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Àííîòàöèÿ. Èññëåäóåòñÿ îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ çàâèñÿùåãî îò âðåìåíè è ïîëîæåíèÿ â
ïðîñòðàíñòâå ÿäðà èíòåãðàëüíîãî ÷ëåíà â n-ìåðíîì èíòåãðî-äèôôåðåíöèàëüíîì óðàâíåíèè
òåïëîïðîâîäíîñòè ïî èçâåñòíîìó ðåøåíèþ çàäà÷è Êîøè äëÿ ýòîãî óðàâíåíèÿ. Âî-ïåðâûõ,
èñõîäíàÿ çàäà÷à çàìåíÿåòñÿ ýêâèâàëåíòíîé çàäà÷åé, â êîòîðîé äîïîëíèòåëüíîå óñëîâèå ñî-
äåðæèò íåèçâåñòíîå ÿäðî áåç èíòåãðàëà. Èçó÷àåòñÿ âîïðîñ î åäèíñòâåííîñòè íàõîæäåíèÿ
ýòîãî ÿäðà. Äàëåå, ïðåäïîëàãàÿ íàëè÷èå äâóõ ðåøåíèé k1(x, t) è k2(x, t) ïîñòàâëåííîé çà-
äà÷è, ñîñòàâëÿåòñÿ óðàâíåíèå íà ðàçíîñòü ýòèõ ðåøåíèé. Äàëüíåéøèå èññëåäîâàíèÿ âåäóò-
ñÿ äëÿ ðàçíîñòè k1(x, t) − k2(x, t) ðåøåíèé çàäà÷è ñ èñïîëüçîâàíèåì ìåòîäîâ îöåíêè èíòå-
ãðàëüíûõ óðàâíåíèé. Ïîêàçàíî, ÷òî åñëè íåèçâåñòíîå ÿäðî k(x, t) ìîæíî ïðåäñòàâèòü êàê

k(x, t) =

N∑
i=0

ai(x)bi(t), òî k1(x, t) ≡ k2(x, t). Òàêèì îáðàçîì, äîêàçàíà òåîðåìà î åäèíñòâåííî-

ñòè ðåøåíèÿ çàäà÷è.
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Ââåäåíèå. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ìíîãîìåðíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ òåï-
ëîïðîâîäíîñòè

ut − a(t)∆xu =

t∫
0

k(x, t− τ)u(x, y, τ)dτ, x ∈ Rn, t ∈ (0, T ], (1)

u|t=0 = ϕ(x, y), x ∈ Rn, (2)

ãäå ∆x � îïåðàòîð Ëàïëàñà îò ïåðåìåííûõ (x1, x2, . . . , xn) = x, T � ôèêñèðîâàííàÿ ïîëî-
æèòåëüíàÿ êîíñòàíòà, y ∈ Rn � ïàðàìåòð çàäà÷è, a(t) > 0, ϕ(x, y) � çàäàííûå ôóíêöèè.
Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó: íàéòè ÿäðî k(x, t) èíòåãðàëüíîãî ÷ëåíà â óðàâíåíèè (1),

åñëè ðåøåíèå çàäà÷è (1), (2) èçâåñòíî äëÿ x = y:

u|x=y = f(y, t). (3)

Çäåñü f(y, t) � ôóíêöèÿ, çàäàííàÿ äëÿ âñåõ y ∈ Rn è t ∈ [0, T ].

