OTPE3OK [a, b]y HA «KOM-
makT A B R?» — orpaEMvYeHHOE 3AMKHYTOE MHOXKECTBO. (3aMKHYTOE) O3HAYALT, 9TO
MHOKECTBO COJEPKUT BCE CBOU MpPENeNbHLIE TOUKH.
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EcTecTBEeHHEIN BOMPOC: UTO NEMATh, €CIA MAHUMYM UINETCA HA HEOTPAHUICHHOM
muoxecTBe? Hampumep, Ha Bcem R?? A ecoin — Ha HE3aMKHYTOM MHOXKECTBE, HATPU-
Mep, Ha OTKPHITOM uHTepBane (a,b)? B sToM cayuae kakue-HUOYIb NOTOTHATEILHLIE
cBOUCTBA (PYHKIUU f MOT'YT IMOMOYL. JaCTO UCHOIL3YIOT ABa yTBEPXKACHUA, 1OKa3a-
TEIbCTBA KOTOPBLIX Oy YT HIPOCTHIMU YIPAKHEHUAMA IJIA TATATENA.

JIEMMA 1. Ecau gywxyus f: R® — R nenpepwvisna, u npu amom f(x) — +00 npu
|z] = /2 4+ ...+ 22 = 00, mo ona docmuzaem ceoezo munumyma wa R*.

JIEMMA 2. Ecau gynwxyus f : (a,b) = R nenpepwiena u f(xr) — 400 npuz — a
u npu x — b, mo ona docmuzaem ceoe2o muruMyma na uwmepsase (a,b).

Taxk xe popMyIUPYIOTCA COOTBETCTBYIOIINE YTBEPK AeHUA Ha MakcumyM. Haurem c
OHOT'0 M3BECTHOI'O IIPUMeEPA.

[MPuMEP 1. 3AKOH CHEJINYCA. Jlyd cBeTa mepecekaeT mpAMYIO TPAHUILY ABYX

Cpell, BXOMA MON YIVIOM (v, U BBEIXOAA mox yrioMm (3 (06a yIiia OTCIUTHIBAIOTCA OT

sin «v sin 3
HOpMaJuu K rpanune). Torga = , TJ€e Vg U Vp — CKOPOCTHU CBETA B DTUX

Va Vp
cpenax.

PEMEHNE. CunTaeM M3BECTHBIM, YTO JyY CBETA MPU CBOEM IBUXKEHUU OT O-
HOH TOYKY K APYIOU BLIOMPAET TAKOU IIyTh, NJIA MIPOXOXKIEHUA KOTOPOro Tpebyercs
MUHUMAJIBHOE BPEMs MO CPABHEHUIO C JIOOBIM ADYTMM BO3MOXKHBIM IyTeM. (DTOT
OprHOUO B onTuke Takxke ycradosua Pepma.) Ecau B3aTh Ha ayve Touku A u B mo
pa3HbIe CTOPOHBI OT TPAHUIIE, & CAMY TPAHUIY 0003HAYUTE Yepe3 [, TOMyIuM 33,139y
HA MUHUMYM:

AM  BM .
= + o — min,
b

f(M)
M el

Touka MUHUMYMa CymIeCTBYeT, 5TO rapantupyeT Jemma 1. O6o3naqmm ee aepes M.
Teneps HyKHO BEIMUCIATL Tpom3Boaayio Gyrkmmu f. Kak aTo caenars? MoxXHO BI-
pasuTh camy pyukuuo f mo Teopeme Iudaropa, wim mo TeopeMe KOCUHYCOB, 3aTEM
HAUTHU €€ TPOU3BOAHYIO. Y100HEe, OMHAKO, (M 3TO MOKET MOKA3ATHCA MAPAJOKCATb-
HEIM), PACCMOTDPETH [ HE KaK (PYHKIWIO HA MPAMOU JUHUY, 8 KAK (PYHKINIO HA BCEU
mwiockoctu. [Ipowssoguas f' (rpaguent) miumaer orpeska AM B touke M sBiser-

(1)

Va

€A BEKTOPOM U, €JUHUIHON IJIMHELL, COHAIPABICHHLIM ¢ BeKTopoM AM . Anamoruano
ompenesisieM BEKTOD Uy, — npou3Boguyo gmuasl BM . Urak, f' = u, /v, +up/vp. lpo-
M3BOAHAA PYHKIMK [ BAOIL IPAMOU | — BTO IPOEKIUA BEKTOpa f' Ha oTy Ipamylo.
Taxkum o6pazom,

' __ sina __sinf
£ = S| - T2y
Ho ecim My — rouka munumyma, T0 f'(Mp) = 0. A mockombky |ug| = |up| = 1,

sin « sin 8
TMONyYIaeM OKOHIQTEThbHO —— = ——
Va Vp
SAMEYAHUE 1. Anamorudno, n gaxe HECKOJIBKO MPOIIE, MOKHO BEIBECTU U3BECT-

HBIU 3aKOH OTPAaXKEHWUA CBETA: YoM MAJCHUA PABEH YTy OTpaxkeHusa. HyKHO B3ATD
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IBE TIPOU3BOJILHEIE TOUKM A U B 1O OLHY CTOPOHY OT TIPAMOU | M PENUThL DKCTPe-
manbHyo 3agady (1) mpu v, = vp. Koneduno xe, 5Ty 3agady MOXKHO PEIIAThL 6e3
BCAKUX MPOU3BOMHBIX, YUCTO I'€OMETPUIECCKU, UCIOJNb3ysd CUMMETPUIO OTHOCUTEIb-
uo npamou [. Qguaxo, y HAIIEro cnocoba ecTh, KAK MUHUMYM, [Ba MPEUMYIIeCTBA.
Bo-mepBrrx, oH 6€3 M3AMEHEHUA PACTIPOCTPAHACTCA HA CIydal v, 7 vp (a reomerpu-
YeCKU 3TO chenaThb HempocTo!). Bo-BTOPEIX, U 3TO camoe TIABHOE, OH HAXOIUT He
TOJBKO TOYKNA MUHUMYMA, HO W BCE CTanmoHapubie Touku Gpyukiuu f. Tak, MbI 10-
kazaau, 970 3a1a4a (1) Bcerga uMeeT €IUHCTBEHHYIO CTAIMOHAPHYIO TOYKY, U DTa
TOYKA XapaKTePU3yeTCsa CBOUCTBOM Sin /v, = sin 3 /vp. Bocmoabayemcsa atum B ce-
IYIOMEM MPUMEPE U3 DPTOAMIECKON TEOPUH.

IIpuMEP 2. TEOPEMA BUPKIO®A. [/ IpOU3BOILHON [VIA KON 3AMKHY TOU KPU-
BOH HA IJIOCKOCTH, OTPAHMYUBAIONIEN BLITYKIYIO (PUTypPy, CyIIECTBYeT OWIIHAPT C
n BepmuHAMHU (OUILIHAPAOM HA3BIBAETCA MHOIOYTOJBHUK C BEPIIMHAMU HA JAHHOU
KPUBOU, JIOOLIE JBE COCENHME CTOPOHBI KOTOPOTO OOPA3ylT C KPUBOU DABHLIE
YTUIBL).

PEMEHUE. PacCMOTpUM MHOXKECTBO BCEX N-yTOJLHUKOB C BEPIINHAMA HA JAHHOU
kpuBou. OYEeBUIHO, BTO MHOXKECTBO OyI€T KOMIAKTHEIM, €CIA TOILKO MBI TO3BOIAM
coCeHNUM BepimHaM cOBnaaaTh. CleI0BATENLHO, CPEIN ITUX MHOTOYTOMLHIKOB HAM-
IEeTCA TOT, KOTOPBEIU UMEeT MAKCUMAMLHLIN epuMeTp. OH 1 ABIAeTCA OMLIMAD IOM.
[lna noKasaTeaLCTBA 3aMETUM CHAYAIA, ITO OH UMEET POBHO N Pa3IMIHEIX BEp-
muH (B IPOTUBHOM CAydae ZOOABAM HECKONBKO HEIOCTAIOLUIMX BEPIINUH, HEPUMET]
OT BTOrO yBeaMIUTCA). BosbMeM Temepb Tpu cocenuue BepmuHsl Ay, Ay, A3 u 060-
3HAYMM Uepe3 | KacaTelbHyI0 K KpuBou B Touke Ay. Takum obpasom, | = {As + tu,
t € R}, rme u € R?, |u| = 1 — mampaBasommii BeKTOp mpAMO#. IIpeamomoxumM, oT-
pesku As Ay u Ay Az obpasyor ¢ | He paBHble yrunl. Torga mpousBomgHas (QyHKIIA
f@t)y = f(M) = A\M + AsM, rage M = Ay + tu, e paBHa Hyao B Touke t = 0
(sameuanme 1). IIpu t — 0 umeem f(t) = f(0) + f'(0)t + o(t), rae o(t), xak OOBITHO,
0003HAYAET BEINYUHY, OECKOHETHO MATYI TO cpaBHeHuio ¢ t. C Ipyrou CTOPOHHI,
[ — kacaTenbHag, TODTOMY IJ TPOU3BOILHON TOYKYU N KPUBOU, OMU3KOU K Ao, mMe-
em f(N) = f(t) +o(t), rge M = Ay + tu — Giamxanmas k N Touxa npsvon [. Urax,
f(N) = f(0) + f'(0)t + o(t). Ho mockoaeky f'(0) # 0, MBI BEAUM, 9TO Ha KPUBOU
cymectByor Touku N, gia xotopeix f(N) > f(0) = f(A2), a 5To mpoTUBOpEINT
MAKCUMAJIBHOCTY IEPUMETPA, HAIIET'O MHOTOYTOMLHUKA.

3AMEYAHUE 2. B Tmeopeme Bupkroda rmagkocTs Kpusou cyiectrenna!l Kpusas
NOMKHA, OBITH, KAK MUHUMYM, TUMDMEPEHIIUPYEMOUN B KAXKIOU TOYKE, UHAYE OULIA-
apJa MOXeT He cymecTBoBaTh. Hampumep, kpuBas, OrpaHUYMUBAIONIAS TYMIOYTOThb-
HBIU TPEYTOJbHUK, HE UMeeT TPeyroabHoro ounmmapaa. [ovemy? Ecau Tpeyroasauk
rMeeT OWIIMAPI W3 TPEX BEPIIWH, TO 3TU BEPIIVHEBL JEXKAT B OCHOBAHUAX BBICOT
(mpumep 8), a [/ TYIOYT'OJIBHOINO TPEYTOILHUKA [BA OCHOBAHUA U3 TPEX JEXKAT BHE
TPEyTOJbHUKA.

3AMEYAHWE 3. Brwumapab n3ydalorcsa B 5progudecKOn TEOPUHM, TEOPUY IUHA-
MUYECKAX CUCTeM, MexaHuke (cM., Hampumep, [11]). Oum mpencrasasior co6oun 3a-
MKHYTEIC TPACKTOPUN IBWKCHUA MEXAHWIECKUX CUCTEM B (PA30BOU ILIOCKOCTH. MBI
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BUIENM, 9TO BIMCAHHBIN 7-yTOJBHUK MAKCUMAJLHOTO TEPUMETPA ABIACTCA OUILIH-
apaoM. O@HAKO IA OCTPOYTONBHEIX TPEYTOJILHUKOB OUIIUAPH (TPEYrOMbHBIN) CO-
OTBETCTBYET HE MAKCUMAJLHOMY, 8 MUHAMAILHOMY mepuMmeTpy (3amada DanbiaHo,
npumep 8). DTO MOXKET MOKA3aThCsA NpoTuBopedneM. Ho 1emo B TOM, 9TO Kak B Mu-
HUMAIBHOM, TaK U B MAKCHMAJBLHOM CIydae GUIIIADI COOTBETCTBYET CTAIXOHAPHO-
MY TIOJIOKEHUIO BEPIINH, KOT 44 BCE TACTHBEIC MPOU3BOTHEIE TIEPUMETPA, IO BEpIIMHAM
PABHBI HYJII0. DTO OTPAXKAET OAUH U3 OCHOBHBIX MPUHIMUIIOB KJIACCUIECKON MEXAHU-
ku (mpuniun FaMUILTOHA): NBUKEHUE MEXAHUIECKOU CUCTEMbI TIPOUCXOIUT BIOJb
CTAIMOHAPHEIX TPACKTOPUH, IAe IPOU3BOIHLIC AEHCTBUA paBHEI Hyawo. Ilpu aTom
caMo JeHCTBHE He 00S3aHO OLITh MUHMMAJIBLHLIM, KAK IPEANOIaraloch MaTeMaTuKa-
mu XVIII Beka. Hogpobree 06 sTom cm., mHampumep, [10].

