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bumbapanas dopMyna 1nd m3MepeHus pacCTOAHUN B
reoMeTpun J106aT€BCKOTO

['. A. Tarsnepun

1. O «BUIbAPAHON» ®OPMYJIE U BUIbLAPIHON 3ATAYE

Henbio HACTOAIIEN CTATBUA ABIACTCA TPOCTAg (POPMyaa [IJasd U3MEPEHUI
pacCTOAHUN B TMPOCTpaHCTBE JIOGAIEBCKOTO, WUCIOMB3YIOWAA OULIAAD THBIN
map (dpopmyra (2) ma c. 107). Iosromy aBTOp HasBam 5Ty (opmyry «Oou-
abap oy . O deM oTa popMyIa, MBI PACCKAKEM TI03XKe, TTOCTe (POPMYIUPOBKA
7 00CYyXIeHUA 334a4U O OUIBAPIHOM OTPAXKEHUU, K PEHIEHUI0 KOTOpOUu OGu-
abApaHaa Gopmyaa GyneT mpuMeneHa. K CBOeMy yIUBICHUIO, aBTOP OOHAPY-
KU, ITO OMILAPAHAA HOPMYIa HEM3BECTHA MAXKe CIEIUAAIUCTAM-TE€OMETPAM,
XOTsA UM ¥ M3BECTHBI APYTHUE, el DKBUBAJICHTHBIE, HO HE CTOJIbL MPOCTHIE (POP-
MYJBL A IJIAH OTPE3KOB B reoMmeTpun JloGadesckoro. CoOTBETCTBEHHO, U
OKA3ATEIHCTBA ATUX SKBUBAJICHTHBIX, HO (HE MPOCTHIXY (GOPMYI, HE COBCEM
IpPOCTHI (Bce OHU HUCIOJb3yeT 3JEMEHTHI KOMIIJIECKCHOT'O a,HaJIIfIBa.). HpI/IBOrD;I/I-
MO€ B HACTOAIIEU CTATHE NOKA3ATEIHLCTBO OMILAPAHOU (HOPMYJILI HE OyaeT
BBIXOJUTH 33 PAMKY JIEMEHTAPHON IITKOJLHON MATEMATHUKN; TOJLKO OTUH Pas3
HaM HOHa.rI[O6I/ITCﬂ — "1 TO UCKJIHYIUTEIBHO IT10 HeO6XOrD;I/IMOCTI/I 7 0Jig TOJTHOTHI
u3noxenus! — GpopMyia, UCTOIL3YIOMAS UHTErPal, KOTOPYIO YUTATENb TPU
MEPBOM UTEHUU MOXKET TPOMYCTUTD.

Bunbaparas ¢GopMyna BO3HUKIA § aBTOPA TaK.

[Ipu uccrenoBanry aBTOPOM CIENUANLHOU JUHAMUIECKOU CUCTEMBI y He-
ro cama cOG0OU TOABMIACH TEOMETPUUIECKAA 3aJada, KOTOpad HUKAK He
o 1aBaTach (M HE O AANACH MO CAMOT'O KOHIA!) PENICHWI0 B PAMKAX EBKJIV-
IOBOU T€OMETpUM. DTa 3a4a4a MPUBEAEHA B YACTU 3 DTOU CTATHU, U UUTA-
Telb CMOXET CaM OIEHUTD €€ TPYAHOCTD, OMLITABIINCH PEIINTL €€ CAMOCTOS-
TEeIbLHO.

B pesyabTaTe goaroro o6ayMBIBAHUA ABTOP BAPYT COBEPIIEHHO HEOXU-
JAHHO YBUEJ BCIO F€OMETPUIECKYIO KAPTUHY B aOCOTIOTHO HOBOM CBETE, IO-
CIe Yero pemnieHue 3agavu IPUNLIO K HEMY NPAKTUYIECCKN MI'HOBEHHO. OrD;HI/IM
73 KJIIOUEN K €€ PENIeHNIO OKA3AMIACH YIIOMAHYTAA BBINIE OUIbLAPAHAL (DOPMYIA,
UL M3MEPEHUsA PACCTOAHUN B MPOCTPAHCTRE JI06aIeBCKOTO.

MaTemaTu4eckoe npoceewenne, cep. 3, sbin. 8, 2004(93-112)
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[lpyrum, u, mo MHEHUIO aBTOPa, 60Mee BAXHBIM, KIIOUYOM K PEIICHUI0 OKA-
3aJaCh TOMHAA CMEHa, TOYKYW 3PEHUA HA UCXOTHBIU TeOMETPUIECKUU OOHLEKT.
VmenHO OHA ¥ CHITpala, PEaoy0 POJh.

B pesyabrare nponymbiBaHua 3d@HEKTa «CMEHBI TOYKW 3DEHU» ABTOPY
MOKA3AM0Ch YMECTHBIM MPENBAPUTE OGCYX AEHNE OCHOBHOU TEMBI CTATHYA He-
OOJBIIIM JUPAIECKUM OTCTYILIEHUEM, B KOTOPOM HA HECKOJILKUX TPUMEPAX
KOPOTKWX, HO HEOOBITHBIX W APKUX (& KOMY-TO, BO3MOXHO, W XOPOIIO U3BECT-
HBIX) 3289 TOKA3AHO, KAK OJHA TOJIbKO CMEHA TOYKY 3PEHUI CPa3y MPUBOIUT
K WX peleHnoo. YuTaTean, KOTOPBIM XOUeTCA TOCKOPEee MO3ZHAKOMUTECA C OC-
HOBHOU 3aa9ell CTAThU U OWILAPIHOU (POPMYJIOU, MOTYT GE30 BCAKOTO A
ceba ymep6a mepenpeIrHYy Th CPa3y B YaCThb 3 CTATHU.

2. JINPUYECKOE OTCTYILJIEHUE: O IIOJb3E CMEHBI TOUKU 3PEHUSA

B mayke wacTo caydaerca Tak (a K MATEMATHKE >TO OTHOCUTCA, TIOXKA-
Iy¥, B GOMBIIEN CTENEHM), ITO OHA TOJBKO CMEHA TOYKYU 3PEHUA HA MPEIMET
MIO3BOJAET MOMHOCTLIO PEIINTHL TPYAHYIO 3aJady WIA AaXKe M3MEHWTH JMIIO
oTou (a, BOBMOXHO, W CMEXHOU) Hayku. [[OCTATOYHO yHOMAHYTH CO3IAHWE
rabmuuer Mengeneesa (MaTeMaTUIeCKUE CBOUCTBA KOTOPOU OTPAXKAIOT MHO-
COYUCICHHBIE XUMUYECKUE 3AKOHbI); TPU CTAIAU TPOXOXK ACHUA KIACCUICCKOU
MEXaHWKHU (HBIOTOHOBA, JAIDAHXKEBA W FAMWILTOHOBA); CMEHY KJIACCUIECKOU
MEXAHWKA HA PEIATUBUCTCKYIO (TTOCAE OOHAPYXEHUA MOCTOAHCTBA CKOPOCTH
CBETA BO BCEX MHEPIMAIBHBIX CUCTEMAX OTCYETA); MOYUTH JOCIOBHBIA IEPEHOC
OPUHIAIOB KIACCHIECKON MEXAHWKU HA ONTUKY; CO3JAHUE MeHeTUKU (BBee-
HUEM BEPOATHOCTHBIX 3AKOHOB B OMOJOTWIO); BOSHUKHOBEHUE KBAHTOBOU Me-
xaHWKHU (TIOCAE TOTO KAaK OKA3aJd0Ch, IYTO MATPUIHOE OMUCAHUE (DU3UIECKIX
IPOIECCOB HA ATOMHOM YPOBHE COBIANAET € BOMIHOBBIM OMUCAHUEM ); U MHOT'OE
apyroe.

B 5ToM OTCTyILIEHMM MHE XOTEIOCH Obl MOATBEPAUTEL TE3UC O MOJb3E U
ILIOJOTBOPHOCTY CMEHBI TOYKM 3PEHUA HA HECKOIBKMX MPOCTBIX M APKUX
OpUMepax PEeIIeHnsA 3a4ad U3 DIeMEHTAPHON MATEMATHUKY (BCE OHU B3ATHI U3
oMuMOuaTHOTO GHOIBKIOPA), KOTOPBIM U MOCBAIIEHA OCTABIIAACA IaCTh DTOTO
naparpada.

[IPUMEP 1. Dukcupyem 8 npou380AbHOM BLINYKAOM MHO20Y20AbHUKE KaA-
KY10-Huoydb enympennioro mouky P u onycmum uz wee nepnenourysipvl Ha
NPAMBLE, COOEPAHCAULUE CMOPOHBL MHO20Y204bHUKG. [0KA30Mb, UMO 0CHOBA-
Hue roms 6bl 00020 U3 NEPNEHIUKYAAPOB NONAIEM HA CTNOPOHY, G HE HG ee
npodoaxcenue. Anarsozuunbili 60npoc npo suinykabil muozoepannuk (npous-
804bHOT, PABMEPHOCTIU).

Ecau mocMoTpers Ha MHOTOYrOABHUK (Wi, B OOIIEM CIydae, Ha MHO-
FOTPAHHUK) KaK HA (PUBMIECKUN OOBEKT, 3ATOMHEHHBIN BENIECTBOM TAKWM
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/Ymg

Puc. 1.