Ïîñòóïèëà â ðåäàêöèþ 29.03.2023, ïîñëå äîðàáîòêè 29.03.2023. Ïðèíÿòà ê ïå÷àòè 29.05.2023.
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Â íàñòîÿùåå âðåìÿ øèðîêî èçó÷àþòñÿ çàäà÷è íàõîæäåíèÿ ÿäðà òèïà ñâåðòêè â ãèïåð-
áîëè÷åñêèõ è ïàðàáîëè÷åñêèõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèÿõ âòîðîãî ïîðÿäêà,
îïóáëèêîâàíî âíóøèòåëüíîå êîëè÷åñòâî ðàáîò ïî ýòîé òåìå. Â ðàáîòàõ [1]�[5] àâòîðû èçó-
÷àþò ñõîæèå çàäà÷è äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé ñ ðàñïðå-
äåëåííûìè èñòî÷íèêàìè âîçìóùåíèé. Ðàáîòû [6]�[14] ïîñâÿùåíû âîññòàíîâëåíèþ ÿäåð òèïà
ñâåðòêè â èíòåãðî-äèôôåðåíöèàëüíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèÿõ ñ êîíöåíòðèðîâàííû-
ìè èñòî÷íèêàìè ðàñïðîñòðàíåíèÿ âîëíû. Â ýòèõ ñòàòüÿõ äîêàçàíû òåîðåìû î ëîêàëüíîé
è ãëîáàëüíîé ðàçðåøèìîñòè è ïîëó÷åíû îöåíêè óñëîâíîé óñòîé÷èâîñòè ðåøåíèÿ îáðàòíûõ
çàäà÷. Îòìåòèì çäåñü òàêæå ðàáîòû [15]�[18] (è áèáëèîãðàôèþ â íèõ), â êîòîðûõ èçó÷àþòñÿ
îáðàòíûå çàäà÷è íàõîæäåíèÿ êîýôôèöèåíòîâ è ïðàâûõ ÷àñòåé ïàðàáîëè÷åñêèõ óðàâíåíèé
âòîðîãî ïîðÿäêà â ñëó÷àå, êîãäà ïðÿìûå çàäà÷è ïðåäñòàâëåíû äëÿ ýòèõ óðàâíåíèé êàê
íà÷àëüíî-êðàåâûå çàäà÷è.
Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ ïåðâîãî àâòîðà ñòàòåé [19]�[23]. Õàðàêòåð-

íûì ñâîéñòâîì ïîñòàíîâêè îáðàòíûõ çàäà÷ â ðàáîòàõ [21]�[23] ÿâëÿåòñÿ íàëè÷èå äîïîëíè-
òåëüíîãî óñëîâèÿ, çàäàííîãî â ïëîñêîñòè, îðòîãîíàëüíîé òîé ïåðåìåííîé, îò êîòîðîé íå
çàâèñÿò ÿäðî èíòåãðàëüíîãî ÷ëåíà â (1) è íåèçâåñòíûå êîýôôèöèåíòû óðàâíåíèé â ðàáîòàõ
[21]�[23]. Ýòî îñîáàÿ äîïîëíèòåëüíàÿ èíôîðìàöèÿ ïîçâîëÿåò ïîëó÷èòü äëÿ èñêîìûõ ôóíê-
öèé óäîáíóþ äëÿ äàëüíåéøåãî èññëåäîâàíèÿ çàìêíóòóþ ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé
âòîðîãî ðîäà.
Ãëàâíîé öåëüþ ýòîé ðàáîòû ÿâëÿåòñÿ ïðîáëåìà îäíîçíà÷íîãî íàõîæäåíèÿ ôóíêöèè k(x, t)

ïî èíôîðìàöèè (3). Íàäî çàìåòèòü, ÷òî, â îòëè÷èå îò óïîìÿíóòûõ âûøå ðàáîò, çäåñü èñêî-
ìîå ÿäðî çàâèñèò îò âñåõ ïåðåìåííûõ. Â íàñòîÿùåé ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî íåèçâåñòíîå
ÿäðî ÿâëÿåòñÿ âûðîæäåííûì, è äëÿ äîêàçàòåëüñòâà òåîðåìû î åäèíñòâåííîñòè ðåøåíèÿ
ïðèìåíÿåòñÿ ìåòîä èç ðàáîòû [24], èñïîëüçóþùèé àïðèîðíóþ îöåíêó ìîäóëÿ ïðîèçâîäíîé
íåèçâåñòíîé ôóíêöèè ÷åðåç ìîäóëü ñàìîé ôóíêöèè.
Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèÿ k(x, t) ïðèíàäëåæèò êëàññóB1,1(DT ), ãäåDT := {(x, t) :