YHPAXKHEHUE 1. DOKAJTBHOE CBONCTBO AJIUINCA. JIyd cBeTa, BBIXO AR 13 (DPOKY-
Ca BIINICA, OTPA3UBIINCH OT €r0 MOBEPXHOCTH, MONAIaeT BO BTOPOU (BHOKYC.

YTOPAXKHEHUE 2. [lokaxXuTe, ITO CTOPOHHI JTIOO0OT0 N-YyrOJILHOTO OWIIMApPAA NAHHOTO
DJLINATICA KACAIOTCA HEKOTOPOro (pMKCUPOBAHHOTO »jurunca. Kak CBA3aH 3TOT JJINANC C KC-
XOTHBIM ?

YuPAKHEHUE 3. ChopMmyaupynTe u J0KaxuTe GOKATLHBIE CBONCTBA TUIEPOOILI U Ma-
pabousL.

I[TpuMEP 3. Yepes maHHYIO TOYKY BHYTPU yIJIa MPOBEINTE OTPE3OK HAVMMEHBIIEH
[NIVHEL C BEePUIMHAME Ha CTOPOHAX yTIa.

PEMEHWE. JlemMa 1 rapanTupyeT CyliecTBOBaHME HauMeHbIero orpeska. O6o-
3HAYUM ero depes AB, a maHuyio GUKCHPOBAHHYIO TOUKY BHYTPH yria — depes M.
ITposegem vepes M mpyrou orpesok A’B’' ¢ Bepmmuamu Ha cTopoHax yraa. IlycTs
0 — opuentupoBanuby yroa Mexay A'B' u AB. ®yukuus f(§) = A'B’ mocruraer
cBoero munuMmyMa B Touke § = 0, mosromy f'(0) = 0. Hycre a = K AB, 8 = ,KBA,
rage K — BepmmHua yria, [IpuMmeHus TeopeMmy cuHycoB K TpeyroabHukam M BB' u
MAA', nonyanm

r sinf r sin &
MB = MBsin(ﬁ +4)’ MA" = MAsin(a -96)’
CIeI0BaTEILHO
Af=A'B'-AB=MB' + MA' —MB - MA=
_ sin sina _
=MB (sin(ﬂ +9) 1) +MA <sin(a —9) 1) a
2singcos(ﬂ+g) ZSingcos(a— g)
=—-MB - +MA -
sin(3 + 9) sin(a — )
Uraxk,
Af _2sin% cos(ﬁ—l—g) Acos(a—%)

NS 1) MB sin(3+6) M sin(a — §)
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2 sin 9
IMockonbky —5 — 1 mpu § — 0, u ipu aTOM
cos (ﬂ + %) cos (a — %)
sin(B + 9) = ctgf, sin(a — 4) — ctga,

HOTy9aeM OKOHYATEILHO
f'(0)=—-MBctg B+ MActga.
Ho rax xax f'(0) =0, To m1a kpardaumero orpeska AB moayyaem
MBectg = MActga.

Kak reoMeTpryeckn 0XapakTepu3oBaTh 5TO cBOUCTBO? OMycTUM MepreH IuKy.Iap
K H ua AB. Herpyauo nposeputs, uro HB/H A = ctg 3/ ctga. C gpyrout cTOpOHBIL,
MA/MB = ctg 8/ ctg a, mosromy M A= HB, MB = HA. Urak,
xpamuatiwut ompezox AB zrapaxmepusyemca caedyouwum c80Ucmeom:
npoexyus sepuunbt yeaa wa AB cummempuuna mouxe M ommuocumenn-
no cepedunvt ompeska AB.

SAMEYAHUE 4. TloueMy MBI OMpaHUYWINCH JUIIL TEM, 9TO OXapPAKTEPU3OBAIN
nooxxenue orpeska AB, a me mamu cnocoba ero nmoctpoenus’? [lego B ToM, 9TO 1y
MPOU3BOIBHOTO YIVIA BTOT OTPE3OK HE MOXKET OBITH MOCTPOEH C IMOMOIILIO MUPKYJIA
u auHenku. VIMEeHHO TOSTOMY 3Ta «(IIPOCTasdy TeOMETPUIECKAsa 330a¥a MMEeT CTOMb
TpOMO3JKOe perienue. [IpuBeqeHHOE PEIIeHNs ABIAETCA CAMBIM KOPDOTKUM U3 BCEX,
M3BECTHHIX aBTOpaM (cM. Takke [15]).

Ecau GBI CymIeCTBOBATIO TAaKOE MOCTPOEHUE, KOTOPOE HAXOAUIO OBl KPATIANIITAN
OTPE30K IJIA JI0OO0r0 yria, TO OHO TOAWIOCH ObI U A1 IpAMOro yraa. Ecmm yron K
upsmon, o MA/MB = ctg 8/ ctga = ctg(g —a)/ctga = tg? a. C 1pyro# cTOpoOHE,
MA/MB = tgvy/tga, roe v — yroa mexay KM n KA. Urak, tga = {/tg~y. Ho-
CTPOUTHL OTPE30K AB o3HaYMaeT HAUTY KyOUveCcKuu KopeHb u3 uncaa tg v. [locrenuee,
KaK M3BECTHO, HE BBIMOJIHAMO C MOMOIIBLIO MUPKYJISA U JUHEUKH.

B skcTpeManbHBIX 3a1adaxX TAKOE CAYYAeTCS AOBOJBLHO YACTO, KOTJa BO3MOXKHO
TOMBKO 0XapaKTEPU30BATH MONOKEHUE TOYKM MUHUMYMa, (MAKCAMyMa), & HE HAUTU
ee KOHCTPYKTUBHO (3ana4uu 15-17 u 38-40).

YUPAXKHEHUE 4. IIpaMon, mpoxXoadmen 9epe3 JaHHYI0 TOYKY BHYTDPH yTia, OTPE3aTh
OT 3TOr0 yria TPEYrOMbHUK HAUMEHbIIeH Iromanu. Hangure Kak TeOMeTPUIECKOe perte-
HUe, TaK U pelleHne, UCIOIL3YIolIee mpon3Boguyo. Kakoe n3 Hux mpoure?

YOPAXKHEHUE 5. To xe, HO AA TPEyroIbLHIKA HAMMEHBIEro nepuMerpa. Hangure kax
reoMeTpUYIecKOoe pelleHre, TaK U pelleHre, UCIOMb3YIOIee IPON3BOIHYIO.

YOPAXKHEHWE 6. KacaTelbHOU K NAHHOU OKPYKHOCTH, JEXKAIlel BHYTPU YT, OTPe-
34Th OT ATOTO YIJIa TPEYTOIbHUK &) MUHUMAIBLHOH ILIOMAAY; ) MUHUMATLHOTO TEPUMETDA.

YNPAYXKHEHUE 7. Yepe3 naHHYI0 TOUKY BHYTDH YyIVIa IPOBECTU NPAMYIO TaK, YTOOBI
cymma KA + KB 6buta manvensmen (K — Bepmmaa yriaa, A m B — TOYKa TEepecevIeHus
IPAMOK CO CTOPOHAMH yTJIA.)

PaccmoTpum Temepb HECKOTHLKO TPUMEPOB U3 AAreOpHI U aHAIU3A.



38 A. Bpurkxayc, B. FO. IIporacoB

IIPUMEP 4. OCHOBHASI TEOPEMA AJITEBPBI. MHOIO4YICH € KOMILICKCHBIMU
KO3 PUIMEHTAMI, OTJIMYHBIA OT TOXKJECTBEHHON KOHCTAHTHI, UMEET KOMILIEKCHBIN
KOpPEHb.

PEMWEHUE. BosbMeM NpOM3BOJBHBIN MHOTOYWIEH P(z), ¥ PACCMOTPUM BEIUTUHY
|p(z)| kak yHKOMIO OBYX AEMCTBUTEJILHBIX IEPEMEHHBIX T U Y, Tae 2 = T + yi.
Ilo memme 1 »Ta (QyHKOMA [OCTUTAET CBOETO MUHUMYMa B HEKOTOPOU TOYKE
Z = (%,7). He orpanuduBas OOGIIHOCTHU, C BO3MOXKHBIM CABUIOM apryMEHTa, MOJa-
raem z = 0. IIpegnomoxum, 9TO B 3TOU TOUYKE MHOTOWIEH p(z) HE 06paIIaeTCa B
HOMB. IlycTh k — HamMEHBIIEE TONOKUTETLHOE IUCI0, 4TI KOTOPOTO KOA(DPUINEHT
npu z¥ B MEOrOWNeHE P(2) Hemymeson. Torma p(z) = ag + apz® + ... +apz™, k> 1m
ay, # 0. Bozee Toro, ag # 0, nockoasky ag = p(0) = p(2) # 0. Teneps BozbMeEM 01HO
u3 pemrenuit u € C ypaBHenus ag + arz® = 0, T.e. OJVH U3 KOMILIEKCHEIX KODHeH
k-Toit cTenenu w3 wmcna —agaj, |- MomyTaem

[p(tw)| = lao + ax(tu)* + o(t")] = |(1 = t*)ag + o(t*)| < |ao| = |p(0)],

st goctatovHo Maubix ¢ > (. [lomyvwmnu nporusopeyne: no npeanonoxenuo Z = 0 —
Touka MuHuMyMa 1 |p(z)|. Teopema nokazana.

YTOPAXKHEHUE 8. [TPUHIUI MAKCUMYMA IJI1 AHAJUTUYECKOW ®YHKUUHU. [Jokaxu-
Te, ITO MAKCAMYM MOAYII aHAMATHICCKON GyHKnmy (GyHKOMM KOMILUIEKCHON IEPEMEHHON

o0
2, ARMIONMIENCA CYMMOI aGCOTIOTHO CXOAMIeroca crenennoro paga f(z) = 3. axpz’) B we-
k=0
KOTOPOM KPyTe Ha KOMILIEKCHOHU INIOCKOCTH NOCTUTAETCA Ha TPAHUIE dTOTO KPyTa.
PaccmorpuM Teneps HECKOABKO MIPUMEPOB U3 TEOPUU MPUOIAKEHUN.

YTUPAXKHEHUE 9. TIPUHIUN HAUMEHBLIINX KBAJPATOB. IIpeamonoxumM, HaMU IOIyde-
mel 5 map aucen (z:,¥:),1 <i < 5: (1,2), (2,5), (4,7), (6,10), (8,14). Mer xoTr™m nono6pars
IUHERHYO GYHKIUIO Y = ar + b, KOTOpas ObI BEIPAXKATa CBA3b MEXKY MEePEMEHHBIMU B DTUX
mapax HamrydmuM o6paszom. O auH u3 cmoco60B — BHIOPATH PYHKIUIO, AIA KOTOPOU CyMMa,

— 5 2 " o
kBagparos f(a,b) = Y7  (y; — ax; — b)” 6blra 6b1 Hammensmen. Haigure sTy dyHKmmo.

S3AMEYAHUE 5. [IpuHIUT HAMMEHBIMX KBAAPATOB UMEET MHOXKECTBO MPUIOKE-
mun. HampuMmep «pemmnTh cucTeMy JMHEMHLIX YPABHEHUN, KOTOPasA HE MMEET pelle-
Huwsy. Bomee TouHO: HamTu TOuKy MuHmMyMmMa Gyukuuu f(z) = |Az — b| Ha Bcem
npoctpanctee R”. 3gece A — 3agagnas m X n-marpuna, a b € R™ — naganin Bex-

m
TOp; HOpMa eBKIMI0Ba |x| = Y z7. JTa 3agada Bcerga uMeeT pemenue (demma 1),
IPUIEM €IMHCTBEHHOE. =1

I[TPUMEP 5. MHOTOYJIEH HAWIYYIIETO MPUBJINYKEHUA. IIprHimn HanMeHbImX
KBaAPATOB MPUOIMKACT (PYHKIINIO, 34JAHHYI0 B HECKOMBKUX TOYKAX, MHOTOWICHOM
MEepBOM CTerneHn. A 9TO0, ecau MpuOIMKATL (DYHKIMI0 MHOTOWICHAMU 60Jee BBICO-
xux creneren? U He Ha KOHEYHOM YHUCIE TOYEK, a Ha IeaoMm orpeske? Kakou muOTO-
wien Oy et HamtyImmM? HamomuanM, 9To MEOrOwieH Termopa npubamkaeT QyHKIIo
JIWIIE B MAJOU OKPECTHOCTH TOYKH, HAM K€ Hy2KHO IpUOJIM3UTE ee Ha oTpeske. K co-
KANEHUIO, KOAX(PPUIUEHTH MHOTMOWIEHOB HAMIYIIIEr0 TPUOIUAKEHAA B TAKOU 33 A€
MOT'YT OBITH OY€HBb BEIUKU. JTO OOCTOATEIHLCTBO TEJAET 3a0a9y IYBCTBUTEIHLHOU
IO OTHOIIEHUWIO K MAJTHIM U3MeHeHUAM (pyHKIuu. [103TOMy OOBIMHO HeJAl0T TaK: A
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b 2 .
KaK10ro 1neqaoro k > 0 pemraem sKCTpeMatbHYyIO 3agady [ |pk (1‘)| dr — min, rge
a

Pr — HEM3BECTHBIM MHOTOWIEH cTerneHu k co crapmuM xodddumuentom 1. Takum
obpazom, mis kaxaoro k > 0 Mbl mpubamkaeM (QYHKIU «TOXIECTBEHHBIU HOJIb)
MHOTOYIEHOM cTermenu k. Hawnydimme MHOTOYWIEHBI Py, HA3BIBAIOTCA MHO20UAEHAMU
Jexcandpa. 3aTeM MBI HAXOOUM [JAsA NAHHOU (PYHKIUU [ MHOTOUWIEH HAWIYUIIErO
TPUOIVKEHUS B BUIE JUHEUHON KOMOUHAIIUYA MHOTOUICHOB Py -

YnPAKHEHUE 10. Hamaure muorounen Jlexannapa ps(t) Ha orpeske [—1,1], T. e. pemm-
1,0 2
Te dKCTpeMaIbHyIo 3agady [, (2 + xot + 21)° dt.
Y1nPAXKHEHUE 11. Hamgure muorowren Jlexanapa ps(t) ma orpeske [—1,1].