00pa3oM, 4TO IEHTDP TAXECTHU dTOr'0 BEeUIeCTBa HAXOAUTCA B 3a(PUKCHPOBAH-
HOU TOYKe P, TO ¢ HUM MOXHO TPOBECTHU CICAYIOMIUNA DKCIIEPUMEHT: TMOCTA-
BUTH €0 HA TOPUBOHTAMLHBIN CTOJ B MOJE TAXKECTH U MOCMOTPETH, 9TO TO-
ayuauTca. [IpeanmonoxuM, 9TO COpaBeqInBO yTBEPXK ACHUE, TPOTUBOIOIOKHOE
mokasbiBaeMoMy. Torma mepreHauKyaap, ONyIIeHHb u3 P Ha J106yI0 CTOPO-
HY MHOT'OYTOJBHUKA, BBIXOAUT 33 MPEAedbl MHOrOyroabHuka. ClremoBaTenb-
HO, MHOTOYT'OJILHUK HA CTOJNE MEPEKATUATCA MO TEUCTBUEM CUIBI TAXKECTH HA,
CMEXHYI0 CTOpoHYy. Ho mepneH Ky isap, OMyIeHHBIN Ha HOBYIO CTOPOHY, TaK-
J)XKe BBIXOJWT 33 €€ Ipeaenbl, IO3TOMY MHOTOYTOTLHUK ITEPEKATATCA elle Pas.
Takoe mepexaTwiBanue 6yAeT TPOUCXOAUTH BHOBH M BHOBH — M0 OeCKOHEH-
HOCTH, ¥ MBI MOAYIAEM BEUHBIU TBUTATENH, KOTOPOTO, COTJIACHO (PUBUKE, HE
cymectyet (cm. puc. 1). TloryuerrOE TPOTUBOPEYNE U TAET NOKAZATEMIHLCTBO
YTBEPX IEHUA.

BosMoxHO, BaM HE MOHPABUIOCH MPUBEAEHHOE (PU3UIECKOE PACCY XK ICHUE.
(OTkygma, cOGCTBEHHO, M3BECTHO, ITO HE CyNIECTBYET BEYHOTO ABUTATENA!
U3 muOTOBEKOBOTO ONBITA YemoBedecTBa? A BAPYr 3aBTpa TAKOU [BUTATEND
nosisuTca’! CouwieMcs 34€Ch HA TO, ITO CYUIECTBOBAHUE BEYHOr'O ABUTATENS
MPOTUBOPEYUT 3AKOHY COXPAHEHUA DHEPTUU — DTO MOXKHO JOKA3ATb UUCTO
maremarmiaecku.) [[puBegeHHOE MOKA3ATENLCTBO MOXHO MOIEPHU3UPOBATH!
€CJIM MHOT'OYTONBHUK TMEPEKATHICA HA COCETHIO CTOPOHY, TO IMEHTP TAKECTH
NOHU3UIACA (IIOTOMY YTO OBLIA COBEPIIEHA PabOTa CUILI TAKECTH IO IMEPeKa-
TBIBAHUIO). A BETHO MOHMXKATHCA IEHTD TAKECTU HE MOXKET, TUCJIO TTOHUKE-
HUU HE MOXET MPEBOCXOMUTD YUCIA CTOPOH MHOTOYTOJBHUKA, YMEHBIIEHHOT'O
HA eIVHUILY: MHOTOYTOJIbHUK OCTAHOBUTCA, KOTA TEHTP TAXKECTH OKAXKETCA B
HamHM3MEM noaoxernnu. (BemomanTe, KAk MagaeT KHPIWd, CTOAIME Ha, CBOET
CaMOU MaJeHLKOU T'PAHU: €CJAU BBI €r0 TOJIKHETE, OH yIaJeT Ha JPYTYIO PPaHb
7 OKAXeTCA B 6oee YCTOMIUBOM TIONOXKEeHWN. ECin ke ero MOXHO TOJKHYTh
eme pas, TO B 3TOT MOCJAETHUN DA3 OH YyHAAET HA CBOIO I'DAHb HAUOOIbIIEH
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WIomA A U GOJIBINE TALAThH HE CMOXET. B yCTOMYMBOM TTOJOXKEHUN TIEHTD TH-
KECTU KUPIUIa HAMHU3IINY BO3MOXHBIN. )

Ewe ogmo ManeHbKoe ycunne, n IpUBENeHHOE «PU3MTECKOE» PACCY K ICHUE
CTAHOBUTCA UCTO MATEMATUIECKUM: 3a0BbIB O IEHTPE TAXKECTH, PACCMOTPUM
Ty CTOPOHY MHOT'OYTOJBLHUKA, PACCTOAHUE IO KOTOPOU OT TOYKU P HANMEHB-
mee. Torga mepreHAVKYJIAp, OMYIIEHHBIN U3 P Ha 5Ty CTOPOHY, MOMamaeT
MMEHHO Ha Hee, a He Ha ee mpogomkenne! [loToMy 9TO B TPOTUBHOM CIydae
JEerKO YBUETL M3 PUCYHKA, 9TO TOUKA P ObLIa OBl 6IMXe K COCeTHeN, CMeX-
HOU C HEH CTOPOHE MHOTOYTONLHUKA, U OTMEYEHHASA CTOPOHA OKA3aaach ObI
He Hambnuxaumen kK P.

[IpuBenenHOE AOBOMBHO NIWHHOE PACCYXKIEHUE, OMYyCKAA NETATU, MOXKHO
BBIPA3UTH OMHOU (PPA3ON: €CAU NOMYCTUTH MPOTUBHOE, TO U3 MHOTOYTOILHU-
Ka MOXHO OBLTO ObI MOMYYUTb BEYHBIN ABUTATENb, YTO JAET MPOTUBOPEYLE.
[IpocTas cMeHA TOYKY 3PEHUA: (MHOTOYT'OIHHUK — DTO (PUBUIECKUN OGHEKT B
TOJIE TAXKECTHUY, CPA3Y MPUBOAUT K MPO3PATHOMY BUIEHUIO BCEN KAPTUHLI U K
O0YEBUIHOMY NOKA3ATEILCTBY, 0 CBOEU CTPYKTYPE HATIOMUHAIOIIEMY APEBHE-
rpeveckoe «Cmorpuly (3amena CI0Ba «(MHOTOYTONTLHUK) HA, (MHOTOTDAHHUK)
pellIeHus He MEeHAET. )

I[IPuUMEP 2. Jokazams, umo y 41006020 BLINYKAOZO MPETMEPHO20 MHO20-
epannukra eceeda nalddymes dee 2pany ¢ PABHLIM YUCAOM CTMOPOH.

BoabmmHCTBO M3BECTHBIX MHE pemiaTeNer STOU 3aa<Mi MIHOBEHHO MIPU-
BAEKAJO (opMyTy Dmiepa mid MHOTorpamuuka: V — E 4+ F = 2 u pmazee. ..
HEIero He npoucxoauno. OKa3bIBaeTCsA, IPUBEIEHHA 33,18 BOBCE HE MO I'e0-
MeTpun, a no apudmeruke! (Cum. puc. 2).

Kaxk ToIBKO mMOUMENTs 3TO, pelleHne MPUXOIUT TOTIAC Ke. [[eNCTBUTe -
HO, 3a0BIB O TEOMETPUU, AOIMYCTHAM, YTO BCE TPAHU MMEIOT PA3HOE UUCIO CTO-
POH 7 YTO 1 — HAUOOJBIEE BO3MOXHOE YUCIO CTOPOH y rpanu. K oTou rpanu
TMPAMBIKAET 1. IPYTUX IPAHEN MHOTOTPAHHUKA, ¥ MIOOBIX ABYX U3 KOTOPBIX Y-
CJ1a CTOPOH PA3IWYHBIE (IO MPEANONIOKEHUIO), IPUIEM BCE OHU CTPOT'O MEHBIIE
n (mo Tomy xe camomy mpeanonoxenuio). O THAKO KOMMIECTBO HATYPATHHBIX

Puc. 2.
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9UCeT, MEHBIIUX 7, CTPOTO MEHBIIE 7, W MbI modydaeMm npoTtusopeune. (Ha
CaMOM naeje HAUMEHBIIUM BO3MOXHBIM HATYPAJBHBIM YUCJIOM B rI[aHHOIl/)I CHu-
Tyanuu ABIAETCA 3 (TPEYyroanHWK), a He 1, m mpoTuBopedme eme Goree ycy-
rybaseTcs).

[TpuMEP 3. Jokazamyv, umo ecau cpedu CAeOYIOWUL WECTU YUCEL: GC +
+bd, ae+bf, ag+bh, ce+df, cg+dh, eg+ fh nem nyaesviz, mo no xpatine
Mepe 00HO U3 HUL NOAOHNCUMEALHO.

31ecb, HA06OPOT, TOUKY 3PEHUA CIEAYET CMEHUTH C aIreOpamdecKol Ha
reoMeTpuiIeckyn. [lag 5TOro HAJO «yBUAETH», YTO MIECTb YKA3AHHLIX UU-
Cel — DTO BCEBO3MOXHBIE CKAJADHBIE MPOU3BEJEHUA IETHIPEX IBYMEPHBIX
BekTOpOoB Vi = (a,b), vo = (¢, d), v3 = (e,f) m v4 = (g,h). llycts >1m
BEKTOPA PACIOIOXKEHBI Ha INIOCKOCTH, KaK [TOKA3aHO Ha PHUC. 3.

(a,b)

(c,d)
(g,h)

Puc. 3.