x ∈ Rn; 0 ≤ t ≤ T}, äëÿ ëþáîãî T > 0, à ôóíêöèÿ ϕ(x; y) � êëàññó B4(Rn×Rn). Çäåñü ÷åðåç
Bp,q(DT ) îáîçíà÷åíî ïðîñòðàíñòâî ôóíêöèé, íåïðåðûâíûõ è îãðàíè÷åííûõ â DT âìåñòå
ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè âïëîòü äî ïîðÿäêà p âêëþ÷èòåëüíî ïî ïåðåìåííîé x
è èìåþùèõ îãðàíè÷åííóþ ïðîèçâîäíóþ ïî t ïîðÿäêà q; Bm(Rn×Rn) � ïðîñòðàíñòâî ôóíê-

öèé, ïðîèçâîäíûå êîòîðûõ
∂|α|+|β|

∂α1
x1 · · · ∂αnxn ∂

β1
y1 · · · ∂

βn
yn

, ãäå 0 ≤ |α| + |β| ≤ m, |α| = α1 + · · · + αn,

|β| = β1 + · · ·+ βn, ÿâëÿþòñÿ íåïðåðûâíûìè è îãðàíè÷åííûìè â Rn ×Rn. Òàêæå ìû áóäåì
èñïîëüçîâàòü ñòàíäàðòíûå ïðîñòðàíñòâà Cν [0, T ], ýëåìåíòàìè êîòîðûõ ÿâëÿþòñÿ íåïðåðûâ-
íûå â [0, T ] ôóíêöèè, ÷àñòíûå ïðîèçâîäíûå êîòîðûõ âïëîòü äî ïîðÿäêà ν âêëþ÷èòåëüíî
òàêæå íåïðåðûâíû ïî t.

1. Ïðåîáðàçîâàíèå îáðàòíîé çàäà÷è

Äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà÷è ìû ñïåðâà îñóùåñòâèì
íåñêîëüêî ïðåîáðàçîâàíèé. Äëÿ ýòîãî ïðîäèôôåðåíöèðóåì èñõîäíîå óðàâíåíèå (1) è óñëî-
âèå (2) ïî ïàðàìåòðó yi, i = 1, 2, 3, . . . , n, è ïîëó÷èì çàäà÷ó Êîøè äëÿ âñïîìîãàòåëüíîé
ôóíêöèè ϑ := divyu:

ϑt − a(t)∆xϑ =

t∫
0

k(x, t− τ)ϑ(x, y, τ)dτ, (4)

ϑ|t=0 = divyϕ(x, y). (5)
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Èç (4)�(5), äèôôåðåíöèðóÿ ïî t, ïîëó÷àåì íîâóþ çàäà÷ó äëÿ ôóíêöèè ϑ(1) := ϑt:

ϑ
(1)
t − a(t)∆xϑ

(1) = a′(t)∆xϑ+

t∫
0

k(x, τ)ϑ(1)(x, y, t− τ)dτ + k(x, t)divyϕ(x, y), (6)

ϑ(1)|t=0 = a(0)∆xdivyϕ(x, y), (7)

ãäå, êàê ñëåäóåò èç (4),

∆xϑ =
1

a(t)
ϑ(1)(x, y, t)− 1

a(t)

t∫
0

k(x, t− τ)ϑ(x, y, τ)dτ.

Ïîìèìî ýòîãî, ââîäÿ íîâóþ ôóíêöèþ ω := 2divxϑ
(1) + divyϑ

(1), èç (6), (7) ïîëó÷àåì ñëå-
äóþùóþ çàäà÷ó:

ωt − a(t)∆xω = (ln a(t))′ω + k(x, t)

(
2

n∑
i,j=1

ϕyjxi(x, y) +
n∑

i,j=1

ϕyiyj (x, y)

)
+

+2divxk(x, t)divyϕ(x, y) +

t∫
0

k(x, τ)ω(x, y, t− τ)dτ − (ln a(t))′
t∫

0

k(x, t− τ)ω(x, y, τ)dτ−

−2(ln a(t))′
t∫

0

divxk(x, t− τ)ϑ(x, y, τ)dτ + 2

t∫
0

divxk(x, t− τ)ϑ(1)(x, y, τ)dτ, (8)