YTOPAYKHEHUE 12. POPMYJIA POIPUTECA. [JokaxuTe, 9T0o MEHOTOUIeH Jlexanapa py (t)
Ha oTpeske [—1, 1] Beraucasercsa mo Gopmyre

pe(t) = 2 L2 gy, @)
(2n)! (dt)

Iodcxkaska. PaccMoTpuTe COOTBETCTBYIOUIYIO SKCTPEMAIBHYIO 33124y U JOKAXKUTE, ITO
€€ peIeHre eqUHCTBEHHO U XaPaKTEPU3yeTCA CIeAyIONIM CBOMCTBOM: MHOTOWICH Py OPTO-
TOHAJIEH BCEM MHOTOWIEHAM MEHBIIUX CTENEeHeH, TO eCTh

1

/tTpk(t)dtzo, 0<r<k—-1

—1

[anee mo MHAYKOWY MOKAXKWTE, ITO MHOTOYIECHBL (2) 5THM CBOUCTBOM OGIAJAIOT.

2. BBINYKJBIE 3ATAYN

DOYHKINA OTHOW NEPEMEHHON. HenpepriBras Gyakiusa f Ha3EIBAETCA BLIITYK-
JIOU, €CIU A MTIOOLIX X1, Lo BHIMOJIHEHO HEPABEHCTBO

7B < S fan) + 5 (0):

Ecmu 570 HEpaBEHCTBO CTPOTOE MIA JIOOBIX L1 7 T2, TO (PYHKIAA HAZLIBAETCA CTPOTO
BRIMTYyKJIOU. Eciu GyHKIINA OTHOU TEPEeMEHHON ABAXK I Aud GepeHimpyeMa Ha, 0OTPe3-
Ke, TO yOOOHBIM KPUTEPUEM €€ BLIMYKJIOCTH ABIACTCA HEOTPUIATEIHLHOCTH BTOPOU
npousBogHon Ha sToM orpeske: f'(z) > 0. Ecau xe Bropas mpouwssognas Besne
CTPOro MOJOXKUTENbHA (1K, 60oIee TOUYHO, He 06PAIAETCA B TOXKICCTBEHHBIM HOIb
HU HAa KAKOM MHTEPBaJIe), TO (PYHKIUA CTPOrO BHIMYKJIA. [[1a SKCTPEMAIBHBIX 3a-
Iad BBITYKILIE (QYHKIN IPE3BLITANHO yIOOHBI, 6MArogapsa ABYM CBOMM CBOMCTBAM:

> J:060U JOKAMBHBIN MUHUMYM BBITYKJIOU (GDYHKINY SBIAETCA €€ NIOOATLHBIM MU-
HUMYMOM Ha BCEM OTpPe3Ke.

> Ecau @yukuua f Beimykaa, To ycrosue cranuonapuoctu f'(Z) = 0 asasgerca ue
TOIBKO HEOOXOMUMBIM [T MUHUMAIBHOCTH (DYHKIIMU B TOYKE T, HO U JOCTAa-
TOYHBLIM.

s cTPOTO BHIMYKIBIX (DYHKIUUA TOOABIACTCA €Ile OTHO 3aMeYaTeILHOE CBOUCTBO:
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> CTporo Buimykias GYHKINA UMEeT He 00Jee OTHOU TOUKUA MUHUMYMA.

Bouee TOr'0o, OJA CTPOT'O BBIMYKJIBIX CI)yHKI_IPIfI BBITIOTHACTCA TPUHIIUIT MaKCUMYyMa:
TOYKa MAaKCUMyMa Ha KOMIIAKTHOM MHOXECTBE BCer'da JICXKUT Ha I'PAaHUIIE 3TOTO MHO-
2XKeCTBa.

DYHKINU MHOTUX MEPEMEHHBIX. Onpegejaenus u CBOUCTBA T€ Ke, ITO U B CIy-
9a€ OMHOU MepeMeHHOn. [Ba OTInYms: Be3ae OTPE30K 3aMEHAECTCA Ha, BHILYKIOE TEJIO0
(BBITLYKJIBIN KOMIAKT), & TaKkKe KpUTEepud BumykaocTu [ > 0 3aMeHaeTCA HA YCI0-
BUE HEOTPUIIATEIHLHON OMPENENIeHHOCTY KB IPATUIHON (POPMEI, 33 TaHHON MATPUILICH
U3 BTOPHIX TPOU3BOAHLIX. BBUIY MPAKTUYECKOU CAOKHOCTU DTOTO KPUTEPUS, MBI
He OyJeM €ro UCIOAL30BATh, & OyIeM IPOBEPATH BEITYKJIOCTL (DYHKIIUA MHOTHX IT€-
PEMEHHBIX IIPOCTO IO ONPEAeJEHUIO (9TO B GOJBIIMHCTBE CAYYaeB [OPa3go MPOILE).
TMonpo6HEee 0 CBOMCTRAX BHIMYKIBLIX (DYHKIIUY U O BHIMYKIBIX SKCTPEMATLHBIX 33,1a9aX

cM. [2,3].

ITPUMEP 6. [[aH BHITYKIBIA YeTHIPEXYTOJbHUK. [[OKA3aThL, YTO Cpeau BCEX OT-
PE3KOB, MPOXOIAMNX YePe3 TOUKY TMePEeCcedeHrs AUMATOHAICH W UMEIOIIUX KOHIIBI Ha
CPAHUIIE Y€ THIPEXYTOJbHUKA, HAUOOJBIIYIO [INHY UMEET ONHA U3 IUATOHAJEH.

HecMmoTpsa Ha TAKOU «IKOJBHBIMY BUI M HA TEOMETPUYUECKYI) OUEBUIHOCTH 3TO-
ro ¢axTa, 10Ka3aTh ero HenpocTo. [Joxa3aTensCTBa, KOTOPHIE MOXHO BCTPETUTH B
JUTEPaAType, UCIONB3YIOT TOBOJLHO MPOMO3aKue BhruucaeHus. Hauboaee mpocToe u3
M3BECTHBIX HAM DPACCYkIEHUN UCIOIB3YET BHIMYKJIOCTL. HaduHem ¢ TOro, 94TO ycTa-
HOBUM CJIEAYIOIIAN TOJE3HBIN (PAKT, KOTOPHIU MPUCOAUTCA U B APYIUX 3a0adax:

JIEMMA 3. [Jana npamas a v mouxa P, ne aexncawasn na wet. Jas npoussosvnot
mouku M € a 0603nauuM wepe3 o OPUEHMUPOBAHHBLT Y20oa MEHCIY a U OMPe3KOM
PM. Toz2da dauna ompesxa PM ssasemca cmpozo svinykaoli Pynxyuetd yeaa o.

[lnsg noKa3aTeanCTBA OMYCTUM MEPIEHAUKYIAp u3 P Ha npauywo a (mycts h —

ero gmuna) u Boipasum MP = f(a) = siﬁa . YUurarens 6e3 TPya MPOBEPHUT, ITO
f"(a) > 0.

OTMeTUM, 9TO MBI MOTUI OBI OGO3HAYUTL UEPe3 (¢ YT'OJ, 00Pa3yeMbIl OTPE3KOM
M P c n106b1M (pUKCUPOBAHHBIM HAIIPABJICHUEM, U Y TBEPXK J€HUE JEMMEL 3 0CTaIOCH ObI
BEPHBIM (IOCKOJIBKY CABUT APT'YMEHTA HE BAUAET HA CTPOrYIO BHITYKIOCTh (DYHKIIAY).

Bepuemcsa k npumepy 6.

PEMEHUE TPUMEPA 6. [Iycts P — Touka nepecedenus guarosaneun, M u N —
TOYKM HA T'PAHUIE IeTHIPEXYyrOJbHUKA, npuieM oTpe3ok M N mpoxoaut depes P.
IIycTte Takxke a — yroa mexay orpeskoM M P um HEKOTOPHIM (PUKCUPOBAHHBIM Ha-
TPaBICHUEM. YTUIBI (] U (s COOTBETCTBYIOT AUATOHAMAM YETHIPEXYTONBHUKA, TAKIM
00pas3oM a € [aq, as]. Cornacuo gemme 3 06e Qpyukuuu fi(a) = MP u fy(a) = NP
CTPOrO BBITYKJLL HA OTPE3Ke [, (|, 3HAIUT u ux cymma f1+ fo = M N Takxke cTpo-
ro Beimykaa. CregoBaTeasHo, e MAKCUMYM HOCTUTAETCA HA KOHIIE OTPE3Ka, T. €., Ha
OMHOU U3 MUATOHAJIEU YeTHLIPEXYTOMLHUKA.

W3 neMMEL 3 MOXKHO «32JapOM» TIONYIUThH DA UHTEPECHBIX crencTsun. Hampumep,
TaKoe:
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CJIEI[CTBI/IE 1. Buccemnpuca mpeyz2oabHuUKaG MEHLULE TLOAYCYMMbL CTNOPOH, MEHC-
0y KOMOPvbIMU OHG 3AKANOUEHG.

[1a qOoKa3aTenbCTBA JOCTATOUYHO NPUMEHUTD ONpeeNeHre CTPOrOl BEIMYKIOCTH
a1 + ag 1
£(®592) < S (f(a) + f(a))
K ¢yuxmun f(a) = M P.

3AMEYAHUE 6. ITonesno Takxe caegyioiee ycuaeHue JeMMbl 3: yaxmusa f(a) =
= In M P Taxxe cTporo BHIIyKJIa. B camom mere,

(lnMP)”:(ln h )”:(—ctga)’zl/sin2a>0.

sin «
YTUPAXKHEHUE 13. JJokaxuTe, 4TO GMCCEKTPUCA TPEYTOJIbHUKA MEHBIIE CDEIHEr0 Ieo-
MeTPUIECKOT'0 ABYX CTOPOH, MeXIy KOTOPHLIMU OHA 3aKTIOUEHA.

BceM m3BecTHa 3a1a9a 0 TOYKE HA TMPAMOU, N1 KOTOPOU CYMMa PACCTOAHUM IO
IBYX (PUKCUPOBAHHLIX TOYEK MUHUMATILHA. OTBET JErKO TTOMYyIaeTCs TOCIe CUMMET-
PUM OTHOCUTEJILHO IPAMOU. A KakoB OyeT OTBeT, ecau TOYeK He ABe, a Tpu! A ecuau
PaccMOTpPeTh TPEXMEPHLIN AHAJOL: IJIA KAKOW TOYKM ILIOCKOCTH CyMMa PAaCCTOSHUN
0 (PMKCUPOBAHHBIX TOYEK TTPOCTPAHCTRA MUHUMATLHA!? HakoHel, 1acTo BO3ZHUKAET
rTakaa 3agada: Havtu Touky Ha mrockoctu (wim, Gomee o6mo, B R"™), cymma pac-
CTOAHUU OT KOTOPOU IO M NAHHLIX TOYEK MUHUMAMLHA. CKOMBLKO TOYEK MUHUMYMA,
CYIIECTBYET B TAKMX 3aJa49aX, 1 KAK UX OXapPaKTePU30BATL! PelIeHnsa 5Tux 1 MHOTIX
OPYTHX 33149 ONUPAIOTCA HA KIIOYEBYIO JEMMY:

JIEMMA 4. a) Hycmb dawnvie mouxu Ay, ..., Apm € R, m > 3, ne 6ce aewcam
na 0dnot npamoti. Tozda cymma paccmosnui

FIM) =AM + ...+ ApM

ABAAEMCA CMPO20 8binYkaotl Pynkyuetd mouxuy M € R™.