Bce mecTh CKAMAPHBIX MPOU3BENEHUU HE MOT'YT OBITH OTPUIATEILHBIMA
YUCIAMA — DTO OOCTOATENLCTBO COOTBETCTBOBAJIO OBl I€THIPEM TYIBIM YIIaM
MeX Iy COCeIHUMU BEKTOPAMHU, & TOT A CYMMAa DTUX I€THIPEX YIVIOB IIPEBOCXO-
muia 661 360° (xoTa ora pasHa B TOIHOCTH 360°), M MBI TIOLY IUIX GBI TIPOTUBO-
peuane. CrenoBaTENBHO, MEX Y KAKAMHA-TO BEKTOPAMY YT'OJ OCTPLIA, TO3TOMY
€ro KOCUHYC MOMOXUTETHHBIN, U, CTAI0 OBIThH, CKAIAPHOE TPOU3BEIEHUE DTUX
BEKTOPOB — OJHO W3 33JAHHBIX TUCET — MOJOXUTEIHHO.

I[IPUMEP 4. HUmeemca mexomopoe (3apanee HEU36€CMHOE) KOAUYECTNEO
MEWKOB C HEORPAHUUECHHLM 3ANACOM 30A0MBIL MOHEM 6 Kaxcdom. B xarxuz-
MO MEWKAT 6CE MOHEMbL HACTNOAWUE U BECAM NO 6 2pamm, a 6 0CMAAbHBIL
MEWRAL 8Ce MOHEMbL HaibUWUBbIE U 6ECAM NO 5 2pamm. 3apanee Heu3secm-
HO, 6 KAKUT MEWKAL MALOOAMCA HACMOAUWUE MOHEMbL, G 6 KAKUL PaibUU-
gvie (puc. 4). Paspewaemca 634mb NpPouszoabHoe 4UCAO MOHEM U3 00H020
UAU U3 HECKOADKUT MEWK06 U Hatimu uz obwut 6ec ma 6ecar co cmpearot.
Kaxoe munumasvroe wucao s3sewusanuti cacdyem coeaamob, umobbl onpede-
AUMDb BCE MEWKY C PaAsbUUBHIMU MOHEMAMUT

[TpocTennias mpomeaypa Mo BEIABICHUIO BCeX (hATBIMNBEIX MEIIKOB TAKOBA!
B3BEUINBAEM OTHY MOHETY W3 IEPBOTO MEIIKA, TOTOM OJHY MOHETY U3 BTOPOTO
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Puc. 4.

MeIIKa, ¥ TakK jajee, BIUIOTh [0 MOCIEIHEr0 MEIIKa, ONpeaeas Ha KaxX oM
mare, ¢ KAKUM MEIITKOM MBI UMEeM [el0 — C HACTOAIIUIM WId PATbITUBBIM.
W Ha mepBBLIN B3TIAL KAXETCA, 9TO MUHUMAILHOE IUCIO B3BEIIMBAHUYU PABHO
9HUCIY MEIIKOB.

OmHAKO OTBET B DTOU 33a4e COBEPIIEHHO HEOXUJAHHBIN: MUHUMAIBLHOE
YUCIO B3BEIIMBAHUU HE 3aBUCAT OT YUCIA MEIKOB W paBHO exumuumie! Kax
XK€ BCEero 3a OJHO B3BENINBAHUE OMPEIEJUTH Cpasdy Bce (PATbIIABBIE MEIIKN!
N «ro 510 3a B3BemmBaHUWE, B KOTOPOE, OUEBUIHO, MOJXKHBI OBITH BOBICTICHBI
Cpa3sy BCE UMEIOIINECS MEIIKA !

[Mlupoko W3BECTHA AHATOTWYHAA 3a0a4Ya, B KOTOPOU YCAOBUE U3 ITPUME-
pa 4 ocmabreHo: M3BECTHO, UTO TOABKO 00UHN MEIIOK COAEPXKUT (PATHITUBLIE
MOHETHI. B 5TOUN 3a1atde eIUHCTBEHHOE B3BEIIUBAHUE OCYIIECTBAACTCA TAaK:
HyMepyeM BCe MEIIKU OT MEPBOTO [0 MOCIEIHEr0, 3aTeM M3 KaXJOTO MEIIKa
JOCTAeM CTOJBKO MOHET, KAKOB HOMED DTOT'0 MEIIKA, MOCHEe ero B3BEIINBa-
eM BCe BBIOpAHHBIE MOHETHI HA Becax. Hciau Ob1 aibIIUBBEIX MOHET HE OBLIO
BOBCE, BECHI MOKA3aIM ObI (IUCIEHHO, B rpaMMax) B 6 pa3 66aIbmmu Bec, YeM
YHMCIO BBUIOKEHHBIX HA BECHI MOHET; OJHAKO Kakme-TO k MOHeT (U3 Memka ¢
HOMEDPOM k) (anbmmBeie u BecAT bk rpamm BMECTO 6k rpaMm, Tak 9TO BECHI
HA CaMOM [eje TIOKA3BIBAIOT Ha k rpamm Menbme. tak, Homep k memka c
ATBIIUBEIME MOHETAME TYT XK€ CTAHOBUTCA W3BECTHBIM KAK PA3HOCTH JIBYX
YUCEeN: TOTO BECA, KOTOPBIU JOMXKEH ObLT ObI OBITH, M PEATHLHOTO, TIOKA3LIBAE-
MOT'0 CTPEIKOU BECOB.

OmHako TAKOW TPIOK HE MPOXOAUT, €CIM TUCAO «(paTbIIUBLIXY MEIIKOB
nBa mau GOJbINE: YKA3aHHAS BHINIE PA3HOCTH IBYX UUCEN PABHA CYMMe HO-
MepOB BCEX (PAJBIIUBHIX MEIIKOB W HE MAET BO3MOXHOCTH ONPEIEIUTH Ka-
XKABIA MENIOK TO-OTAENLHOCTU. [loX0Xe, ITO OJHUM B3BEITUBAHUEM TYT HE
oboutuck. Tem He MeHee, OMHOTO B3BEIIUBAHUA, KAK W PAHBIIE, OKA3BLIBACTCA
JOCTATOIHO!

Upes pelnenns CTAHOBUTCA MOYTH OYEBUIHOU, €CAU CMEHUTH TOYKY 3pe-
HUS ¥ BCIIOMHUTH O CHCTEMaXxX cuuciaeHusA. [IoCKOIbKy Kaxmoe HATypalbHOE
YUCTO 3AMUCHIBACTCA OJHO3HATHO B CUCTEME CUMCJICHUS C JAHHBIM OCHOBAHU-
em b, mano 3arymepoBaTh Memku or 0 1o n — 1 (rge n Imeao mMemkos, moka
9TO TOXKE HeM3BECTHOE) 1 BHIGPATh bF MoHeT m3 Memka ¢ HoMepowm k. Jlerko
co00pasuTh (MpolIe BCEro A AECATUIHON CUCTeMBI cuucaenus, b = 10), 1aro
BMeCTO cTangapTaoro Beca P =6-(1+b+ ...+ b") cTperka BecoB ocTaHO-
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BHUTCA HA BECe, PA3HOCTHL KOTOPOro ¢ P B b-m9HOU cucTeMe CIucaeHna OyaeT
Bpra,)Ka.TbCﬂ ‘II/ICJIOM, IIEINKOM COCTOAIIIIM U3 Hyﬂeﬁ n erD;I/IHI/II_I MeCTa., Ha
KOTOpI:IX CTOAT erI[I/IHI/II_H:I, KaK pa,3 n COOTBeTCTByIOT HOMepa.M C];)a.JIbHII/IBI:IX
MEIIKOB!

ITPuMEP 5. Ha npamoti pacnosoxcerno 500 odunarxosvir 6uivaponvls uia-
pos: 200 u3 Huxr KAMAMCA CAE8G HANPABO C 00HOT U MOt KHce CKOPOCMbIO
v, a 300 ocmasvnbiz — cnpasa maseso ¢ mot e ckopocmbio v (puc. b).
Meacdy wapamuy HaUURAIOM NPOUCTOOUMD YNPY2UE CMOAKHOEEHUL, NOCAE KO-

200 300

Puc. 5.

HCJ020 U3 KOMOPLIL CMOAKHYBULUECS UWAPLL MEHAIOM, HANPABACHUAL CEOUT 06U~
HCEHUTE Ha NPOMUBONOAONCHBIE, HO He MeNAtom ceout ckopocmet. (Paccmo-
AHUA MENCOY COCEOHUMU WaAPAMU MO2YM ObIMb NPOU3BOALHBIMU, MAK YMO
nopador CMOAKHOBENUA Wapos 3apanee neuzsecmen.) Komeuno uau 6ecro-
HEUHO YUCAO CMOoAKHOB8ERUT 8 omoti cucmeme? Ecau xoneuno, mo Kaxum ono
Mmoxcem ovimyv?

3amyMepyeMm Bce maphl cieBa Hanpaso oT 1 o 500. Creauts 3a mocaenoBa-
TEIBHOCTHIO CTOJIKHOBEHNU IIAPOB IMPAKTUYIECKU HEPEAIbHO: Haxe (PUKCAPO-
BaB BCE COCEHUE PACCTOAHUA, OYAET TPYAHO YCAEAATH MOPALOK, B KOTOPOM
STU CTOJIKHOBEHUA MPOUCXOAAT. JIydllle CMEHUTHL TOYKY 3PEHU: BMECTO TO-
ro, ‘ITO6I)I CIIEOAUTH 3a Hapoﬁ CTOJNKHYBHINXCA X 3aTEM PaA3J€TEBINIUXCA IIaPOB,
OyIeM CUIATATh, ITO HTU IBA MAPA TPOCTO TPOHUKIA APYT CKBO3bL APYTa KAK
6eCcIIOTHBIE Tena, OOMEHABIINCH CBOMME HOMepamu. OT TAKOW CMEHBI TOY-
KV 3DEHWA KAPTWHA [BUXKEHUA MIAPOB HE M3MEHHTCA (4 HOMEDA IAPOB HAC
UHTEPECYIOT HOCTOJIBKy-HOCKOJIBKy), OOHAKO M3MEHUTCA HAllle OTHOUICHUE K
DTOU KAPTUHE W MBI CMOXEM OTBETUTDH Ha 064 MOCTABIEHHBIX BOIIPOCA, OTHO-
BpeMeHHO. MBI BUAUM, YTO C HOBOU TOYKU 3PEHUA JOCTATOIHO HAUTHU TUCJIO
MPOHUKHOBEHUU MIAPOB APYT CKBO3b ApPyra. TaKux NPOHUKHOBEHUU, OYEBU I-
HO, 6ymeT 200 x 300 = 60000, TOCKOABKY KaXk IbIA MPABBIA MIAP MPOIIET CKBO3b
KaX BN JIeBBIU (IIPU HTOM 1O OTAEILHOCTY MAPLI KAK B JIEBOU PYIIIE, TaK U
B IPABOW HE B3AMMOAEUCTBYIOT MEXIy co601). MTak, 9MCi0 CTOMTKHOBEHUN B
cucTeMe MAapoB Bcerga xoxeuno u paBHO 60000, HE3ABHCHMO OT IEPBOHATATE-
HBIX PACCTOAHUU MEXOY HAMU U OT TOCIEAOBATEILHOCTU WX CTOJIKHOBEHUMU.