ω|t=0 = a(0)∆x

2

n∑
i,j=1

ϕyjxi(x, y) +

n∑
i,j=1

ϕyiyj (x, y)

 . (9)

Äèôôåðåíöèðóÿ (3) ñíà÷àëà ïî t, à çàòåì ïî yi, ïîñëå íåêîòîðûõ óïðîùåíèé ïîëó÷èì
ñëåäóþùèå ñîîòíîøåíèÿ äëÿ ôóíêöèè ω:

ω|x=y = ∆yft(y, t)−
1

a(t)
ftt(y, t) +

a′(t)

a2(t)
ft(y, t)−

a′(t)

a2(t)

t∫
0

k(y, t− τ)f(y, τ)dτ+

+
1

a(t)
k(y, t)ϕ(y, y) +

1

a(t)

t∫
0

k(y, t− τ)ft(y, τ)dτ. (10)

Ïðåäïîëîæèì òåïåðü, ÷òî ñóùåñòâóþò äâà ðåøåíèÿ îáðàòíîé çàäà÷è: k1, k2. Ñîîòâåòñòâóþ-

ùèå ðåøåíèÿ çàäà÷è (1), (2) îáîçíà÷èì ÷åðåç u1, u2. Ââåäåì òàêæå ôóíêöèè ϑ1, ϑ2, ϑ
(1)
1 , ϑ

(1)
2 ,

ω1, ω2, àíàëîãè÷íûå ôóíêöèÿì ϑ, ω, ϑ(1). Îáîçíà÷èì äîïîëíèòåëüíî

k̄ = k1 − k2, ϑ̄ = ϑ1 − ϑ2, ϑ̄(1) = ϑ
(1)
1 − ϑ

(1)
2 , ω̄ = ω1 − ω2.

Òîãäà äëÿ ϑ̄ èç ðàâåíñòâ (4), (5) ïîëó÷èì

ϑ̄t − a(t)∆xϑ̄ =

t∫
0

k1(x, τ)ϑ̄(x, y, t− τ)dτ +

t∫
0

k̄(x, τ)ϑ2(x, y, t− τ)dτ, (11)

ϑ̄|t=0 = 0. (12)
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Ðåøåíèå çàäà÷è Êîøè (11), (12) ýêâèâàëåíòíî ðåøåíèþ ñëåäóþùåãî èíòåãðàëüíîãî óðàâ-
íåíèÿ òèïà Âîëüòåððà:

ϑ̄(x, y, t) =

θ(t)∫
0

dτ

a(θ−1(τ))

∫
Rn

 θ−1(τ)∫
0

k1(ξ, α)ϑ̄(ξ, y, θ−1(τ)− α)dα+

+

θ−1(τ)∫
0

k̄(ξ, α)ϑ2(ξ, y, θ
−1(τ)− α)dα

G(x− ξ; θ(t)− τ)dξ, (13)

ãäå θ(t) =

t∫
0

a(τ)dτ , à θ−1(t) � îáðàòíàÿ ê θ(t) ôóíêöèÿ,

G(x− ξ; θ(t)− τ) =
1

(2
√
π(θ(t)− τ))n

e
−|x−ξ|2
4(θ(t)−τ)

� ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà òåïëîïðîâîäíîñòè ñ çàâèñÿùèì îò âðåìåíè êîýôôè-

öèåíòîì òåïëîïðîâîäíîñòè
∂

∂t
−a(t)4, ξ = (ξ1, . . . , ξn), dξ = dξ1 . . . dξn, |x|2 = x21 + . . .+x2n.

Äàëåå, äëÿ ϑ̄(1) èç ðàâåíñòâ (6), (7) ïîëó÷èì çàäà÷ó

ϑ̄
(1)
t − a(t)∆xϑ̄

(1) = (ln a(t))′ϑ̄(1)(x, y, t)− (ln a(t))′
t∫

0

k1(x, τ)ϑ̄(x, y, t− τ)dτ−

−(ln a(t))′
t∫

0

k̄(x, τ)ϑ2(x, y, t− τ)dτ +

t∫
0

k1(x, τ)ϑ̄(1)(x, y, t− τ)dτ+

+

t∫
0

k̄(x, τ)ϑ
(1)
2 (x, y, t− τ)dτ + k̄(x, t)divyϕ(x, y), (14)

ϑ̄(1)|t=0 = 0. (15)

Ñëåäóþùèé ðàçäåë áóäåò ïîñâÿùåí ïîëó÷åíèþ èíòåãðàëüíûõ óðàâíåíèé äëÿ íåèçâåñò-
íûõ.