6) ITycmv Ay, ..., Ap € R®, m > 2 — dannvie mouxu, u H — afpunnas nioc-
xocmv 6 R™, ne codepwcawas nwu 0dnoti uz amuz mouex. Toeda dynwwyusa f(M) =
=AM+...+A,M, M € H, cmpozo evinyxaa na H.

[JOKABATENLCTBO. [JokaxkeMm TOABKO MYyHKT &), JOKA3ATEIbLCTBO 0) MOMIHOCTHIO
anajoru<uo. HyKHO MOKa3aTh, 9TO 414 JI0OOU Haphl PA3InIHbLX TodeK My, My € R
1

BLIIOJHEHO HepaBeHcTBO f(M) < 3 (f(Ml) + f(Mz)), rae M — cepenuna oTpe3ka
My M>. Ilockonsky A M — mexunana tpeyroasuuka My AjMs, ee qiuHa He IPEBOCXO-
1 .

auT 3 (Aj My + A;M>), npudem HepaBeHCTBO CTPOroe, eI A; He JEXKUT Ha IPIMON
My M. Cnoxus Bce HEPABEHCTBA OT j = 1 10 m u 3aMedas, 9TO XOTA ObI OJHO U3 HUX

cTporoe (Tak Kak He BCe TOUKH Aj JexaT HA OJHOM IPAMON), HOLydaeM TpeGyeMoe.

IIpuMEP 7. TOYKA DEPMA — TOPUYE/IN. Ecau yrabl TpeyroJbHUKa MeHbBIIE
271'/3, TO CYMMa PACCTOSHUU OT TOYKU IO BEPIIUH TPEYTOJBHUKA JOCTUTAET CBOETO
MUHUMYMa B €IVUHCTBEHHOU TOYKE, U3 KOTOPOU BCE CTOPOHLI TPEYTOJILHUKA BUIHEI
nox yrioM 27/ 3.
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PEWEHUE. OcTaBuM IUTATENO TOKA3ATEIHCTBO CYIIECTBOBAHUS TAKON TOUKN T’
7 JOKaxXKeM, IYTO B HEWl JOCTUTAETCA MUHAMYM CYMMBI pACCTOAHUN. Tak Kax BCe Ikl
ABC wmenbine 27 /3, To T He COBIAJAET HU C OTHOU M3 BEPIIMH TpeyroabHuka. Ilo-
sromy ¢yaxmua f(M) = MA+ MB + MC nudpdepenuupyema B Touke M = T
€e MPOU3BOIHAA PABHA CyMME TPEX eJUHUYHLIX BEKTOPOB, COHAMPABICHHBIX BEKTO-
pam AT, BT n CT. Tak xak yIVIel MeXIy 5TUMU BEKTODAMU DaBHBI 27/3, TO MX
cymma pasna Hyaw. Arak, f'(T) = 0. Ucnoas3ysa CTPOryr BHIIYKJIOCTL GYHKIMA [,
3aKI0vaeM, ITo 1 — eIMHCTBEHHAs TOYKa MUHUMyMa GyHKUIuu f.

ITPUMEP 8. 3ATAYA DAHBAHO. BrucaTh B JaHHBIN OCTPOYTOMBLHLIN TPEYTOMIh-
uuk ABC TpeyroabHUK HamMeHbInero nepuMerpa (Ha kaxgou cropone ABC nomxua
JIEXKATH OHA BEPIINHA TPEYTOJIbHUKA).

PEWEHKE. ITokaxkem, 9TO €MUHCTBEHHLIM PENIEHUEM 3a0a9K ABIAETCA OPTOTPE-
YTOMBHUK (C BEPIIMHAMEI B OCHOBaHWUAX BEICOT Tpeyromsauka ABC). llycts A', B',
C' — Tpu TOYKM, JEKAIINE HA COOTBETCTBYIOIINX CTOpOHAX Tpeyrombuuka ABC.
Sadukcupyem nse us uux A', B’ u paccmoTpum GpyHknmo ogsaon nepemennon g(C') =
= A'C' + B'C'. Ee npomsponnas paesa mHymio, ecam orpesku A'C’', B'C' o6pasytor
paBHBIe yrubl ¢ npaMon AB (3amedanue 1). AHAIOIMYHO ¢ OByMs ADYTEME CyMMa-
mu. Urax, npoussoguas dyukuuu f(A',B',C') = A'B' + B'C' + C' A’ pasna ny/mo
ecmu orpesku A'B’', B'C',C' A' o6pasyioT momapHO paBHEIE YTl CO CTOPOHAMMU TPe-
yroabanka ABC. CTOPOHBEI OPTOTPEYTOMLHUKA, DTUM CBOUCTBOM 06magaoT. Torga
U3 CTPOroU BHIMYKIOCTH pyHKIMY f (Memma 4) caemyeT, 9T0 OpTOTPEYTOTbHUK ABIA-
€TCsA eIUHCTBEHHBEIM TPEYTOJbHIKOM MUHUMAILHOIO MEPUMETPA.

YuPAXKHEHUE 14. Uccaeayure 3anaay DaHLAHO IIA YeTHIPEXyTOJbHUKA. 1A Kaxkmx
YETHIPEXYTOMbHUKOB MUHUMAJILHLIN BIUCAHHBIA YETHIPEXYTOJBHUK CYIIECTBYET, U OyaeT
I OH €UHCTBEHHBIM !

YTIPAXKHEHUE 15. B TpexmepHOM HpPOCTPAHCTBE AAHBI TPU IONAPHO CKPEIMBAIOIIIE-
ca mpambie. [JokaxwTe, ITO CyIIECTBYET eIUHCTBeHHaa Tpouka Totexk A, B,C (mo ogmomn
HA KaX IO MPAMOM), OOIAJAIOMAA TAKUM CBOMCTBOM: KaXJad U3 TPEX MPAMBIX 00pa3yeT
PaBHBIE YIubI C ABYMA COOTBETCTBYIOmmMEU CTOpoHamu TpeyroabHmka ABC (AB mw AC
06pa3yr0T PABHBIEC YTIBI C IPAMON, TPOXOAIIEH Yepe3 TOIKy A u T. 1.)

YTUPAXKHEHUE 16. Ha maockocTtu ganer m Todek. IIpm xakmx yCIOBHAX HA 3TH TOYKH
HamgeTca Touka M, NiA KOTOPOU CyMMa 1 eJUHUYHBIX BEKTODPOB C OOLUMM HAYaIOM B
M, manpaBJeHHBIX K >TUM TOuKaM, paBHa Hymo! Ckoabko Takux Touek M moxer ObITH?

YupPAKHEHUE 17. Ilyctes M — Touka BayTpu Terpasapa ABCD, ana koTopou cymma
PACCTOSHUN 10 BEPIIMH MUHUMATLHA. [JOKaXUTE, ITO TPOTUBOTOIOKHLIE pE6pa TeTpasapa
BUAHLI 13 TOUYKU M moa paBHBIME yraamu. [[okaxnuTe Takxke, ITO GUCCEKTPUCHI ABYX DTHUX
yTI0B JexaT Ha o gHou npavon. ChopMmyaupynTe yeIoBua Ha TeTPa’ap, IPA KOTOPLIX TaKad
TOYKA CymecTByeT (MO yCIOBUIO, OHA HE COBNAJAET C BEPIIMHAMMT. )

YNOPAYKHEHUE 18. YeThipe JepeBHU PACIOTOXKEHBI B BEPIIMHAX KBAAPATA CO CTOPOHOU
4 kM. ZKurenn XOTAT COeUHATD UX CUCTEMOU JOPOT TaK, YTOOLI U3 KaXK JOU JePEBHU MOXKHO
6bLI0 IpOexaTsh B A00yIo aApyryo. Ouu co6panu geabru Ha 11 kM goporu. XBaTuT au 3T0ro?

YNOPAYKHEHUE 19. Amanoruunan 3ajadva 104 IPABIILHOTO TeTpasdapa. Ilayk cBa3a: Bce
BEPIIMHEI TPABUILHOTO TeTpasapa. KakoBa mpu 5TOM HAMMEHBIIAA AIAHA TayTUHBI! JanyT
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JIX OTBET YETHIPE OTPE3Ka, COAUHAIONINE BEPIINHEI C MEHTPOM, WIA TMayK CMOXET O00UTUCH
MEHBIIEN JIMHOMN?

YnPAKHEHUE 20. Cerwio Illrennepa ama mamuwix Touek Ai,..., A, HasweBaeTca cu-
creMa OTPE3kOB (rpad), COEAMHAIOMAL STA TOIKM W MMEIOMAA HAXMEHBIIYI0 CyMMAPHYIO
JIAHY .

Ipumem 6e3 AOKa3aTEILCTBA, ITO ceTh lllTerHepa CyIIeCTBYeT NIA JH000r0 HAGOPa
Touek. Touku Aq,..., A, OyaeM Ha3BIBATEL JeticMEUMEAbHOIMU 6EPUIUHAMY DTOTO Tpada, a
OCTAJbHBIE €r0 BEPIIMHBL — A0HWCHBLMIL.

a) pokaxwre, 9T0 ceTs lllTennepa ABIAETCA OGHOCBAZHBIM IPadOM, T. €. OHA CBA3BIBAET
BCE BEPIIMHBI U HE COAEPKUT 3aMKHYTHIX IIyTEU, WM, YTO TO ¥Ke CamMoe, NI JI00U Taphbl
BEPIIUH CyIECTBYET eIUHCTBEHHBINA Iy Th, UX COEIMHAIONININ;

b) moxaxwmre, 9TO M3 KaxAOU J10xkHON BepumHbl ceTu lllTemHepa BBIXOAWT POBHO 3
OTPE3Ka, MPUIEM YTl MEXAy HUMHI PABHBL 27/ 3;

C) HOKAXKUTE, 9TO U3 KAXKJAOU NEUCTBUTEIHHOU BEPIIMHBI BEIXOAAT 1,2 mm 3 oTpeska.
B cryvae AByX OTDPE3KOB yroa MeXJy HUMHU He MeHbIle 27 /3, B CIydae TPexX OTPE3KOB yT.IbL
MeXAy HUMW PABHBL 27 /3;

d) mocrpoure cers llrennepa aaa tpeyrompamka. Juaa kpagpara (CpaBHUTE C yIPax-
mermeMm 18). [Ina paBHOGegpeHHON Tpanenuu. /|14 TpaBUILHOTO HATUYTOMLHUKA. /14 mpa-
BIILHOTO TeTpasapa (cpasaure ¢ ynpaxuenueMm 19). [ua xy6a.

Mur 3aBepiiaeM 3TOT maparpad HeCKOTLKUME TPUMEPaMU U3 JUHENHOUN aareGphI.
HamomuuM, a0 mpousBegenuem Agamapa x * iy TOUeK x,y € R HA3LIBAETCA TOYIKA,
¢ koopguHaTaMu (T1Yi, ..., TnYn) € R, 11 x;,y; — KOOPAUHATHL T U Y.

YTUPAXKHEHUE 21. Ilycts addunnble mrockoctu P u D ABIAIOTCA OPTOrOHAIBLHBIMU
JOTOTHEHUAMY APYT K Apyry B R™. IIpeanonoxum, 4T0 KaXAadA U3 HUX CONEPKUT MOI0KU-
TEJIBHYIO TOIKY (TOYIKY C MOJIOKUTEIbHBIMEI KOOP AMHATAME ). [JOKaXKXUTE, ITO TOrAa KaXK 1asd
TMOJIOXUTEMLHAS TOYKA MPOCTPAaHCTBA R" €IMHCTBEHHBIM 00Pa30M NMPEICTABAAETCA B BUIE
npoussenenua Agamapa Touku uz P u Touku uz D.

Iodexaszka. [aa KaxA0W NOJTOKUTEILHON TOIKKA £ € R” PACCMOTPUTE SKCTPEMATBLHYIO
3a a1y

folp,d)=p" -d—z" -In(pxd) > min, pe P, de D, p>0,, d>0,.

3pecs aorapudm Geperca mokoopamHaTHO: Inw = (lnwv,...,In vn)T IJIA TIOJOXUTEIbHBIX
rouek v. CpaBHeHMe Takxke nmokoopauHaruoe: x > 0, o3Hadaer, ¥ro x; > 0 g1 Bcex ¢ or 1
0 N.

SAMEYAHWE 7. W3 sTou 3a1a9m, B Y4CTHOCTHU, MOXKHO BLIBECTU YCJIOBUA TOTOM-
HAOIIEN HEXECTKOCTH B 3aJadaX JUHEUHOrO MPOrPAMMUPOBAHUA: CYIIECTBYIOT He-
orpunareisusie Touku p € P u d € D, gna koropeix pid; = 0, 1 < i < n (cm.
raxxe [9]).