YKa3aHHYIO CHCTEMY W3 IBUXYIIUXCA OMWHAKOBBIX OMIBAPIHBIX IIAPOB
MOXHO PacCMaTpUBATH, MOCIE TPUBEIEHHOTO PACCYXAEHUA, KAK IPUMUTHUB-
HBIU KATLKYJIATOP, TPOU3BO AN YMHOXEHUE TBYX HATYPAILHBIX TUCET: TU-
Cla MAapOoB, MBVXYIIUXCA BAEBO, HA YMCIO NMIAPOB, IBUXKYIIUXCA BIPABO.



100 I'. A. l'anbnepun

IMTPUMEP 6. IIpednoaosxcum, eaus dpyz 360YMa.l HECKOADKO NPOU3EOAbHBLE
Hamypaabruiz wucea (cpedu KOmopuir mo2ym 6Obimb U NOBMOPANUUECS), G
8bl zomume 6ce uz y2adams (3a00H0 ONPEIEAUS U UL KOAUUECTEO), NPUUEM
UMEHHO 8 MOM NopAdKe, 8 KAKOM OH 3MuU wucaa 3a0yman (m. e. yeadams 6ech
8EKMOP yeanx uucea). Bam pazpewaemes nonpocumsv dpyaa cdeaamsb npous-
B0ALHOE BLINUCAECHUE, CBAZAHHOE C €20 YUCAAMU, HANPUMED, NONPOCUMb €20
HAtmu NPOU3BEIEHUE UAU CYMMY HEKOMOPLLE U3 HUT , UAU HCE O0AEE CAONCHYIO
Kombunayuio. Kaxcdoe makoe sviuucaenue, k0200 na 8bIx00€ NOAYUALTNCA Ha-
TypambHOE ucA0, 0ydem nazvisamo «rodomy. (Apyeoti sapuanm sadauu: na
KaHCAOM TOOE PEIYALMAMOM BbINUCACHUSL DOANCHO OKAZBIGAMDCA HEIEIOE Uil
c10). 30 KaKoe HAUMEHbULEE WUCAO TOD08 Bbl CMONCEME HABEPHAKA Onpede-
AumMb 3adymanmbili sexmop?

N B sTom 3amade (Kak u B UeM-TO TOXOXeEW HA Hee 3ajatde W3 MpuMe-
pa 4 o daremmMBEIX MemKax) OTBET: 6ce2o 3a 0dun rod! Cmagamra pasbe-
peM TEePBYI0O MOCTAHOBKY 3a/a49¥, KOT[a Pe3yJIbTAT BBIMUCICHUS HA KaXIOM
X0oZe — menoe umMcio. Ecam mocMOTpeTh Ha DTy 3a4atdy Ta3aMu JOTUKA,
3HAIOIIET0 O TEIENEBCKOU HyMepaluu BceX (POPMATLHO-TOTUIECKUX (HPOPMYIT
BBIBOJA B apudmeTuke (Takad HyMepauusa BO3HUKAET TIPU JOKA3ATEIHCTBE
TeopeMbl ['énens 0 HEMOMHOTE apupMETUKU), TO OTBET «3a ONUH XOI» Ote-

BU/IEH: €CJIU 33aAyMaH BEKTOD wmcer n = (ni,no,...,Nng), rae k — Koamde-

CTBO 3aAYMaHHBIX YHUCEJI, TO CjaeayeT MTOIPOCUTH APYyTra BBIYUCAUTH YTUCIO
— 1 72 T — — —

N_pl " Py ""'pkaprqepl_27p2_37p3_57"'7pkinepBbIe

k mocremoBaTenbHBIX TpOCTHIX wncen. (EcTecTBeHHO, 9TO, MOCKOIBKY KOJIW-
9eCTBO 3aJyMAHHBIX UUCEJI HEM3BECTHO, CAeAyeT MOMPOCUTH APYTra CAeIaTh
VKa3aHHYIO orepanuio caoBecHO: «Bo3bMu mogpsg CTOIBKO MPOCTHIX YHUCET,
CKOJBKO YHCET THI 3ayMAJ, BO3BEAU KAaXI0€ MIPOCTOE IUCI0 B CTEIEHb, PaB-
HYIO COOTBETCTBYIOIIEMY 33AyMAHHOMY TOOOU YUCIAY, MEPEMHOXE IOJYYeH-
HBIE PE3YJIBTATH U COOOIM MHE OTBET.») V3BECTHO, 9TO pa3noxeHwme T060-
0 HATYPAJLHOI'O UMCAA HA MIPOCTHIE MHOXUTEIN OTHO3HAYHO U €IWHCTBEHHO
(3TOT (pakT — OCHOBHAA TeOpeMa apUPMETUKN), IIOITOMY TpeacTasienue N
B YKa3aHHOM BBIIIE BU/E TA€T eIWHCTBEHHYIO BO3MOXHOCTD [ HAXOX JEHUS
KOOPIWHAT BEKTOPA N.

Ecmu xe orpaHuYuBaTHCA TOJIBKO HENEABIME PE3YJbTATAMEI BHIYUCICHUN,
TO ZOCTATOYHO BMECTO YIUCIA N MOMPOCUATH BHIYUCIUTH, CKAXEM, ero 006paT-
Hoe N~!: Torga ompexeamrca BeKTOp (—n), a ¢ HUM ¥ UCKOMBIM BEKTOD 1.
Nnm xe, MOXHO ONPOCUTH APYra BEIMUCAUTDL 9ucao N/pyi1 (rge pgi1 — sT0
HEMOCPEACTBEHHO WAYINEE MPOCTOE TUCIO 33, YKE BEIOPAHHBIMU MTPOCTHIME P1,
P2y -+, Pk), U IO HEMY OJHO3HAYHO HAUTYU BEKTOP N. [IpAMO mim KOCBEHHO
BCE TaKWe BLIYUCIEHUS OCHOBAHBLI HA, UEe M'éNeJeBCKON HyMEPAIH.

OmHAKO 9eJ0BEKY, He 3HAKOMOMY C DéIeJeBCKON HyMepalllen, CTOUT CMe-
HUTDb TOYKY 3PEHUA MO-APYTrOMY: BCIOMHUTH O HEMHBIX APOOAX U MOMPOCUTH
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IPYyTa BBIYUCIUTH LIENHYIO APOOL

a=mi +
mo + 1

m3+ ...+ —
my,

rge kaxgoe m; = n; + 1. (OmaTs ke, BEIYUCIEHUE TETHON ApO6U HATO chHOp-
MYJIMPOBATE CIOBECHO, AHAJOIMYHO CIOBECHOU (POPMYJIMPOBKE IéIeIeBCKOr0O
HOMEDA BEKTOpPA 1.)

SHAMEHATEeIn 1M1, M3, ..., M) OEOHOU APOOHM BOCCTAHABIMBAIOTCA IIO
YUCIy ¢ ONHO3HAYHO: 1] — DTO HeJad 9acTh « My — ATO IeJad 9acThb
B =1/(a—m1); m3 — sTo nenas gacts 1/(S—ms); u T. 5. Heonpegenennocts
B ompegeneHun HAGopa {m;} Moraa OBl CAYIUTHCA TOIBKO HA MOCIETHEM IIa-
re, KOrga MbI ONIPEACTAIA TOCTIeHee IeJ0oe 9ucao, paBHoe, ckaxeMm, M, u He
3HAEM, KAKOU BBIBOJ U3 DTOr0 CAEIATh: TO U My = M, Tomamy_1 = M—1n
my = 1. K c9acTh0, HUKAKOU HEOIIPEAeIeHHOCTH 34eCh HET: MBI JJII TOI'0-TO
U IpUOABUIM BHAYATE KO BCEM 3aYMAHHBIM {n;} MO eAMHUYIKE, ITOOHI TOLY-
YUTH 9MCAA M; > 2, & TOTAa BTOPag BO3MOXHOCTH B YKA3AHHOUW JUXOTOMUM
HE MOXET peanrum3oBaThesa. VTak, BEKTOp m = (mq,mo,..., M), a BMECTE C
HUM ¥ UCKOMBIN BEKTOp N = (n1,n9,...,ng) = (my —1,mo—1,..., mp — 1), a
3a0HO W KOMWIECTBO KOOPAMHAT k KaXAOTO M3 HUX ONPENeNAI0TCA OMMCAH-
HBIM BBIYUCICHUEM OTHO3HATHO.

OTUM HEOOBIYHBIM CIIOCOGOM MBI BTOPUYHO HAXOAUM BECH BEKTOD N.