2. Ïîñòðîåíèå ýêâèâàëåíòíûõ èíòåãðàëüíûõ óðàâíåíèé

Êàê è â ñëó÷àå çàäà÷è (11), (12), ïîëó÷àåì, ÷òî ðåøåíèå çàäà÷è Êîøè (14), (15) ýêâèâà-
ëåíòíî ðåøåíèþ ñëåäóþùåãî èíòåãðàëüíîãî óðàâíåíèÿ òèïà Âîëüòåððà:

ϑ̄(1)(x, y, t) =

θ(t)∫
0

dτ

a(θ−1(τ))

∫
Rn

(ln a(θ−1(τ)))′ϑ̄(1)(ξ, y, θ−1(τ))−

−(ln a(θ−1(τ)))′
θ−1(τ)∫
0

k1(ξ, α)ϑ̄(ξ, y, θ−1(τ)− α)dα−
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−(ln a(θ−1(τ)))′
θ−1(τ)∫
0

k̄(ξ, α)ϑ2(ξ, y, θ
−1(τ)− α)dα+

θ−1(τ)∫
0

k1(ξ, α)ϑ̄(1)(ξ, y, θ−1(τ)− α)dα+

+

θ−1(τ)∫
0

k̄(ξ, α)ϑ
(1)
2 (ξ, y, θ−1(τ)− α)dα+ k̄(ξ, θ−1(τ))divyϕ(ξ, y)

G(x− ξ; θ(t)− τ)dξ. (16)

Ó÷èòûâàÿ ðàâåíñòâà (8)�(9), ïîëó÷àåì ñëåäóþùóþ çàäà÷ó Êîøè äëÿ ω̄:

ω̄t − a(t)∆xω̄ = (ln a(t))′ω̄(x, y, t) + k̄(x, t)

(
2

n∑
j,i=1

ϕyjxi(x, y) +

n∑
i,j=1

ϕyiyj (x, y)

)
+

+2divxk̄(x, t)divyϕ(x, y) +

t∫
0

k1(x, τ)ω̄(x, y, t− τ)dτ +

t∫
0

k̄(x, τ)ω2(x, y, t− τ)dτ−

−(ln a(t))′
t∫

0

k1(x, τ)ω̄(x, y, t− τ)dτ − (ln a(t))′
t∫

0

k̄(x, τ)ω2(x, y, t− τ)dτ−

−2(ln a(t))′
t∫

0

divxk1(x, τ)ϑ̄(x, y, t− τ)dτ − 2(ln a(t))′
t∫

0

divxk̄(x, τ)ϑ2(x, y, t− τ)dτ+

+2

t∫
0

divxk1(x, τ)ϑ̄(1)(x, y, t− τ)dτ + 2

t∫
0

divxk̄(x, τ)ϑ
(1)
2 (x, y, t− τ)dτ, (17)

ω̄|t=0 = 0. (18)

Êàê è ðàíåå, ðåøåíèå çàäà÷è (17), (18) ýêâèâàëåíòíî ðåøåíèþ èíòåãðàëüíîãî óðàâíåíèÿ

ω̄(x, y, t) =

θ(t)∫
0

dτ

a(θ−1(τ))

∫
Rn

ln(a(θ−1(τ)))′ω̄(ξ, y, θ−1(τ)) +

+k̄(ξ, θ−1(τ))

(
2

n∑
j,i=1

ϕyjξi(ξ, y) +
n∑

i,j=1

ϕyiyj (ξ, y)

)
+ 2divξk(ξ, θ−1(τ))divyϕ(ξ, y)+

+(1− (ln a(θ−1(τ)))′)