3. TIPABUJIO MHOXKUTEJEN JIATPAHXKA

Kax aem gokanpubin MunuMmyM/MakcumyMm ¢yakuma fo(z1, ..., T,), OrpaHadeH-
HOU HECKOJIBKVMU yCIOBAAMY TUNA PABEHCTB fi(Z1,...,2,) = 0, 1 < i < m, asiaserca
PEIeHneM CUCTEMBI YPABHEHUN

Loy(2) =0, 1< j<m,
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rae L = L(z,\) obosnagaer dynkumo Jlarpamka y .-, N fi(z) A1 moaxoxsammx
muOKUTETEN A = (Ao, ..., A\m), XOTA OBl OAUH U3 KOTOPHIX HE PaBeH HyJI0 (mpa-
Buio MHOXUTENen Jlarpanxka). IIpegnonraraercs, 9T0 Bce GYHKIUA f; HEMPEPLIBHO
maQHEPEHIIPYEMEL. 3aMETHM, ITO B DTOU CUCTEME HEM3BECTHBEIX HA OMHO OOJbIIe,
9eM ypaBHEHWH. 1TeM He MeHee, MBI BCErqa MOXKEM U30aBUTLCA OT ATOU HEOIpeme-
JEHHOCTH, TMPEANOIaras, 9To Ag paBHO au60 0, 160 1, 1 paccMOTPEB TOTBLKO ATH
OBa CIydas. DTO HE HAPYIAET OOMIHOCTH, TMOCKOALKY (yHKOua Jlarpamxka omgHO-
POIHA OTHOCUTENTLHO MHOXKUTETCH \;. V3 COOOpaKeHNI SJKOHOMUM MBI BCETa, Oy IeM
MpeanoaaraTb Ag = 1 u 6yAeM OmyCcKaTh AOKA3ATEALCTBA TOTO, UTO Ciaydaun Ag = 0
meBosMOxkeH. Ha camom gene, caygan Ag = 0 TaKKe MOXKET JABATH TOIKH DKCTPEMY-
Ma, OMHAKO MPOMCXOMUT STO KPAUHE PEIKO, B OCHOBHOM, B BEIPOXK IEHHBLIX IIPUMEPAX.
CMBICT TIpaBWIa MHOXKUTENEN JlarpaHka COCTOUT B TOM, UTO OHO MO3BOJIAET U30e-
KaTh HEOOXOOUMOCTH ABHO BHIPAXKATHL 1 TMEPEMEHHBIX W3 YUCIA T1,...,T, TE€Pe3
OCTaIbHBIE NEPEMEHHBIE, UCHOAb3ys paseHcTsa fi(z) = 0, ¢ = 1,...,m. O6srauo
mpaBmio JlarpaHxa mpome B NCIOML30BAHUN, €M METO NCKIIOYEHNA HEM3BECTHEIX,
KPOME TOrO OHO IACTO MO3BOJIAET MOHATL CMBICT U MPUPOAY PEIICHIU.
ITponntocTpUpyeM CAIy 3TOTO METOLA HA HECKOILKAX TPUMEpax.

IMruMEP 9. Hanmaure MUHUMATLHOE 3HAYEHUE (DYHKIUY
f(z,y) = 527 + 2zy + 3y?
npu yerorun g(x,y) = T2° + 2zy + 4y°> —3 = 0.

PEmWEHUE. Ucnonssys ypasuenue g(z,y) = 0, MBI MOXEM BLIDA3UTL Y <Uepe3
z (i z wepes y). OgHAKO mpsAMas HOICTAHOBKA DTOrO BHIPAXKEHUA B yPABHEHUE
f'(z,y(z)) = 0 npueoauT K ypaBHeHwmio mecton crenenu. Ha caMom meme — naxke K
OBYM YPaBHEHWAM, W3-33 3HAKA =+ Tepen AUCKPUMUHAHTOM B BEIpaxKeHUU mis y(z).
Y1066 3TOr0 M36€XKaTh, MOCTYIAeM MO-IPYIOMY: COXpaHAeM 00e TepeMeHHbIe T, Y
u cocrasiseM garpamxuan: L = f(z,y) + A\g(z,y). Juddepenuupys mo = u no y,
MOy IaeM CHCTEeMY

10z + 2y + A(14z + 2y) = 0,
{6y + 2z + A8y +2z) = 0.

10z +2y  6y+ 2z
ldz +2y = Sy+2z '
= —1 mwm 2. Teneps moxcTaBads B

Bripaxas A u3 o0eux ypaBHEHUU U NPUPABHUBASI, [IOJYYIAEM
Pemas »To ogHOpOaHOE ypaBHEHUE, NMeeM 4
T
ypasrenue ¢(z,y) = 0, mOIyIaeM HECKOIBKO «IOJ03PUTEILHBIXY HA DKCTPEMYM TO-
4exk (x,y). Boraucass suadenue Gpysxnuu f B KaxI0M U3 HUX, YOEXK IAeMCs, 9TO MU-

HUMyM NOCTUTAETCA B TOYKAX (,y) = (—%, %) u (z,y) = (5, —%) HManee ocraerca

COCJIATHCA HA CYLUIECTBOBAHMUE TOYKN MuHUMyMa, (ypasHenue g(z,y) = 0 onpegeaser
DJLTATIC, & 3HAYAT — KOMIAKTHOE MHOXKECTRO).

YNPAXXHEHUE 22. 3AJAYA O MAKCUMAJIbHON DHTPONUU. 1A N MOTOXKUTEIbHLIX UU-
CexZi,...,Tn TAKAX, 9TO »_,_, L) = | HANTH HAMMEHBIIEE BO3MOXKHOE 3HAICHIE BEIHMINHEL
> r—i ZkInzy (sTa BemmumMHA, B3ATAA CO 3HAKOM MUHYC, HA3BIBAETCA SHTPOINMEN).

YTUPAXKHEHUE 23. KakoBbl Hanboablllee U HaUMEHBIIEe 3HAYEHNEe CYMMEBI KBAIPATOB 7
YUCeN, €CIU CyMMa UX YeTBEPTHIX CTemeHer pasHa, 17
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YTOPAYKHEHUE 24. Ecam cymma naTtu gucen (He 0643aTEIbHO TOTOKUTETLHEIX) PAaBHA 1,
a CyMMa FX KBaJqpaTOB paBHAa 13, TO KaKOBO HAuMeHbIIIee BO3MOXHOE 3HAYEHUE CYMMBI X
Ky6oB?

YTUPAXKHEHUE 25. Ecau cymma maru dmcen paBHa 1, a cymMMa ux KBaApaToB paBHA 11,
TO KAKOBO HAMOOABIIEE BO3MOXKHOE 3HAUYEHUE CyMMEI UX KyGOB?

YIPAXKHEHUE 26. 30 af = extr, Y0 xi=3" 2} =0, 27 =4.

Iodckazka ® nocaedwum wemvipem 3a0auam: OOBITHO HET HEOOXOAUMOCTY BBIYUCIATH
muOXwTean Jlarpamka Aj. I3 ypaBHeHMZ Ha JarpaHXuAH CAEAYET, ITO BCE TUCIA T; JOIK-
HEBI yIOBJIETBOPATH OJHOMY M TOMY XK€ YPaBHEHUIO, CIEJOBATEILHO, KAXK 0 U3 HUX MOXKET
NPUHUMATE OJHO W3 HECKOJBLKUX 3HAYEHUU — KOPHEH >TOro ypaBHeHuA. [lamee ocTaHeTca
paccMOTpeTs CIydvan.

IIpuMEP 10. IIAPHUPHBIA YETHIPEXYTOJBHUK HAWBOJBLITEN TIJIOMA 1. CTO-
POHHBI ‘IeTprexyFOJIBHI/IKa UMET CbI/IKCI/IpOBaHHBIe OJIWHBI 1 COEIVWHEHHBI IMTIapHUPaAMNI
B BEpPIINHAX TaK, IYTO ‘{eTBIpexyFOJII)HI/IK MOXeET MEHATH CBOIO Ci)OpMy. B KaKOM II0-
JIOXKEHNHU ILIOIIAa b I€ThIPEXYI'OJIbHUKA MaKcha.ana?

3AMEYAHUE 8. JTa 3ama4da ObUTa U3BECTHA €IIe APEBHUM T'DEKaM, OTHAKO pe-
IIIeHa OHA OBbLIA TOJLKO B XIX Beke BEIIAIOMIMMCA MIBEUIAPCKAM reomMerpoM SIko6om
Mrennepom (1796-1863). OxaszweiBaeTCA, 9TO HAMOOMBIIAA TLIOMIAIL IMAPHAPHOTO Ue-
THIPEXYTOMLHUKA, BEIPAKAETCA Yepe3 JJUHBEI €r'0 CTOPOH TO (GOPMYJIEe, MOXOXKEN Ha,
dopmyay Tepona (caeacreue 2).

PemEHUE. [ycTs a, b, ¢, d — OIUHBL CTOPOH YeTHIPpEXyToabHuKa. O603HAMUM 1e-
pes « yroa mexay a u b, u aepes 3 — yrox mexay ¢ u d. [lycte Takxke e — nua-
POHAJIb, COEMUHSAIOMAA ABA APYTUX yria. [L1omans 9eTHpexyroJbHIKa PABHA CYyMMe
ILIOIIA e TPEyTOJILHUKOB abe u cde:

S = %absina + %cdsinﬂ.

Kaxk cBazamwr mepemennsie o u 37 IlpuMeHuB TeopeMy KOCHUHYCOB K TPEYTOJbHU-

xaM abe u cde, moryuum e? = a2 4+ b2 — 2abcosa u e? = ¢ + d? — 2cd cos . Taxum

obpasom,

S(a, B) = %(ab sina + cdsinﬁ) —  max, @)

a® +b? —2abcosa = ¢ + d* — 2cd cos 5.

BrinuceiBaeM marpaHxuaH:
L(a,B,)) = %(absina + cdsinﬁ) + A(a2 + 1% —2abcosa— & — d® + 20dc0sﬁ).
[Mupdepennupyem 1o o u 3:

Lo=0 & %abcosa-l-?)\absina =0,

Lz=0 & %cdcosﬂ — 2Xedsin B = 0.
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1 1
———, U3 BTOPOrO t = — . Urak
4)\ ) p g B 4A )
tga = —tg [, crenoBaTenbHO @ = T — . DTO O3HAYAET, ITO IETHIPEXYTONLHUK abed
BIMCAH B OKPYKHOCTL. TakuM 06pa3om,

W3 mepporo ypaBueHnus mnomydaem tga =

cpedu 8Cer uembPeryeoabHUK08 ¢ JGHHBLMY OAURAMU CTNOPOH HAUOOALULYIO
NAOULADL UMEEM, BNUCARKBLT UEMbIPETY20AbHUK.

SAMEYAHUE 9. Mur ze cramu pemars cucremy (4) MOTHOCTBIO, HAIPUMED, MBI HE
CcTaau UCKaTh \. B 5TOM He OLLIO HEOOXOAUMOCTHU, MBI UCHIOIB30BAINA MHOXKUTEIbL \
TOJBKO [JIsI, YTOOBI BEIBECTU PABEHCTBO tga = — tg . B OoabmmuCcTBe Coiyuaes npu
UCTIOJB30BAHUY TIPABUIA MHOXUTENEN JlarpaHxka He HyXKHO HAXOAUTH MHOXKUTEJH.

MNHTynTUBHO ACHO, 9TO CymIECTBYET €IMHCTBEHHOE MOJOXKEHNE MAPHUPHOrO -
TEIPEXYTOMBHNUKA, TIPA KOTOPOM OH BIMCAH B OKPYKHOCTb. ECIN HEMHOTO yBEIMINTH
yTOI @, AJWHA JUATOHAMN € YBeIWIUTCA, MOSTOMY yToa 3 Takke yBeTmauTca. Takum
00pa3oM, CyMMa, YTUIOB r+ 3 ABIAETCSA HEMTPEPHIBHON BO3PACTAOIICH (DYHKIINEN apry-
MeHTa <. [103TOMy I/ € IMHCTBEHHOrO 3HAYMEHUA (¢ BBIIOJHEHO PABEHCTBO A+ 3 = .
HerpynHo Takxke HAUTH >TO 3HAYEHUE (. 3AMEHsAA [3 HA T — (& BO BTOPOM yPABHEHUU
cuctemer (3), momydaem cosa = (a® + b2 — ¢ — d?)/(2ab + 2cd). 3amensas sina Ha
V1 — cos? @ u moaCcTaBIAA B IEPBOE ypaBHEHUE (3), TOLYIUM TIOCTE TPEOOPA3OBAHMI:

S:i¢m+b+c—®m+b—c+®m—b+c+®@ﬂ+b+c+®. (5)

I10 m3secTHaA popmyaa Bpaxmarynrer (VII ek H. 5.), BEIpakKaromas MIoOMA L BIX-
CAHHOT'O YETHIPEXYTOJbHUKA Yepe3 MIWHBI ero cTOpoH. OHa MpuMeHrMa K JIOOBIM
3HAYEHUAM [IJIVH a, b, ¢, d Ipu yCIOBUU, ITO KAXKIAS U3 HUX HE MPEBOCXOAUT CYM-
MBI Tpex apyrux. Eciam ogHa m3 cTOpoH 06pamaeTcs B HOMb, TO MOIy4YaeM (POPMYJIY
I'epona.