I[TPUMEP 7. Hatimu 6ce uyeaouucaenuvie pewenus ouoPanmosa ypasHe-
HUA

(a1 4+ b1v2)2% 1 (az + bav/2) % 4 4 (a100 + bro0v/2) 2% = 5000 + 4000v/2.

Packpoem Bce ckoOku cieBa m cob6epeM OTAeIbHO BCE IETbIe 9UCIa, W OT-
JeTHHO BCe Ieble, yMHOXeHHBIe Ha /2. IlepBas cymma Gyger pasma 5000,
Bropas 4000. Kazasocs 6v1, y HAC €CTH MHOT'O CBOOOIBI B BEIOOPE IEIBIX TUCET
a; u b;, oMHAKO TIEepBas ke MOMBITKA ONPEIeJUTh UX K yCIEXy He TPUBOIUT.
CMEHMM TOYKY 3PEHUA: BOCIOAL3YEMCS CUMMETPHUEN W 3AMEHUM B KaXk IJOU
CKOOKe cJeBa 3HAK «+» Ha «—». OYEBUIHO, ITO B MPABOU TACTH TOABUTCA
qucao 5000 — 4000v/2 (moCKOMBKY BCe COOPAHHBIE MOCTE PACKPBITUA CKOOOK
LeTble 9MCIa OCTAHYTCS 0e3 M3MEHEHNUd, a BCe Ielble, yMHOXEHHBIE Ha /2,
NOMEHAT 3HaK). MTaxk,

(a1 —b1v2)2% 1 (a3 — bov/2) % 4 4 (a100 — bro0V/2)?%%* = 5000 — 4000v/2.

Kazamocs 6b1, Mbr HE y3HAJIU HUIero mHoBoro. Ho o6parum BHMMaHUE Ha TO,
1o 5000 — 4000v/2 < 0. MBI TyT e IOXy<IaeM HEBO3MOXKHOE COOTHOIICHIE:
CI€Ba B IIOCJICAHEM DAaBEHCTBE CTOUT CyMMa HEOTPUIATEIBHBIX YTNCET (I/I3—3a.
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geTHOCTH TOoKasaTeas 2004), a copasa — orpunarenbuoe uuciao. Crenosa-
TEJABHO, TEJOIUCICHHBIX peHIeHI/II;)I NCXOMHOE YPDaBHEHUE HE MMeeT BOBCG!

Unesa, KOTOPYyI0 MBI UCHOJIL30BAIUA B PEIICHUW 3TOU 3aJAYMU, COCTOUT B
HAMYIWN CKPBITOW CUMMETPHUM: TIOCMOTPEB B «3€PKaI0» (M3MEHUB 3HAKW ()
HA «—»), MBI HE YBUIEIN U300PAXKEHNA; CTAI0 OBITH, U UCXOAHOTO OOBEKTA, HE
CyLIECTBYET.

Ha 9TOM MBI 3aKOHYINM OEMOHCTPAIWIO IIPUMEPOB KOPDOTKUX 3a4aY U IIe-
permeM K OCHOBHOU 3aate CTATbU, KOTOpad TakKke OyAeT pelieHa Ha OCHOBE
CMEHBI TOYKW 3PEHUS.

3. BAIAYA O BUJIbAPIHOM OTPAYKEHUU B R?

ycrs B mpoctpancTee R? pacmonoxena (d — 1)-mepras miockocts 11,
KOTOPyI0 OyJeM paccMaTpuBaTh KakK TOPU3OHTadbHOE 3epkano. Ceepxy oT
sepkanaa II, B kakux-To Toukax A;, As, ..., A, OPOCTpAHCTBA HAXOLATCI
MaJIeHbKME KYCOYKHU TUIOCKUX 3E€PKAJ, OT KOTOPBIX, & TaK®Ke W OT 3epKaja
IT orpaxaeTca ceeTOBOM My€, 06PaA3yda 3AMKHYTYIO TIEPUOAUIECKYIO TPACKTO-
puto y = A1B1AsBy ... Ay 1B, 1A, By A (puc. 6). Tpaekropuio -y Gyxem Ha-
3LIBATH II0 €CTECTBEHHBIM IMPUYMHAM (OGHIbAPIHOM: TOYCIHBIN OMIbAD JHBIA
map, BHIMYIIEHHBIN U3 TOYKH A B Touky Bi, OyJeT ABAraTbCA MO TPAEKTO-
pr7 Y, TOCKOIBKY TOCIE KaX JOTO OTPAKEHUA OT KAXKJOTO 3EPKAIa, YOI €ro
oTpaxeHusa OyIeT paBeH YIUIy ero MANeHUd, KaK U I UCXOJTHOTO CBETOBO-
ro ay4a. Hecocemame OTpE3Km TPACKTOPWUA Y B MPOCTPAHCTBE PA3MEPHOCTHI
d > 3 6yayT, BOOOIIE TOBOPS, HEIEPECEKAIOINMUCHA, KaK Ha puc. 6a, a B ciy-
1ae, KOrga Bce ToIku Ay, Ao, ..., A, 1 Touk; oTpaxenus By, By, ..., B, 1,
B, pacmosoxensl B O4HOU WIOCKOCTH (d = 2), mepuognvIecKas TPACKTOPUA Y
BBITVIAIUT, KaK Ha puc. 66.

B, B, B, Bz Bp_1
6)

Puc. 6. 3agava o 6HIBAPAHOM OTPAXKEHUU B MPOCTPAHCTBE U HA IVIOCKOCTH
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Pacemorpum Tpeyrombuuku Ap = AApBrAgp+ (B = 1,2,...,n —1) mn
A, = AA1Bp A, KOTOpBIE HA30BEM OUAbAPOHbIMY Mpey2osbhukamu. a1 ka-
XK JOTO U3 MEPBBIX N — 1 GUIBAP IHBIX TPEYTOJLHUKOB OIPEIETUM €0 U30bimoK

Ok = Ak By + BrAg+1 — ApAg
7 ero nepumemp
Pk = ApBy + BpAg1 + Ap Ak -
To4rOo Tak Xe onpegennM m30BLITOK U IEPUMET] TTOCIEIHET0, N-T'0, TPEYTOTh-
auka A, = A A1BRAR:
b = A1 B+ BuAn — A1 Ay,
pn = A1Bp + BpAp + A1 A4y .
CpaBHuM ABa 9WUCIa: OTHONIEHWE U30BITKOB 0102 - ... - 0p_1/0, ¥ OTHOUIEHUE
IePUMETPOB P13 - - .- * Pn—1/Pn-

SATAYA. Modeno au ymseprcdams, umo 00H0 U3 CPABHUBAEMBIL 08YT Ui~
cea 6ce20a, He3aBUCUMO OM OUAbAPIHOT MPAEKMOPUL Y, He NPeBocrodum
dpyeoe? Boamoncno AU PABEHCMEO IMUT YUCEA, U €CAl O0a, MO 04 KOKUT
mpaexmoputi 7

OxkasbIBaeTCA, OTBETH HA 0064 BOIPOCA MOJOKUTEILHBI, & PABEHCTBO OT-
HOIICHUY W30BITKOB W TEPUMETPOB HAKIAIHLIBAET HEOOBITHOE OTPAHNICHUE HA,
pacnonoxenue Tovex {A;} u {B;} B mpocTpancTee R?. Pemenne 3azaun ga-
eTCA CICAYIOUEr TeOPEeMOMu:

TEOPEMA 1.

(A). Jasn npouszsoabnoti 6uibApIHOT MPAEKMOPUU Y CNPABEIAUBO HEPa-
6EHCMBO

0102 ... 0p—1 gplpz'---'pn—1. (1)
on Pn
(B). Hepasencmso (1) npespawaemces 6 pagencmeo mozda u moabko mo-
2da, K020a 00HOBPEMENHO BBINOAHEHDL CACOYOUWUE MPU YCAOBUI MG PACTLONO-
scenue mouer {A;} u {B;} 6 npocmpancmee RY:

(bl) 6ce A-mouku {Ax} u 6ce B-mouxu {By} (k=1,2,...,n) pacno-
A0%CENBL 8 00HOT U Mot dHce J8YmMePHOT NaoCKoCMUY IR2;

(b2) 6ce B-mouku pacnosoxcenvt na 0dnoti npamot £ € R2 N1II, npu-
yem nepevie n — 1 B-mouex pacnoaosxcenvt 8 nopadxe By, Ba, ..., B,_1 Ha
npamot £, a nocaednas mouka By aescum suympu omrpvimoz20 unmepsaad
(B1,Bn-1) €4;

(b3) sce A-mouru aexcam wma 0dwoti oxpyxcnocmu ¢ € R?, yewmp
KOmopot pacnoaoxcen 8 nexomopoti mouxe O npamoti £, npuvem wa 0KPYHc-
nocmu ¢ onu udym 8 nopadxe Ay, Asg, ..., Ay,.
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Teopema 1 CTAHOBATCA MOYTH OYEBUIHOU, €CIU CMEHUTH TOYKY 3DEHUA U
MOCMOTPETH Ha BCIO 3a/1a4y ¢ nos3unuu reomerpun Jlobadesckoro. Cmena To4-
KU 3PEHUA U J0KA3aTETHCTBO TeOopeMbl | MPUBOAUTCA B YACTHU O, & MOKA, UTO
meperuieM K TMpocTertmuM GakTaM reoMeTpuu JI06ateBCKOro u OWIbLAPIHON

dopmyne.