θ−1(τ)∫
0

k1(ξ, α)ω̄(ξ, y, θ−1(τ)− α)dα+

+(1− (ln a(θ−1(τ)))′)

θ−1(τ)∫
0

k̄(ξ, α)ω2(ξ, y, θ
−1(τ)− α)dα−

−2(ln a(θ−1(τ)))′
θ−1(τ)∫
0

k1ξi(ξ, α)ϑ̄(ξ, y, θ−1(τ)− α)dα−
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−2(ln a(θ−1(τ)))′
θ−1(τ)∫
0

divξk̄(ξ, α)ϑ2(ξ, y, θ
−1(τ)− α)dα+

+2

θ−1(τ)∫
0

divξk1(ξ, α)ϑ̄(1)(ξ, y, θ−1(τ)− α)dα+

+2

θ−1(τ)∫
0

divξk̄(ξ, α)ϑ
(1)
2 (ξ, y, θ−1(τ)− α)dα

G(x− ξ; θ(t)− τ)dξ. (19)

Òàêæå èç (8) è (9) ïîëó÷àåì ñëåäóþùåå èíòåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî ω(x, y, t):

ω(x, y, t) =

∫
Rn

a(0)∆ξ

2
n∑

j,i=1

ϕyjξi(ξ, y) +

n∑
i,j=1

ϕyiyj (ξ, y)

G(x− ξ; θ(t))dξ+

+

θ(t)∫
0

dτ

a(θ−1(τ))

∫
Rn

(ln a(θ−1(τ)))′ω(ξ, y, θ−1(τ) + k(ξ, θ−1(τ)))

(
2

n∑
j,i=1

ϕyjξi(ξ, y)+

+
n∑

i,j=1

ϕyiyj (ξ, y)

)
+ 2divξk(ξ, θ−1(τ))divyϕyi(ξ, y)+

+

θ−1(τ)∫
0

k(ξ, α)ω(ξ, y, θ−1(τ)− α)dα− (ln a(θ−1(τ)))′
θ−1(τ)∫
0

k(ξ, θ−1(τ)− α)ω(ξ, y, α)dα−

−2(ln a(θ−1(τ)))′
θ−1(τ)∫
0

divξk(ξ, θ−1(τ)− α)ϑ(ξ, y, α)dα+

+2

θ−1(τ)∫
0

divξk(ξ, θ−1(τ)− α)ϑ(1)(ξ, y, α)dα

G(x− ξ; θ(t)− τ)dξ. (20)

Ó÷èòûâàÿ óðàâíåíèå (20) è óñëîâèå (10), ïîëó÷àåì ñëåäóþùåå èíòåãðàëüíîå óðàâíåíèå äëÿ
íåèçâåñòíîé ôóíêöèè k(x, t):

k(y, t) =
a(t)

ϕ(y, y)

−∫
Rn

a(0)∆ξ

 n∑
i,j=1

ϕyiyj (ξ, y) + 2
n∑

j,i=1

ϕyjξi(x, y)

G(y − ξ; θ(t))dξ+

+∆yft(y, t)−
1

a(t)
ftt(y, t) +

a′(t)

a2(t)
ft(y, t)

−
− a(t)

ϕ(y, y)

 θ(t)∫
0

dτ

a(θ−1(τ))

∫
Rn

(ln a(θ−1(τ)))′ω(ξ, y, θ−1(τ)) +
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+k(ξ, θ−1(τ))

(
2

n∑
j,i=1

ϕyjξi(ξ, y) +

n∑
i,j=1

ϕyiyj (x, y)

)
+ 2divξk(ξ, θ−1(τ))divyϕ(ξ, y)+

+

θ−1(τ)∫
0

k(ξ, α)ω(ξ, y, θ−1(τ)− α)dα− (ln a(θ−1(τ)))′
θ−1(τ)∫
0

k(ξ, θ−1(τ)− α)ω(ξ, y, α)dα−

−(ln a(θ−1(τ)))′
θ−1(τ)∫
0

divξk(ξ, θ−1(τ)− α)ϑ(ξ, y, α)dα+

+

θ−1(τ)∫
0

divξk(ξ, θ−1(τ)− α)ϑ(1)(ξ, y, α)dα

G(y − ξ; θ(t)− τ)dξ

+

+
1

ϕ(y, y)
(ln a(t))′

t∫
0

k(y, t− τ)f(y, τ)dτ − 1

ϕ(y, y)

t∫
0

k(y, t− τ)ft(y, τ)dτ. (21)