[lns MaHHBIX CTOPOH a, b, ¢, d BermuuHa (5) BEIpaKaeT HAUGOJBIIYIO BO3MOKHYO
TLIOMIA b I€THIPEXYTOJBHUKA, OTKY I MOJYIaeM

CJHENCTBUE 2. Ecau cmopowbl 4embiperyeoibnuka pasubl a,b,c,d, a e2o nao-
wads pasna S, mo

1

SgZ¢m+b+c—®m+b—c+®m—b+c+®@ﬂ+b+c+®.
Pasencmeo (?ocmueaemm ()/m BNUCAHHO20 YEMDBIPETY20AbHUKA.

Tak kKak TOYKa JOKAJIBHOIO MakcuMmyMa pyHKouu S(q) e[UHCTBEHHA, TO

CHEACTBUE 3. Ecau a+ 3 < 7w, mo S(a) sozpacmaem no nepemennot o, a ecau
a+f>mx, mo S(a) ybuisaem.

Tenepb MBI MOXK€EM nepeﬁTH OT YETHIPEXYTI'OJBHUKOB K TPOU3BOJBHBIM MHOI'O-
YI'OJIbHUKAM.

CHENCTBUE 4. Cpedu 8cer MH020Y20AbHUK08 ¢ JAHHBIMU OAUHAMU CTNOPOH HAU-
604bUYI0 NAOULAOL UMEEM, BNUCAHHBIT, MHO2OY2OALHUK.

HOKABATEJHLCTBO. IlycTh MHOTOYTONHLHUK uMeeT n cTOpoH. [lag n = 3 moxa-
3BIBATH HEUero, mis n = 4 Bcé yxke mokasano. Takum obpasom, n > 5. PaccmoTpum
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MHOXECTBO BCEX HECAMOTEPECEKAIOIINXCA MHOTOYTOMLHUKOB € MAHHLIMU [IAHAMUA
cropon. IIpy 5>TOM MOXKHO CUUTATL, YTO OHU HAXOIATCA BHYTPU (PUKCUPOBAHHO-
O Kpyra AOCTATOYHO GOMBIIOrO paguyca. ECIu MBI MO3BOIAM yTiIaM MHOTOYTOJIb-
HUKA TPUHUMATHL 3HadeHus orT 0 10 27 BKAIYATEJBHO, a4 BEPIIMHAM — JEXKATh
Ha APYyTUX CTOPOHAX, TO MHOXKECTBO TAKUX MHOTOYIOJLHUKOB OyIeT KOMIAKTHO.
CaeqoBaTeNbHO, CYIIECTBYET MHOTOYTOMBHUK HAUOOJIBIINCH TIOMAAN. JTOT MHOTO-
YTOMBHUK BEIMYKJILIN (MHAYE MOXKHO CUMMETPUYHO OTPA3UTEH YaCTh MHOT'OYTOMLHUKA,
OTHOCUTENBHO MOAXOIAIIEN JUATOHAIN, OTYEro MIOMALbL yBemmauTcsa. [lorpo6uocTH
IOKa3aTeJbCTBA OCTABIAEM IUTATEI0). Tak, MHOrOYTOJBHUK BBITYKIIBIN, IPU 3TOM
HECKOIBKO COCEIHUX CTOPOH MOT'YT J€XKATh HA OJHOU npsaMou. Cpeau Beex deThipex-
YTOJBHUKOB C BEPIIMHAMHU B BEPIIMHAX HAIIENO MHOTOYIOJBHUKA BBIOEPEM TOT, Y
KOTOPOr0O CyMMa, ABYX TPOTUBOMONOKHLIX YIVIOB HauMeHbiad. O603HaIUM 3>TU Bep-
mmEbl nocregosatensuo A, B, C, D, npu atom A u C — OpOTUBOMOMOKHBIE YTUILI
C HaumMeHbIIen cyMMou. Eciu MHOMOYTOJBHUK HE SABIAETCA BOUCAHHBIM, TO CyMMa
yriioB BAD u BC'D menblne 7. YBeaudauM HeMHOTO yroa BAD, coxpaHss QJIUHBL CTO-
pos dersipexyroabauka ABC D, u cOXpaHssa HEM3MEHHBIMU KYCKUA MHOT'OYTOJIbLHUKA,
OPUMBIKAIOMME K >TuM croporam. [liomans ABCD npu »ToM yBeruautca (crem-
cTBue 3), U CIACLOBATENLHO, YBEIMIUTCA U TLIOMAIbL BCEMO MHOTOYTOIbHUKA. [Ipn
DTOM, TaK KAaK UCXOMHLIN MHOTOYTOJLHUK BHIMYKJALIA, TO TPU JOCTATOYHO MAJTIOM
yBeaudeHun yria BAD MHOrOyroabHUK OCTAHETCS HECAMOIEPECEKAIUMMC (XOTs,
MOXKET IOTEPATDH BHILYKJIOCTD). DTO IPOTUBOPEIUT TOMY, ITO MHOI'OYTOJbHUK MMe-
€T MaKCUMATLHYIO TIOMIA b, UYTO 3aBEPIIAET JOKA3ATEIHLCTRO.

YOPAXKHEHUE 27. OTropoauTs OT IPAMOJTHETHOTO GEPEera PeKn 3a00pOM TAHHOU 1IH-
HBI TPAMOYTOJBHBIN YIACTOK 3EMIU HAMOOTBIICH TLIONIA, IH.

YUPAXKHEHUE 28. To ke ynpakHeHHE, HO Temephb 3a60p COCTOUT U3 TPeX CeKIul (hpuk-
cupoBaHHOU (HE 06A33TEILHO PABHOU) [JINHEL

YTOPAXKHEHUE 29. [[okaXuTe M30MepuUMEeTPUIECKYIO TEOPpEMY: Cpean BCeX IIOCKUX He-
CAMOTIEPECEKAIOMIXCA KPUBBIX JAHHOU [INHBLI HAXOOJIBIIY IO ILIOMALL OTPAHTIUBAET OKPY K-
HOCTB.

TMoackaska: npednoaoxcum, umo natidemcs KPpusas, 02PaHUNUBAOWAL OCABWYIO NAO-
wads, nexceau coomsememayrowut kpye. [Ipubausum smy KPpusyo MHo20Y204bHUKOM C 8ep-
WURAMY #a Kpusot. IIpu smom nepumemp mMuo2oy20abHuKa 6ydem Mmerwbwe Jiunbl Kpusot,
a naowads (Npu Topowem NPUOAUNCEHUL) — NO-NPEHCHEMY 60ALULE NAOWAIU COOMBEEM-
cmayouwe20 kpyea. Hasee npumensem caedcmaue 4.

06 n3omepnMeTPUIECKUX HEPABEHCTBAX MOXKHO MIPOUNTATh, HanpumMep B [16], [8].

YUPAKHEHUE 30. 3ATAYA [IUAOHBI. BepeBkon 1aHHOU AJIWHBI OTTOPOAUTDL OT MPAMO-
JUHETHOTO 6epera MOpsA yIaCTOK 3eMIU HAMOOMBINEH TLIONIA, IH.

YUPAXKHEHUE 31. BepeBKOU JaHHOU JIUHBLI OTTOPOAUTH OT IPAMOTO YIVIa (PUTYPY HAM-
6OJBIIeN ILIOMIA TN,

T T
YTUPAXKHEHUE 32. To xe ympaxkHeHUe AJIA yIria 7 o ¥ AT yTIA 7

YNOPAYKHEHUE 33. Kpuou HamMeHBIIEH BO3MOXHOW [IWHBEI Pa3AeJUTh PABHOCTOPOH-
HUU TPEYTNOIbLHUK HA IBE YaCTHU PABHOU ILIOLIAIW.
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YTOPAYKHEHUE 34. To xe ympaxHeHwe 14 KBagpaTa (CIeayeT GbITH OCTOPOXKHBIM C
KaXyMEMCA CXOACTBOM STOH 33Ja4H C mpeasiaymen!)

IIpuMEP 11. Hauru Touky P BHyTpM ZaHHOIO TPEYTOJLHUKA, 1/ KOTOPOU CyM-
Ma OTHOINEHUU [JIWH CTOPOH TPEYTOJbHUKA K PACCTOAHUAM OT P 10 »Tux CTOpOH
MUHAMATBHA.

PeEmwEHUE. Ilycts a,b, c — mJuHBI CTOPOH TPEYTOABHUKA, & T, Y, 2 — PACCTOIHUA
b c
— + —
Yy z
IIpu 5TOM BeMUYUHBLI T,y W z CBA3AHLI Yepe3 IUIOMIAIN TPeyroabHuKoB. Coequuus
TouKy P ¢ BepumHaMum TpeyroibHUKA, MBI Pa3buBaeM ero Ha TPU TPEyroJbHUKA,
o axr b cz
CyMMa IIomagen KoTopeix pasHa S. Takum obpaszom, > + ?y 5 = S. Nraxk,

. a
ot P 10 »tux cropon. HyxHo HAUTH MUHUMYM Beawuausbl f(z,y,2) = — +
x

a b
f(xayaz) = ;-I-;

ax + by + cz = 28.

C .
+ — — min,
z

(6)

[uddepernupys JarpaHKuan
L(z,y,2,A) = % + 5 + g + )\(ax—i-by—}—cz— QS),

MPUXOAUM K CUCTEME yDABHEHUU

a
—— +Aa =0,
x
b
—— +Ab=0,
Y
c
—— +Ac =0,
z
13 KOTOPOU HEMEJIEHHO 3AKII0YAeM, UTO T = Y = 2. JHA4YUT TOoYKa P paBHOyzameHa
OT CTOPOH TPEyTroJbHUKA. TakuM 00pa3zoM, P — [EeHTP BOUCAHHOU OKPYXKHOCTU
TPEYTOJbHUKA.

SAMEYAHUE 10. DTa 3amadva ObL1a MpeamroX)eHa Ha Mex IyHapoIHON MaTeMaTu-
veckon Omummnuage 1980 r. 8 Bamuurrtone. Kak Bugum, npasuwio Muoxurenen Jla-
T'PAHXKa TPUBOIUT K KOPOTKOMY U BIIOJHE CTAHIAPTHOMY pemieHuio. Mul npemriaraem
YUTATENI0 IONPOOOBATH APYTHE CIOCOOH pertenus 3ana4au (6) (HanpuMep, BeIpaxkas
onHu mepeMenHble uepe3 apyrue). Herpyano Oyger ybequTscs, 9T0 pelneHus Oy Ly T
60Jiee CIOKHBIMU U MEHEe eCTECTBEHHBIMU.

YUPAXKHEHUE 35. Yepes mamnyio Touky M, pexamniyio BHYTpU yria ¢ BepmmHOn K,
TMPOBECTHU OTPE30K AB ¢ BepUIMHAMM Ha CTOPOHAX yIJIA TaK, YTOOLI BEININHA A + B
6bL1a HamGombiIen. (AMepUKaHCKas MaTeMaTHIecKas omuMmnuana, 1979 r.)

TMoackaska: 8 kauecmee nepemennnir Yydobro 63amsy yeavi « = MKA u 8 = MKB.

YHPAYXKHEHUE 36. IIpm Tex xe yCIoBHAX HAUTU MUHAMYM BEJIATHHBI

VKA +VKB.
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YTUPAXKHEHUE 37. Touka yaalzeHa OT BepUIMH IPAMOYTOIBHOT'O TPEYrOJIbHUKA Ha 2,5
7 10 cm. (2 — paccToAHME 10 BEPUMHBI TPAMOTO yria). KakoBa MoxeT GBITH HAMOOMBIIAL
IO A DTOrO TPEYTrOIbHUKAT
(Copocosckas ommvmuana mo maremaruke, Poccus, 1997 r.)