4. TEOMETPUA JIOBAYEBCKOI'O U BUJbAPIHAS GOPMYJA

Hamomuum HEKOTOpPEBIE (haKTHI reoMeTpun JI06aIeBCKOT0, WK TUIep60In-
1ecKou reoMmeTpuu. Ham 31ech BaxHa caMad yIOTpeOUTEILHAS MOAEIb STOU
reoMeTpuH, a WMEHHO, MOAETh llyaHkape B BEpPXHEW MOJYILIOCKOCTH, €CIU
pedb uaeT O ABYMEPHOUW T'eOMETPUM, U B BEPXHEM IMOMYIPOCTPAHCTBE, €CIU
pedb UAeT O Pa3MEPHOCTY TPHU U BHIIIE.

HaxmeMm ¢ gBymepHo# mrockoctu Jlo6atesckoro H?. Ee mogensio Ilyanka-
pe ABIAETCA OTKPHITAA BEPXHAA IMOIYILIOCKOCTH eBKIMJOBOM IIOCKOCTH RZ:
BCE TOYKMU EBKJIWJAOBOU IUNIOCKOCTHW BhImIe ocu abcumce O SABIIIOTCA TOYKA-
Mz mrockoctn H?, a Bce Touku Ha ocu O CUHTAIOTCA GECKOHETHO yIATCH-
HBIME TOYKaMu rumnepGommdeckon miockoctu. Ock abenuce Ox HA3BIBAETCA
Taxxe abcomomon mrockoctu Jlobaaenckoro. [pamere ma miockoctn H? (k
HUM TPUIATAETCA DMUTET «TUNEPOOIMIECKUe», IJId TOro, YTOOBI HE MyTaTh
UX C eBKIWJOBLIMU MPSAMBIME) OLIBAIOT ABYX THUIOB: K MEPBOMY OTHOCATCA
BEPTUKAILHBIE €BKIUIOBLI Jy9d, OPTOroHaAbHBIE ocu O, a KO BTOPOMY —
eBKJIMOBHI TIONYOKPYXHOCTH ¢ HeHTpamu Ha abcomtore Ox. (dnureT «eBKIM-
ZIOB» A €BKJIUOBHEIX OOBEKTOB — TOYEK, MPAMBIX, OTPE3KOB, OKPYXHOCTEN,
KDUBLIX M T. . — MBI 9aCTO OygeM OIMyCKaTh; JIOOON MeOMEeTPUIECKAN 005-
€KT C OTCYyTCTBHUEM OTOI'0 3IINTETA CINTACTCA aBTOMATUYICCKN €BKJINTOBBIM.
OIUTET «TUIepOOINIeCKUN» MBI, HA000POT, OyJeM KaXALIM Pa3 CKPYILyJIe3-
HO IPUNUCHIBATH K COOTBETCTBYIOMEMY OOBEKTY reoMerpuu JI06a<eBCKOrO. )
s mobbIx AByX TOUeK A u B Ha BepXHEU MOMYIIOCKOCTHA MBI BCET I MOXKEM
ONpeNeTNTh, KAKOMY W3 MBYX TUIIOB MIPUHAIEKUT TUMEPOOIMIeCcKad mpaMasa
AB: ecim pamasa AB oproromamsaa ocu Oz, TO K mepBoMy, a ecau AB He
oproronanbaa Oz, TO KO BTOpoMy. Bo BTOPOM ciydae TOHATHO, KaK MOCTPO-
ATb rUNepbOInIecKyo npamyio AB mupKyJaeM u IMHEUKOU: IS 3TOr0 HAIO
TMPOBECTH TEPIEeHAUKYIAp K cepeauue orpeska AB, mautu Touky O mepe-
CeYeHUA €0 C OCBIO aOCIUCC W, HAKOHEI, TIPOBECTH OKPYXHOCTE ¢ IMIEHTPOM
O, — ee BepxHAA OTKPHITaa (6€3 KOHIOB, IPUHAIIEKAIMAX A6COMOTY) TIOLY-
OKPYXHOCTH U OyIeT UCKOMOU TUIep6oamdeckon mpamon (puc. 7a). Ecau ru-
nepboaudeckas TOUKa P JeXuT BHE runepHoaIndecKon mpamon £, To depes P
MOXHO IIPOBECTHU I_IeJIbeI Iy 10K FI/IHep6OJII/I‘IeCKI/IX OPAMBIX, «IIaPaAJICIbHBIX)
(T.e. HE MMeOIUX OOIMX TOYEK C) runepboamaeckon npsamon £ (puc. 76): ms-
THIZ IOCTYaAT EBKINAA 0 € IMHCTBEHHOCTH IPAMOHN, MAPALICILHON JAHHOU, B
reomerpun JI06aMEBCKOr0 HAPYIIAETCA.
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/A

a) 6) B)

1

Puc. 7.

I[ycts A m B — paBe rumepGOmITIecKue TOYKYU, COSIUHEHHBIE KAKOU-TUO0
kpuBou o. Torga ee rumepGomuveckas mawua o (A, B) ompememsercsa mo

dopmyne
B
L(Av B) = /
A

rae ds — dJAeMeHT eBKIMAOBOU AnuHBL: ds = \/dz? + dy?, a y — opaunaTa
Tekymen Touku kpuson o (puc. 7). Ecmm y ects dynkuma ot z, y = y(x),
TO JIErKO HAUTH [IWHY KPUBOX 0 IO GopMyIe

rB TB
/ 2 2 / 2
or(A, B) :/7[190 y+dy :/71+(5y/d$) dx.
XA TA

?

< | &

Kpusou mex 1y Toukamu A 1 B MoxXeT OLITh, B 9aCTHOCTH, AYTa €BKINJOBOK
OKPYXHOCTH C KOHI[AMHA B TOUYKaX A u B, Win, MHBEIMY CIOBAME, TUTIEP6OTMYIE-
ckuit oTpe3ok “AB (ecnmu Toukm A m B nexat Ha BEPTHKATLHOU MPAMOU, TO
uM OyIeT eBKINA0B OTPE30K AB); ero runep6oaniecKas JINHA BEITACIIETCI
o Tou ke camou (opmyie. Hecaoxuno mokasaTs (MBI 5TOr0 34€Ch IeIaTh He
Oynem), 9To runepOOImIecKas JIuHA TUTEPOOITIECKOTO OTPE3KA BCETAA KO-
pote runepOoInIecKOn AJIUHBL JI000U KPUBOU ¢ TEMU XK€ KOHIIAMU, TTOITOMY
runepOOIuIeCKU OTPE3OK ABIAETCA TEOAE3UIECKUM (T.e. (KPATIAUIIAM )
oTpeskoM Ha mrockocTu Jlobaterckoro H?. B wacTHOCTH, BEITOIHACTCA He-
PaBEHCTBO TPEYTOJBHUKA, & B OOIIEM CIydae — HEPABEHCTBO MHOTOYTOJIb-
HUKA: JJIAHA JIOO0A CTOPOHBI MHOTOYTOJLHUKA HE MPEBLIMIAET CYMMY AJUH
BCEX €r0 OCTANBHBIX CTOPOH. PABEHCTBO BO3HUKAET, KOTa OOBEJUHEHNE BCEX
OCTAJTBHBIX CTOPOH COBIANAET C UCXOMTHOU CTOPOHOU MHOTOYTOJLHUKA.

Bce mpuBemeHHbIE pACCMOTPEHUA MOCIOBHO TEPEHOCATCA C IUIOCKOCTH
Jo6aserckoro H? ma mpocrpancTso Jlobauesckoro H¢ (rumepGommteckoe
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IPOCTPAHCTBO). A MMEHHO, B €BKINZOBOM mpocTpaHcTBe RY BRIbmpaeTcs
ropusoHTaTbHAA TunepmiockocTs 11 = 1971 u Bepxmee oTkphITOE TIOJIyTIPO-
crpancTBo ¢ rparunen I obwasraerca monensto ([lyamkape) rumepbommte-
ckoro mpocTpancTsa H¢ (T.e. eBKINZOBBI TOUKY BEPXHETO MOIYIPOCTPAH-
CTBa ABIAIOTCA TENEPb OJHOBPEMEHHO W THHEPOOIMIECKAMEU TOIKAMMU), &
caMa TUIepILIoCKOCTh I — abcomoToM (MHOXEeCTBOM GECKOHETHO yAATEHHBIX
TOYEK) HTOrO TUMEPOOINIECKOTO IPOCTPAHCTBA. ITOOBI OMpENeIuTh PACCTO-
SHUE MEXIY ABYyMA TUIepOoamdecKkuMu Toukamu A u B, Hajgo cHaYAIa OIy-
CTHATH W3 HUX MEPUEHIUKYIAPHI HA TUIePIIOCKOCTS [, mpoBecTn aByMepHYIO
mIocKocTs R? wepes »Tu mepeH Ky Iapsl (OHA OMPEeIeInTCA OJHO3HAMHO, eC-
1M TONBLKO TOUYKU A u B He 1eXaT Ha OJHOU BEPTUKAILHOU MPAMON), U B HTOU
IIOCKOCTY B3ATh BEPXHIOK TOAYILIOCKOCTE (HAX TPAMOW, ABIAIOMENCT Tepe-
cedeHneM MmI0CKOCT R? ¥ IUIepIiocKocTn IT), koTopas u GyeT IOCKOCTHIO
Jlo6ageBckoro. A K Hem yxe 3aTeM MIPUMEHUTH BCE MOCTPOEHUA, PACCMOTPEH-
HBIE BHIMIE: TPOBECTH Yepe3 A u B OKPYXHOCTb M BHIYUCIUTD MO YKA3AHHOU
BBINIE WHTETPAILHOU (POPMYyJe TUNEPOOIUIECKYIO MIUHY TUIEPOOIUIECKOTO
oTpeska ~“AB.