Ñîñòàâëÿÿ ðàçíîñòü k̄ = k1−k2 ñ ïîìîùüþ ðàâåíñòâà (21), ïîëó÷èì èíòåãðàëüíîå óðàâíåíèå
îòíîñèòåëüíî k̄(y, t):

k̄(y, t) = − a(t)

ϕ(yy)

 θ(t)∫
0

dτ

a(θ−1(τ))

∫
Rn

(ln a(θ−1(τ)))′ω̄(ξ, y, θ−1(τ))+

+k̄(ξ, θ−1(τ))

(
2

n∑
j,i=1

ϕyjξi(ξ, y) +

n∑
i,j=1

ϕyiyj (ξ, y)

)
+ 2divξk̄(ξ, θ−1(τ))divyϕ(ξ, y)+

+(1+(ln a(θ−1(τ)))′)

 θ−1(τ)∫
0

k1(ξ, α)ω̄(ξ, y, θ−1(τ)−α)dα+

θ−1(τ)∫
0

k̄(ξ, α)ω2(ξ, y, θ
−1(τ)−α)dα

−
−(ln a(θ−1(τ)))′

θ−1(τ)∫
0

divξk1(ξ, θ
−1(τ)− α)ϑ̄(ξ, y, α)dα−

−(ln a(θ−1(τ)))′
θ−1(τ)∫
0

divξk̄(ξ, θ−1(τ)− α)ϑ2(ξ, y, α)dα+

+

θ−1(τ)∫
0

divξk1(ξ, θ
−1(τ)− α)ϑ̄(1)(ξ, y, α)dα+

+

θ−1(τ)∫
0

divξk̄(ξ, θ−1(τ)− α)ϑ
(1)
2 (ξ, y, α)dα

G(y − ξ; θ(t)− τ)dξ

+

+
1

ϕ(y, y)
ln(a(t))′

t∫
0

k̄(y, t− τ)f(y, τ)dτ − 1

ϕ(y, y)

t∫
0

k̄(y, t− τ)ft(y, τ)dτ. (22)
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Ñèñòåìà ðàâåíñòâ (11)�(22) ÿâëÿåòñÿ ñèñòåìîé îäíîðîäíûõ èíòåãðàëüíûõ óðàâíåíèé äëÿ

ôóíêöèé ϑ̄, ϑ̄(1), ω̄, k̄. Íåîáõîäèìî ïîêàçàòü, ÷òî ýòà ñèñòåìà äîïóñêàåò â îáëàñòè DT òîëüêî
íóëåâîå ðåøåíèå.

3. Îñíîâíîé ðåçóëüòàò è åãî äîêàçàòåëüñòâî

Îñíîâíûì ðåçóëüòàòîì äàííîé ñòàòüè ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà î åäèíñòâåííîñòè.

Òåîðåìà. Ïóñòü a(t) ∈ C1[0, T ], a(t) > 0, ϕ(x, y) ∈ B4(Rn × Rn), f(y, t) ∈ B2,2(DT ) äëÿ

ëþáîãî êîíå÷íîãî T > 0, ϕ(y, y) = f(y, 0), a(0)∆xdivyϕ(y, y) = divyft(y, 0) è

inf
(x,y)∈Rn

|ϕ(x, y)| ≥ β0 > 0,

ãäå β0 � èçâåñòíîå ÷èñëî. Òîãäà ôóíêöèÿ

k(x, t) =

N∑
i=0

ai(x)bi(t), ai(x) ∈ B1(Rn), bi(t) ∈ C1[0, T ],

îïðåäåëÿåòñÿ îäíîçíà÷íî â îáëàñòè DT .