IIpuMEP 12. CHOBA PO 3AKOH CHEJINYCA. Ilpasuio muoxuTenen Jlarpan-
Ka TIPEIIAraeT CICAyIoIIee IeMaHTHOE NOKA3aTeqbCTBO 3aKOHOB TMPEJOMICHUSA U
OTpaxkKeHus CBeTa. lemepb NpU PEMIeHuu SKCTPeMaibHOu 3ana4du (1) Mbl He Oyxem
MapaMETPU30BATE MPAMYIO | M CBOOUTH BCE K 3agade ¢ OMHOU MEPEMEHHOH, a B Iy-
xe Jlarpamxa coxpanseM o0e mepemeHHBIE W paccmarpuBaeMm (yukmuio f(M) na
Bcen mmockoctu. CooTHorenue M € | Temepsb 3anuimeTca B BUAE YPABHEHUA CBA-
31 (m ,N) = ¢, TAe N — BEKTOp, NEPIEH IUKY/IAPHEIU MPAMOK [, & ¢ — HEKOTOPaA
koucTauta. Muddepennupysa aarpamxkuan L(M,\) = f(M) + A((m, ny — c¢), nory-
gaeMm f'(M) + An = 0. 3amernum, 9T0

1 1 1 1
f'(M)=—|AM|'+ —|BM|' = —u, + —up,
Va Vp Va Vp

r'jie eINHUYHBIE BEKTOPEL Uy, Uy ObLIn onpenenessl B npumepe 1. Urak,

1 1
—Ug + —up = —An,
Va Vp

1 1
a 9TO 03HAYAET, YTO BEKTOP —Uq + —Up NEePpHneH IUKYJIAPDEH . Nuage TOBOPA, CyMMa
Va Vp

o 1 1
TPOEKIINU BEKTOPOB — U, U —Up HaA l paBHa HYJIO, 9YTO O3HAYAET
Va Vp

sina _ sinf
Va vy
YnPAXKHEHWE 38. Ha mnockocTu qaHa npsaMas U TPU TOYKY, He Jexamye Ha Hen. Hantn
(m1m 0XapaxKTEepH30BATH) MONOKEHWE TOIKM HA IPAMOH, MII KOTOPOH CyMMa DPACCTOSHWUL
[0 TPeX TAHHBIX TOYEK MUHUMATbHA. CKOMBKO MOXKET ObITH TAKWX TOUEK?

YOPAXKHEHWE 39. B mpocTpaHcTBe gaHa IIOCKOCTH W TPU TOYKM, HE JeKAIINe HA HEN.
Hantu (mmm 0xapakTepu30BaTh) TOJOKEHUE TOIKY HA MIOCKOCTH, AJIA KOTOPOU CyMMa, pac-
CTOAHUU OO TPEX NAHHBIX TOYEK MUHUMAILHA.

YTUPAXKHEHUE 40. Pewmnts 3agadm 38 u 39 gis DpOM3BOABHOIO YMCIA TOYEK.

ITpuMEP 13. HEPABEHCTBO Kolu (HEPABEHCTBO MEXK/AY CPEAHUMNA). Mus

JIOOBIX HEOTPULATENbHBLIX YUCET L1, . .., L, BLIIOIHEHO HEPABEHCTBO
A RS SR Y R S
(npoussedenue Ty -. .. Ty ABAAEMCA CPEOHUM 2EOMEMPUUECKUM BEAUNUN T . .. TT).

PEMEHNME. [TonoxuMm ' +. . .42 = a 1 paccMOTPUM CIEAYIOMIYIO SKCTPEMATLHYIO
3a1ady:
NT1Ty ... T, — Max,
x4+ ...+ xp =a, (7
T 20,...,37” 20

ITo Teopeme BenepmTpacca CymecTByeT TOUKA MAKCUMYMA, (Z1, . . ., Tp ). SCHO, 9TO
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BCE T; TOJOXUTETbHBI, MHAYUE NT1L2 * ... Ty = 0, & DTO, OYEBUIHO, HE MAKCUMYM.
[uddepeHUpys JarpaHKuaH, TOIYINM

nxy - ... Ty + Anzy = x;L), =0, i=1,...,n,
OTKyma T1 = - = Tp. ATaK, B TOYKAX MAKCUMYMA L1 = --* = Iy, CIEIOBATEIALHO
NT1X2:. .. Tp = TT+... 42 = a. 3HAUUT, BO BCEX OCTAIBHEIX TOUKAX NL1 L2 - .- Ty <

< @, 9TO 3aBEPIIAET AOKA3ATEALCTBO.

JlokazaTeabCTBO 0600 HEPABEHCTBA MOXKHO CBECTH K COOTBETCTBYIOIIEN BKC-
TpeMaJbHOU 3ajade. B OOJLIIMHCTBE CIy4YaeB 3TOT METOH N0Ka3aTelbCTBa Hepa-
BEHCTB paboTaeT 6e30TKa3HO. BOMBIINHCTBO HEPABEHCTB U3 KJIACCAIECKON MOHOI'DA-
dun [5] MOT'yT GLITH IPOCTO YCTAHOBIEHHI CBEIGHNEM UX K DKCTPEMATLHBIM 3a,1aMaM.

YTPAYKHEHWUE 41. HEPABEHCTBO I'EJBIEPA. [lokazaTk, 9TO A1 106010 p > 1 1 mpo-

M3BOJBLHBIX MOJOKUTENBHBIX TUCET L1, . .., T, Yl, - - -, Yn BHIIIOTHEHO
Zn Zn 2\ /P Zn a\ /4
k=1 k=1 k=1

rae ¢ = p/(p — 1). [lna xakux T U Y, 3TO HEPABEHCTBO O0OPAMIAETCA B PABEHCTBO?

YnPAXKHEHUE 42. HEPABEHCTBO AJAMAPA. Ilycte A = (aij)i ;-1 — KBajgparHas
MaTpuna nopagka n. Jokaxwnre, 4TO

n n

(det A)* < H (Z a?j).

i=1 j=1
Mzur 3aBepiaeM >TOT pasiela IPUMEPOM U3 JUHENHON aareOph.

ITpuMEP 14. [lencTBUTENbHAA CUMMETpUYIHAA (N X 7)-MATPUIA BCErIa UMEET
IEUCTBUTEILHBIN COOCTBEHHBIN BEKTOD.

PEMEHUE. PaccMoTpum sKCTpEeMaTbHYIO 3a0a4Y:
f(z) = (Az,z) — max,

(z,z) =1, ®)

rae (,) — ckaxapuoe mpousBegenue B R”. Takum o6pa3oM, MBI HUIIEM MAKCUMYM
dyuxmun f wa eguananon chepe. B cuny koMmakTHOCTEU cdhephl, CYIIECTBYET TOUKA
vakcumyMma £ € R”. [uddepeHuupys JarpaHkuaH B TOYKE MAKCUMYyMa, IOJLY9aeM

L, =2Az +2\z = 0.

CienoBaTenbHO, T ABIACTCA NeUCTBATEILHLIM COOCTBEHHLIM BEKTOPOM C COOCTBEH-
HBIM 3HQYCHUEM — \.

3AMEYAHUE 11. OOBLIUHO CyIIECTBOBAHME NEUCTBUTEIHLHOI'O COOCTBEHHOI'O BEK-
TOpa y CAMOCOIPMKEHHOrO omeparopa B R mOKa3LIBA@TCA C MOMOIIBIO XapaKTe-
pUCTHYIECKOTr0 MHOrOWIeHa. /[J0Ka3aTeabCTBO ¢ UCIOAL30BAHUEM MIPABUIA Jlarpamxa
“MeeT OJHO MPEUMYLIECTBO: OHO HOYTH 6e3 U3MeHeHn 0600maeTcsa Ha 6eCKOHeIHO-
MepHEIe OmepaTopbl. IMEHHO TaK JOKa3LIBACTCS, YTO KOMIIAKTHLIM CaMOCOIPAKEH-
HBIM OIIEpaTOp B MIL6EPTOBOM MPOCTPAHCTBE UMEET ACUCTBUTEILHOE COOCTBEHHOE
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3HQUEHME. DTOT (PAKT ABIACTCA KIIOYCBEIM 1A JOKA3ATEILCTBA TEOPEeMEl I nibbep-
Ta—[MIMuITa O CHEKTPATLHOM PA3JOXKEHUM KOMIAKTHOIO CAMOCOIPAXKEHHOTO OIe-
paropa (cM., HampuMmep, [12]). DTOT ke mpueM MPUMEHSETCA NIA JOKA3ATEeTbCTBA
CYIIECTBOBAHUA PEIICHUH Y HEKOTOPHIX Mg depeHInalbHbIX ypaBHeHTH.

4. TIPNJIOXKEHUA K MATEMATUYECKON DKOHOMUKE

B MaTeMaTuIecKkon 3KOHOMUKE TEOPUsA DKCTPEMYMa, ABIAETCA OJHUM U3 TJIABHBIX
MHCTPYMEHTOB. MHOXeCTBO IPUMEPOB MOXKHO HAaUTH, B KHurax [1,2,4]. MaremaTnu-
YECKU DTU MPUMEPHI HE CTOMb MHTEPECHBI, IO KPAUHEN Mepe, M0 CPABHEHUIO C TeMHU,
KOTOPBIE PACCMATPUBAINCH B MPEIBIAYIINX pasgenaX. Kak TOBOPWI BBIJAIOIIANCA
amepukanckun skoHoMuct Ansdpen Mapmamn (1842-1924): «Kpacusas maremMaTu-
qecKas TeopeMa, MPUMEHEHHAA K DKOHOMUKE, BPSAI JU MPUBEIET K XOPOIIUM Pe3Y.Ih-
Taram». B 5TOM, BUANMO, 3aKIOIAETCA CIEIMPUKA BCEX MPUIOKEHUN MATEMATUKA
K peanbHOU ¥u3HU. Ha TepBOM MecTe 3[4eCh CTOUT HE CTOMBKO KPACOTa, CKOILKO
s PpexkTuBHOCTE. MBI peImIn BKIIOYUTh HECKOJIBKO HOJOOHBIX IPUMEPOB B CTATHIO,
IOCKOJIBKY OHM JOCTATOYHO HATVIAIHO OMUCHLIBAIOT CIEHU(MUKY IPEIMeTa, & KPOMe
TOTO, 3HAKOMAT C HAYKOU (pOPMATU3AINY TPAKTUIECKUX 3a,1aM.

YTNPAXKHEHUE 43. ONTUMAJBHAA [EHA. Bol xoTuTe mpogaTh MammHy, KOTOPas CTO-
mra Bam 9000 espo. Bam mHemsBecTHO, CKOIBKO IMOKyIaTeIb CIOCOOEH 3aILIATUTH, HO MaK-
cuMyM, Ha 9T0 Bel Hageerecs, 3o 15000 espo. CumraeM, 4TO0 HeHA, KOTOPYIO MOKYIATEIb
TOTOB 3AITATATH, PACIPEIETCHA PABHOMEDHO (C OAMHAKOBOM BEPOATHOCTHIO) MEXAY ABYMSI
stuvu BerrmanHaMmu. Ecan Bei 3anpocure 66apiryio meny, To caenka copeercsa. Ecianm meHs-
ure, To Brr mpourpaere B Bripyuke. Kakyio onrumanbuyio mexHy Bol ZOMXKHBI 3ampoCHUTh,
9TOGBI MAKCUMU3UPOBATH OXUIAEMYIO TPUOBLIL !

B caenyromux npuMepax geo OCJIOXKHIETCS TEM, ITO SKCTPEMYM UIIETCSI HA MHO-
XKeCTBe ILeJbIX YHUCe.

YuPAKHEHUE 44. HEBOCKPEBbBI. CTOMMOCTD MOCTPOUKH 3JaHUAA B T DTAXKEN UCIUCIA-
eTCA TO CAeAYIOMAM TPABUIAM:
(1) 10 MUIIOHOB JOLTAPOB 34 3EMJIIO,

1 .
(2) = MumIIMOHA 3a KaXKJBIX DTAX,

4
(3) magbaska B 10000z momtapos 3a »Tax (IeM BBIIE, TEM JOPOXKE).

CKOTBbKO 3Taked MJOMKHO OBITH B 3JaHWM, YTOOLI CPEJHAA IIEHA 34 DTaX ObLIa MWHU-
MaJIbHOU?

YNOPAYKHEHUE 45. ONTUMAJILHBINA TOHOPAP. Ileser cobupaerca 3anucats csorn DVD.
B oTzene mapkeTunra emy ckasaad, ITO ecau OTHyckHas meHa ero DVD 6yger 26 mowrapos
3a OuCK, TO oxupaerca npoaarsd 5000 guckos.

CaMou KOMIAHUM KaXK OB AUCK OGOUAETCA B 5 NOIAPOB.

(1) Kaxas oTmyckHas meHa 3a IUCK MakCuMu3upyeT npubsus ¢upmer? Kakosa sra Max-
CAMAJIBHASA TPUOBLIE?