IMocae »TUx OGIMIUX PACCMOTPEHUU MBI TMOKAKEM, KaK MPOCTO HAXOIUTH
rUnepOoInIecKyIo JIXHY TUIepOoIndIecKoro orpeska ~AB.

I[MomecTrM B TOUKY A GUILAPIHBLIA MAP U 3AIYyCTUM €0 B MPOCTPAHCTBE
RY B CTOPOHY runepriockocTu 11 Tak, 9To6BI OH MOCTEe OTPAXKEHUA B TOUKE
C € Il monaxn B Touky B. Kak mantu Touky orpaxenusa C B mmockoctu I,
MOKA3BIBAET PUCYHOK 8: IJIA BTOT'0 HAIO OTPA3UTL TOUKY A OTHOCUTEILHO
runeprockocTu [ (mpmaeM MOCTPOEHNE OTPaKEHUA CAEAyeT NeTaTh B IBY-

B

|
1
|
3 o, AT
= -~ C A6comor II

Puc. 8. Burpapaaas ¢popMyaa gad rumepOoIuadecKOro PACCTOAHAA HA IIOC-
KOCTH ¥ B IPOCTPaHCTBe Jloba1eBckoro
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MepHO# miockoctu R?, oproronansaon I1), n momydennbI 06pa3, Touky A’
coequHUTL ¢ Toukou B. Todka mepecedenua orpeska A'B ¢ rumepmiocko-
creio R? u 6yget uckomoit: C' = A'B NI, JleficTBATEILHO, X3 PACCMOTPEHUA
TPEYTOJILHUKOB JETKO BAAETDH, 9TO (v = (3, T.€. yIOJd OTPAXKEHUA PABEH YLy
nanerus (puc. 8), Tax 9TO, mercTBATENHLHO, TpaekTopua A — C — B —
OMIbApHAA.

Urak, Bosuuk Owabsapaubin Tpeyroabauk ABC. Y Hero ecThb mnepumerp
p=AC+ CB+ AB = dp + dg, rne dp = AC + CB — 6uavapdnoe pac-
crosaume Mexay Toukamu A m B (orcoga um ungekc By o603HAMeHUS pac-
crosHma), a dp — EBKAMAOBO PACCTOAHUE MEXOY TEMU XK€ TOIKAMU; U €CTh
skcyecc — Bemmuansa 0 = AC + CB — AB = dg — di. O6o3nadauMm rumnep-
6onutaeckoe paccToaame Mexay Toukamu A u B depes dy. Crnpasegiusa cie-
myromas

TEOPEMA 2 (BUJIbAPIHAS ®OPMYJA).

dp +dg
d,=In2=mZETE 2
L @)
3AMEYAHUE. Eciu A ABC BoipoxjeH, T.e. Touku A u B mexat Ha of-
HOM BEPTUKATLHOM eBKauaoBom ayde CAB, To ¢opmyna (2) maeT xopomo

AC .
M3BECTHYIO w3 yuebuukoB dpopmyay dr = In BC | € KOTOPOM MEI 1 HATHEM

HAIIIE TOKA3aTeabCTBO (GOpMysl (2) B 9acTu 6 5TOM CTATHH.

llokazaTeasCTBO TeopeMsbl 2 6yaeT maHo B MacTh 6, HO CHaYaga, OCHOBBI-
BafACh Ha OMIbApAHOU GopMyJIe, JOKaxeM TeopeMy 1.

5. PEIIEHUE 3AJAYU O BUIbAPIHOM OTPAXKEHUU

CMeHVM TOYKY 3pEHUA W MOCMOTPUM HA UMEIOIIUUCA E€BKIUIOB TeOMe-
Tputeckuit 06BbeKT B BepxHeM morympocrparcTee (RY)T — sepkaro T m
OunbApAHYIO TpaekTopuio ¥ = A1B1AsBy ... Ap_1Bp_1A,B,A1 — kak Ha
HEKYI0 KOHCTPYKIMIO B d-MepHOM mpocTpancTse JloGagesckoro He. A wmven-
HO, OyJeM MBICAUTL BEPXHEE MOJIYIPOCTPAHCTBO (Rd)Jr kak Momenab Ily-
amkape reomerpuu JloGateBckoro ¢ abcoatorom II; Torma TOUKM OTpaxe-
mua Ai, As, ..., A,_1, A, TpeBpaTATCA B TUIEPOOIUIECKIE TOUKH, a
Touku By, Bs, ..., B, 1, B, oTpaxenusa oT 3epkana Il — B 6eckoHed-
HO yJaJeHHbe TOYKM mpocTpancTBa H 4 Jl1s mOMHOTHI KADTUHEI HAM He
JOCTAaeT TOILKO COeJUHWTHL rumepboamdeckme Touku Ai, As, ..., An_1,
A, B YKA3aHHOM MOPAIKE APYT C APYTOM THUMEPOOIUIECKUMU OTPE3KAMU
(a B kxOHIE — TUMEPOOMMIECKAM OTPE3KOM TOUKy A, ¢ Toukom Ai), 9ro
MBI ¥ creraeM. B pe3yibpTaTe MOAYyHIMM TUMEePOOIMYIeCKAA MHOT'OYTOJbHUK
A1As. .. A, 1A, runep6onuaeckue cTOpOHBL ~ Ay A 11 KOTOPOTO — BTO AyTH
EBKJUJOBLIX TIOJYOKPYXHOCTEN ¢ meHTpamu Ha 3epkane I1. Tlo mepasencTsy
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MHOT'OYTOMBLHUKA, TUIEpGOINIecKasa JIUHA CTOPOHBI ~Aq A, HE MPEBOCXOAUT
CYMMBI TUTIEPOOINIECKUX IJIWH OCTAJBHBIX €TI0 CTOPOH:

dr,(TA14,) <dp(TA1Ag) +di(TAA3) + ...+ d(TAn—1 Ay), (3)

mpuveM PABEHCTBO BHIMOMHAETCA, Korga Tod9ku As, ..., A, 1 Jdexar Ha xy-
re eBKIMAOBOM OKpyX)HOCTH ~AjA,, m umenno B sroMm mnopsaake (ot As
pily) Anfl)-

Mp&I cergac MOKaxeM, ITO HEPABEHCTBO (3) B TOYHOCTHU SKBUBAJCHTHO He-
paBeHCTBY (1), KOTOpO€ MBI KaK pa3 M XOTUM TOKA3aTh; STUM MBI 3aBEPIINM
nokazaTenscTBo dacTu (A) Teopemst 1. Hacts (B) Teopemsr 1 (mpuaem cpasy
BCe yHKTHI) Oy €T CIeI0BATD U3 yCIOBHA IPEBPALCHN HEPABEHCTBA (3) B pa-
BEHCTBO (CM. OCIefHee IpeIIoKeHue Ipeabaymero agsana). rak, npocras
CMEHa TOYKHU 3PEHUA r[[eI;)ICTBI/ITeJIBHO JaCT HaM OOKa3aTeabCTBO TeOpeMbI!

[Tepenmem mepasercTso (1) Tak:

pL P2 Pn—1  Pn
55@25 (1.1)

BosbmeMm qorapudm oT ob6enx dacTen:

ln%—i—ln%—i—...—i—ln?Zj ?1111;—:- (1.2)

Cormacuo 6unbapauou dopmyrne (2), Kaxgoe craraeMoe B JEBOU YaCTH He-
pasenctsa (1.2), ln?—k (1 < k < n—1), ectb mpocTo rumepbOIMTICCKAA
k

IIMHA TUIEPOOMTIECKOTO OTpe3ka ~AxAki1, a BHIpaXeHUe lng—" B IIPaBoOur
n

YACTH — DTO TUIEPOOIUYIECKad LINHA TUIepOoImIecKoro orpeska ~AiA,.
dxsuBateHTHOCTH (1) < (3), a ¢ HeW u mepBas 9acTh TeopeMbl 1 MOKa3aHa.

Hepasenctro (1) npeBpamaerca B pABEHCTBO TOT A W TOJIBKO TOTA, KOT 1A
skBuBaneHTHBIE enl HepasencTsa (1.1), (1.2) u (3) craHOBATCA paBEeHCTBAMU.
Hepasenctso (3) GygeT paBeHCTBOM NpU MONALAHWM, KAK yKe TOBOPUIOCD,
Bcex ToueK oT As mo A, 1 Ha rumepbGoamdeckuy oTpe3ok ~A1A,. Ilo om-
PEIENEeHNIO TUTIEPOOMTIECKOTO OTPE3KA, 3TO O3HATAET, ITO EBKINAOBLI TyTH
OKpyxHOCTEen ~AsAsz, “A3Ay4, ..., A, 2A, 1 JexaT Ha Ayre OKPYXHOCTH
“A1A,. Crenosarensuo, Touku As, As, ..., Ap_1, IMEHHO B DTOM MOPALI-
Ke, JexaT Ha ayre okpyxHuoctm ~AiA, (puc. 9). D10 mokazweiBaeT HamboaEE
rpyanbin myskT (b3) BTOpon wactm Teopemer 1. (MaTepecro ormeTnTs, 9TO
HambOIee TPYAHYIO YaCTh TEOPEMbI 1 HAM yaaIoCh HOKa3aTh Cpa3y — C APY-
UMY TYHKTAMJ HAJO €I MOBO3UTHCA! — M BCETO JIWIIb 33 CIET OJHOU TOTLKO
CMeHBbI TOUKM 3peHus!)