(2) Kakou aBTOpPCKUEI TOHOPAP € KaXAOTO AMCKA TEBEIl JOMKEH NOTPe6OBATE ¢ (bUPMBI,
9TOOBI MAKCUMU3UPOBATEH CBOIO HPUOLLIL !

YTPAYXKHEHUE 46. PPYKTHI HA PLIHKE. HexTo mpumen Ha pBIHOK, I'Je MPOJAETCA He-
OMPAHWYEHHOE YNCI0 PA3IMYHBLIX BUIOB (GPYKTOB. Bee Buabl — mo oaHOM IeHe B 1 gommap
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3a GyHT. Y IOBOILCTBUE, KOTOPOE MOIYIUT MOKYIATETh, KYIUB M1 (PYHTOB MEPBOrO BUIA
bpyKTOB, M2 — BTOPOrO ™ T.A. (BCE IMCIA — MEIBIE) TPOMOPIUOHATLHO TPOW3BEACHUIO
Hle m;. Y Hero ectb 100 gomrapos. Kak oH momken ux pacnpeneauTsb, YTOOB MOLYYUTH
MaKCUMAJIBbHOE yIOBOJILCTBUE?

OnvH U3 OCHOBOMOJIATAOIIAX 3AKOHOB DKOHOMUKM — PABEHCTBO MEXKIY CIIPO-
com u mpenoxkenreMm. C yBequveHNEM IEHBI 33 YCAYTY WM TPOAYKT YMEHBIIAETCS
YUCI0 HOTEHUNANBHBIX KIMEHTOB. YMEHbBIIEHNE [IEHBI IIPUBJIEYeT OOJbIIE KINEHTOB,
HO CHUBUT NPUOBLIb, IOLYYEHHYIO C KaXKA0r0 13 HUX. [IOMCK «TOYKU PABHOBECUS) —
HanboJee BLIMOAHOU HEHBl, MAKCUMU3UPYIOMIEN OOLLYI0 IPUOLLIL, ABAACTCA OTHON U3
OCHOBHBIX TIPo6aeM. CIoCOOR TTOUCKA, ONTUMATLHON IIEHBI, KOHETHO Ke, 3aBUCAT OT
KOHKPETHOU 3aa4u. B creaymolneMm npuMepe Mbl PACCMOTPUM CUTYAIINIO, KOTAa, CY-
IIECTBYET IIEHA, ONTUMAJbHAA KAK IJs MPONABIA, TaK U [1Js KJIUEHTA, T.e. IIEeHA,
MaKCHUMU3UPYIOMAA «yIOBOJLCTBUEY OOOUX.

Bosee TovyHO, mpenosoxuM, ITO HA PBIHKE €CTh IPOAABLIBL U IMOKYIATEIN He-
KOTOPOro TOBapa. Y Ka¥XJ0r'0 MPOAABIA €CTh MUHUMATLHAS 1IE€HA, 32 KOTOPYIO OH
roTOB mpogaTh ToBap. COOTBETCTBEHHO, y KAXK AOTO MOKYTIATEII €CTh MAKCUMATbLHAS
[I€HA, KOTOPYIO OH TOTOB 33 3TOT TOBAP 3AMLIATUTL. [IPEAMOMOKUM, ITO MBI MOKEM
YCTAHOBUTH HEKOTOPYIO IIEHY HA PhIHKE. Torga Kax b TpogaBel] MO ICIUTAECT CBOKO
BBEINOZY: PA3HOCTH MEXAY TEM, 9TO OH MPOJACT MO YCTAHOBJIEHHOU II€HE, U TEM, UTO
OH CMOT OBI BHIPYYUTH IO CBOEU MUHUMAJILHOU IeHe. TO ke I MOKyIaTexs: ero
BBII'0Ia, — DTO PA3HOCTH MEXIY TeM, CKOJBKO OH MOTPATUI ObI, TOKYIAS MO MAKCH-
MAJTBLHOU I/ ce6s IIeHe, M TeM, ITO TIOTPATHAT TI0 yCTaHOBIeHHO 1eHe. CyMMa BBITOT
BCEX MOKyIaTelel 1 BCEX PO IAaBIOB HA3BIBAETCA 00muM GaarococrosaueM (total so-
cial welfare). OHO MOXeET GBITH HHTEPIPETUPOBAHO, KAK CyMMa BCEX (Y AOBOJHCTBUI
YYIACTHUKOB PLIHKA. B ciieyiomen 3aade MBI IOKAXKEM, ITO

obuee 6.4G20COCMOARUE MAKCUMBGADHO 6 MOUKOCTU Mo20a, Ko2da Yycma-
HOBACHHAA HA PHINKE YEHA DABHA ONMUMAALLHOL «MOUKE PAEHOBECUA).

IIycTb PBLIHOK HEKOTOPOrO TOBAPA OMUCHLIBACTCA (yHKIMEn npemtoxenus S(P)
u gyukuuen cnpoca D(P). ITo o3HAYAET, ITO €CJU IeHa paBHA P, TO KOIUIECTBO
TPOIYKTA, MPEII0KEHHOr0 BCEMU PO IABIIAMY, IS KOTOPBIX P HE MEHBINe UX MUHU-
MaJIbHOU LeHBl, paBHO S(P); GyHKIMA Crpoca OnpefeaseTcsa anatorunduo. s mpo-
CTOTHI IPEAIONOKNAM MOKa, 9TO 06e GpyHkunun — adduanble (rpaduku — OpAMbIe
JIVHUMN).

YTOPAYKHEHUE 47. (1) ®yskuuu S u D pamel. Berpasure o0muyio BHINOAY TPOJABIOB U
mokymnaTenaen gepes P.

(2) Bepasure mOMOXKEHWE TOYKM PABHOBECUA, W NOKAXKWUTE, ITO IPH DTOM 3HAICHUN
LeHBI o0IIee 6Iar0COCTOAHIE MAKCUMAILHO.

o crx mMop MBI HE UCTIOMB30BAMN CTAIMOHAPHBLIE TOYKY, HE ABIAIOIINECT TOTKAME
JIOKATLHOTO MAKCUMYyMa, Wi MuEIMyMa. O THAKO B 3a1aMaX TEOPUM UTP, TAE IBA OT-
MOHEHTA OBITAIOTCA YBEIMYIATE CBOKO IPUOBLTL, ONTUMAILHEIE COCTOSHUA XapaKTePHu-
3yI0TCA UMEHHO TakuMmu ToIkaMu. CO BBEJIEHUEM B TEOPHUIO UTP U €€ IPUMEHEHUAMA
MOXKHO [TO3HAKOMUTBCS, HAIPUMED, B [7].

PaccmoTpuM cuTyammio, KOTAa €CThb ABe (GpUPMbI, TPOU3BOAAIIAE OIMHAKOBYIO
TMPONYKIIIO, W TPU DTOM CIOpPOC HA pBLIHKE JUHEMHBI: p = 1 — q; — ¢2. llena
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TIPOW3BOACTBA €IWHUILI MPOAYKINYN y o0benx (GpupM OAMHAKOBA U paBHA c. Pupma
1 MaxcUMuU3UpyeT CBOIO BHITOAY, T.€. BEIOUPAET LEHY i, ITOOBI MOTYUYUTH TPUOLLTH

n}lax(l -1 — @2 — o).
1

Dupma 2 MAKCUMUZUPYET CBOIO BHITOAY, T. €. BHIOUPAET 1EHy g2. O THAKO MEHEeIKEePhI
GUPMEI 2 TakXKe YIUTHIBAIOT O0BEM CBOUX MPOTaX C HEKOTOPBIM BECOM

rr}lax(l -1 — -0 +a(l—q —q)e.
2
Taxum 06pasoM, hbupMa, 2 MAKCUMU3UPYET CBOIO MPUOLLTL B TPEITOTOKEHIN, ITO €€
BHIFOIA HE yIaJeT HUXKEe HEKOTOPOrO YPOBHA .

IIPUMEP 15. BKJATYUKA U AKIWOHEPBHI B CUTYANUW AANOJA. Kakas us
IBYX (GUPM MOSYIUT GOJBIIYIO BHINOAY B TOUKe paBHOBecus mpu « > 07

PEmWEHUE. [as oTBera nmpoanamusupyeMm To4uKy pasHosecus Homa (Nash equilib-
rium), rge kaxgaa GpupMa BEIOEPAET CBOM YPOBEHb LEHEI, IPEAINOIArasd, ITO 3HAET
YDOBEHb LIEHHL €€ OmmoHeHTa (Ipyrou (GpupMbl). YpPABHEHUE CTALUOHAPHOCTHU AAET

l—c—2¢ —q2=0,
l—c—q¢1 —2¢2+a—aq —2aqs =0.

IMomoxus ¢ = l-cta TIOTydaeM
T l+4a
2 1
l]l—g(l—c)—g%
2 1
=2p——(1—
q2 3()0 3( C),

1 1
p=1-1(1-c)~1p.

CaenoBaTenbHO, pasMep OOIIeN BRINOILI PABEH

2 1 .9
=(2(1=¢) =2
m = (5(1-¢) - 39,
2 1 2 1
Ty = (5(1 —c)— g@)(g%’ - 5(1 —c)).
IMockonpky ( BO3pacTaeT mo v, HECIOXKHO MPOBEPUTH, YTO HPUOLLTL (hUPMBL 1
yOLIBaeT TO (, B TO BpeMA KaK TNPUOLLIL (PUPMBI 2 BO3paCTAeT MO « (eCJII/I

o< 2(1-c).

IIpuxogum K mapamOKCAILHOMY BBIBOAY: (pUPMA, KOTOPAsA HE MAKCUMU3UPYET
CBOIO BHIMO/IY, HA CAMOM JeJie TIOAy9IaeT (B TOYKE PABHOBECUA) GOMBIIYIO BLINOLIY , YeM
Ta, KoTopasa Makcumusupyer! Kakoe MoXeT ObLIThH UHTYUTUBHOE OOBACHEHUE DTOMY
denomeny?

YTUPAXKHEHUE 48. IIpeamonoxwum, HekoTopas dupma npoussBogut 90 eIwHUI IPOIYK-
WY, UCIOAB3YA Ipu d>ToM 9 eguann kommoneHTa X u 9 equunn komnoHerTa Y . KonudecTBo
€JIVHUI] TPOU3BEACHHON MPOAYKINNA BEYUCAAETCA O dhopMyre Q = 10Xx1Y2y1/2,

(1) ecam mena X — 8 nommapos, a mera Y — 16 goanapos, To gaayt au 9 enmann X u
9 equuun Y Haubomee BHIMOAHBIN COCO6 mpowssecTu 90 equHuUL mpoaykunu?

(2) KaxoBo HauboIee BEIMOQHOE COOTHOUIEHME MexAy X 1 Y7
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(3) Kakos mambonee memesbit cioco6 mpomssectu 400 eIMHUI TPOAYKIWW, €CIA MEHA
X pasua 1 gomrap, a mena ¥ — 2 gommapa?

YTUPAXKHEHUE 49. MUHUMU3AUUA PUCKA. Braagdmk pemmsn pasgeauTs CBOM J€Hb-
I'M MeX1y TpeMsa WHBeCTUIMOHHBIME doHgamu. QxugaeMas TPUOBLTE 3TUX (GOHIOB —
10%,10% u 15% coorsercTrerno. Ero meas — moayauTs o6mIyio TpuOsLTs He MeHee 12%,
¥ TIPU 3TOM MUHUMU3MPOBATL CBOM pucK. PYHKINA PUCKA OMUCHIBAETCA (hOPMYJION

200z + 4005 + 10021 22 + 89923 + 200z273,

rae r; TPOTOPIUOHATLHO CyMMe, BIOXeHHOU B ¢oHA . OupenernTs, B KAKOU MPOIOPIUA
OH MO/KEH BJOXUTL CBOU AEHBIU B 5T (GOHALL. IloMOXeT a1 Takoe OCIabIeHne yCIOBUM:
BEIUYUHEL T; MOTYT TIPUHUMATH OTPUIATEIbHbIEC 3HAUYCHNUA (He 6yIeM OCTAHABIMBATHCA HA
SKOHOMUIECKOM CMBICAE OTPUNATEILHBIX BKIAL0B)?

YTUPAXKHEHUE 50. Pupma npowsBOAUT IPOAYKIUIO Y, UCIOAB3YA KOMIOHEHTEL 1 U X2,
Ipu 3TOM ¥y = /Z1%2. [JOrOBOpHOE CoTTammenue 06A3bIBACT (HUPMY HMCIOTB30BATH XOTA GBI
OJHY €IUHUILY KaXJI0T0 KOMIOHEHTA. | [€HBI KOMIOHEHTOB L1 U L2 — COOTBETCTBEHHO Wi U
wsy. Kak ¢pupme MUHUMU3UPOBATH CTOMMOCTD HPOU3BOACTBA {J €AWUHUI] IPO YK
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