Kpome Toro, m3 mpuBeIeHHOTO PACCyXIEHUA CIEAYEeT TaKXKe, 9TO TOY-
xku Ay, Ao, ..., A, BMecTe ¢ Toukamu By, By, ..., B, oTpaxeHus oT 3ep-
kata I JexaT B OJHOM eBKIMJOBOM ILIOCKOCTE R?, MOCKOILKY BCE IByMep-
HBIE NIOCKOCTY COOTBETCTBYIOIMX OMIbAD IHBIX TPEYTrOaLHUKOB A Ag B A1
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Puc. 9. Pemenne 3aga4u 0 6UIbApFHOM OTpaxeHud B R

(2<k<n—1)un pA;B,A, o6a3ausl coBnacTb. TeM CAMBIM MBI MOIYIAEM
yTBepxkaenue nyukTa (bl) Teopemsr 1.

Hakomemn, mokaxem mymkT (b2). Ilpexme Bcero, Toukm oTpaxeHus Ou-
JABAPAHON TpaekTopum 7y OT 3epkana 1 («B-Touxmy») 06a3aHBI TPUHALTIEKATE
npamoit / = R? N1II, Tak Kak OHM MPUHAAIEKAT KAK THIepIiockocTd 11 (1o
OTIPEIEIEHNI0 TOYEK OTPAXKEHWA), TAK U MEPIEHAAKYIAPHON €l TBYMEPHOU
miockocT R? (B CHTy yCTaHOBIEHHOTO BhIme). Bro6aBoK, Kax aas Touka By,

k=1,...,n— 1, pacoonoxena Ha IpaMou £ MeXTy OPTOCOHAILHLIMEA IPOEK-
mmamvu pr(Ay) u pr(Agy1) Todek Ay m Ay Ha mpaMyio £: orpesok [A) Api1],
rae A} — o6pa3 Touku Aj IPM OTPAXEHUN OTHOCHTEIBHO CHIEPILIOCKOCTH

I1, mepecekaet orpesok [pr(Ax) pr(Akx+1)] B ero snympenned Touke By (Mbi
He PacCMATPHUBAEM OYEBUIHBIM BLIPDOXKIEHHLIM CIydau, KOTAa TOUYKU Ap u
Aj11 TexaT Ha BEPTHKATLHOU €BKAMAOBOU mpamon). Ilocmenusas Todka OT-
paxeHus TpaekTopuu 7y Ha 3epkaie 11, By, ABIAeTCA, OYEBUIHO, BHY TPEHHEN
roukou orpeska [pr(A;) pr(4,)]. K Tomy xe, nockonsky orpesok [A] As] ne-
*uT B miockoctn R? sryTpm yrma ,Ai A} A, (mockomeky Touka Ay mexwT
BHyTpHU nyru okpyxHoctu ~AjAy), on nmepecekaet orpesok [pr(A;)By] B ero
BHyTpeHHen Touke Bi. TouHo Tak xe, HAYMHAA PACCYXAATH TENEpPb ¢ TOU-
Kku A,, MBI BEAMM, 9TO oTpe3ok A A, | mpumHagmexuT miockoctu R? BHy-
Tpu yraa ,Ap Al Ar. D10 o3mawaeT, 9TO TOUKa Bj_1 ABIAETCA BHYTPEHHEN
Toukou oTpeska [By, pr(A,)]. Ucxoas w3 npunagrexunoctu By € [pr(A1)B,]
u B, 1 € [B,pr(4,)], sakmouaem, aro B, € [B1B,_1]. Ho Touka B, ue
MOXET COBIACTh HU C KOHIOM Bj, Hu ¢ koHUOM B,_1 orpeska [BiB,_1];
CIe0BATENLHO, B, mpuHALIERAT 0omKptimonmy warepsary (B, B,_1). YTBe-
pxpaenne myHkTa (b2) Teopembr 1 10Ka3aHO, M JOKA3ATEILCTBO TEOPEMBI 1,
TeM CaMbIM, 3aBEPIIEHO.



110 I'. A. l'anbnepun

6. [JOKA3ATEJBLCTBO BUJIbAPIHON dOPMYJIbI

O6osrauum vepes A’ o6pas Touku A NMpU ee OTPaXEHUM OTHOCUTETHHO
npamon £. (HamomauM, 910 £ — 3TO TOPU3OHTATBHOE 3€PKAJI0, OT KOTOPOTO
OTPaXaeTCA OWILAPAHLIA IIAD, 3aMyIIeHHLIN U3 TOYKM A B TOUKy B, u of-
HOBpeMeHHO abcomoT reomerpun Jlobadesckoro B mogen [Iyankape.) Toraa
AC = A'C' u popmyny (2) MOXKHO TIEpENUCATE B BUE

A'B+ AB
A'B—AB~
B crywae Beipoxaennoro pn ABC, ¢opmyna (2.1) BbITeKaeT HEMENIEHHO W3
OmpeneNeHnsa TUMEPOOIUIECKOTO PACCTOAHUA dr: B DTOM CIydIae T4 = T,
nosromy dx = 0 u, cTano 6bITh,

B YB
2 2
(MAmz/ﬂﬁi£:/@:
y y
A YA

o) -n(i) -

YA YA 2ya

o WBFyA)+ B —ya) | A'B+AB
(yB +ya) — (yB —ya) A'B-AB”

PaccmoTpum Temeps HeBbIpoXkaeHHBIN caydan A ABC. Torga runep6onmde-
ckasg mpamas B mogemu Ilyamkape H? Gyner (eBKIMZOBOM) MOTYOKPYKHO-
creio ¢ ¢ meaTpoM O Ha abcomrore £, mpoxogamen depe3 Touku A u B. Cua-
9aa Mbl YCTAHOBUM TPU IMPOMEXYTOIHBIE (POPMYJIBI 1A TUIEDOOITIECKOTO
paccrosuus dr (A, B).

Beegem crepyroume o6osznadenus: Y X € ¢ — amameTp MTOIYOKPYXKHO-
cra ¢, ,/AOX = pu ,BOX =4, JAYX = aun ,BYX = [ (cMm. BEepxHIOIO
nonosuny puc. 10). Beenem Takxe crangapraoe oboznadenue [AB, XY nuisa
OBOMHOT'0 OTHOIIEHNA JeThipex Touek A, B, X, Y

[AB, XY] := AX/AY
BX/BY

dr(A,B) = In (2.1)

= (Iny)

JIEMMA. Cnpasedausgvt caedyrowue @opmyavt daa 2unepbosuyecrozo
paccmosanus mexncdy moukamu A u B:

i (£)

di(A,B) = |In : (2.2)
")

dr(A, B) = ‘m(zi—g) : (2.3)

dr(A, B) = ‘ In [AB,XY]‘ . (2.4)
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Puc. 10. [JokasaTeabCTBO OUILADAHOH (DOPMY.IBI

[ OKA3ATEJBCTBO. B moaapHbIX KoopamHATaX £ = 7 cosf, y = rsinf,
ds = Vdr? 4+ r?d0?> = rdf (nockoabky dr = 0 Ha OKPYXHOCTH); CIEIOBA-

TeJAbHO,

© @ 7 b
dL(A,B>:¢/%:/ere: ln\tg<§)\\‘f‘mz§§§

u popmyra (2.2) moxaszana.

bl

[anee, MOCKOILKY g = %(“ABX) =amu % = %("BX) = (3, HaxoauM u3
(2.2):

u popmyra (2.3) moxaszana.
3ameTum Tenepb, 9T0 TpeyroabHuku AY AX u AY BX npaMoyroabHbie.
Bripasuwm tg a u tg 8 wepes ornomenus AX/AY u BX/BY, cooTBeTcTBeHHO:

i (555)] = [m )|

dopmyna (2.4), a ¢ HERN w JeMMa, JOKAZAHA. O
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Temepb MBI TOTOBBI K 3aBEPIICHUIO TOKA3ATEALCTBA TEOPEMBI 2.
[Tpoamum momyoKpyRHOCTD, TPOXOIAIIYIO Yepe3 Touku A u B, ¢ Bepxuen
TMOJIYIJIOCKOCTH HA, HUKHIOK — MOy IMM MTOJHYI0 OKPYXHOCTB C ¢ TUAMETPOM
XY € ¢ uuearpom O € L. Ilycts R ee pagmyc. Touka A’, 3epkatbHbIT 06pas
Toukm A, rexuT Ha OKpyx)HOCTH ¢ Huxke aumamerpa Y X. Coeguanm Touxy A’
¢ Toukon B m 0603HaMM (JOTOMHUTENHLHO K YK€ BBEIECHHBIM O003HATMECHUAM
(AYX =au BYX =p3) J/AYB = /AXB =~, /AXY = JAXY =7/2—«
(puc. 10).
[Tpumennm (eBkIMAOBY) TeOpeMy CHUHYCOB K TpeyroabHukam A ABX m
ANA'BX:
AB =2Rsiny = 2Rsin(a — ) u A'B = 2R -sin(, BX A") = 2Rsin(a + B).
[MogcTaBuM HAUJEHHBIE BHIDAXKEHUS B APOOL, CTOAIIYIO B MPABOU YACTHU
dbopmyasr (2):
A'B+ AB _ sin(a + 8) +sin(a — ) 2Sina+ﬁ_;a Bcosa+ﬁ ats

A'B— AB  sin(a + ) —sin(a — 8) - Ot+ﬁ—a+ﬁcosa+ﬁ+a—ﬂ -
2 2

2 sin
__sinacosf _ tga
sin 3 cos a tgf
[MpumMmensas Kk HAWJAEHHOMY BBIPAXEHUIO (POPMYTY (2.3) 73 NOKA3AHHOU BHIIIE
JIEMMBI, IIOJYy1aeM

_ tga\| _ A'B+AB_ (13)
di(4,B) = ‘ln<tgﬁ>‘ == =)

T.e. popmyay (2). Bunbsaparas ¢dopMmyaa nokasaHa. O
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