Äîêàçàòåëüñòâî. Ââåäåì îáîçíà÷åíèÿ

K̄0(t) := sup
x∈Rn

|k̄(x, t)|, ϑ̄0(t) := sup
(x,y)∈Rn×Rn

|ϑ̄(x, y, t)|, ϑ̄(1)0 (t) := sup
(x,y)∈Rn×Rn

|ϑ̄(1)(x, y, t)|,

ω̄0(t) := sup
(x,y)∈Rn×Rn

|ω̄(x, y, t)|

è íîðìû

‖h1‖ := sup
(x,y)∈Rn×Rn

|h1(x, y)|, ‖h2‖T := sup
(x,t)∈D(T )

|h2(x, t)|,

‖h3‖T := sup
(x,y)∈Rn×Rn,t∈[0,T ]

|h2(x, y, t)|.

Â äàëüíåéøåì áóäåì èñïîëüçîâàòü ñîîòíîøåíèå

kxj (x, t) =
N∑
i=0

∂

∂xj
ai(x)bi(t). (23)

Äëÿ äîêàçàòåëüñòâà òåîðåìû íàì íóæíû îöåíêè äëÿ ôóíêöèé ϑ̄, ϑ̄(1), ω̄ ÷åðåç ôóíêöèþ k̄.
×òîáû ïîëó÷èòü ýòè îöåíêè, âîñïîëüçóåìñÿ ñëåäóþùèì óòâåðæäåíèåì.

Ëåììà. Ïóñòü k(x, t) ∈ B1,1(DT ) è

K0(t) := sup
x∈Rn

|k(x, t)|.

Òîãäà

|kx(x, t)| ≤ K00K0(t).

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî bi(t) ∈ C[0, T ], i = 1, . . . , n, è ïóñòü ai ∈ B1(Rn) �

ëèíåéíî íåçàâèñèìàÿ ñèñòåìà. Òîãäà åñëè
N∑
i=0

|Ci| = 1, òî ñóùåñòâóåò ω > 0 òàêîå, ÷òî

sup
x∈Rn

∣∣∣∣∣
N∑
i=0

Ciai(x)

∣∣∣∣∣ ≥ ω.
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Ïðè ýòîì óñëîâèè ïîëó÷àåì

sup
x∈Rn

|k(x, t)| = sup
x∈Rn

∣∣∣∣∣
N∑
i=0

ai(x)bi(t)

∣∣∣∣∣ =

= sup
x∈Rn

∣∣∣∣∣∣∣
N∑
i=0

ai(x)
bi(t)

N∑
s=1

|bs(t)|

∣∣∣∣∣∣∣
N∑
s=1

|bs(t)| ≥ ω
N∑
s=1

|bs(t)|. (24)

Â ñîîòâåòñòâèè ñ (23) èìååì

|kxj (x, t)| =

∣∣∣∣∣
N∑
i=0

∂

∂xj
ai(x)bi(t)

∣∣∣∣∣ ≤ sup
x∈Rn

∣∣∣∣∣
N∑
i=0

∂

∂xj
ai(x)bi(t)

∣∣∣∣∣ ≤ sup
x∈Rn

∣∣∣∣∂as∂xj

∣∣∣∣ N∑
i=0

|bi(t)| =

=
1

ω
sup
x∈Rn

∣∣∣∣∂as∂xj

∣∣∣∣ N∑
i=0

|bi(t)|ω,

à èç (24) ïîëó÷àåì

|kxj (x, t)| ≤ K00 sup
x∈Rn

|k(x, t)| ≤ K00K0(t),

ãäå K00 =
1

ω
sup
x∈Rn

∣∣∣∣∂as∂xi

∣∣∣∣.
Ïî ëåììå äëÿ ëþáîé k(x, t) =

N∑
i=0

ai(x)bi(t) ñóùåñòâóåò êîíñòàíòà K00 > 0 òàêàÿ, ÷òî

|k̄x(x, t)| ≤ K00K̄0(t), K0(t) := sup
x∈Rn

|k(x, t)|.

�

Íèæå áóäåì èñïîëüçîâàòü ñîîòâåòñòâóþùèå íîðìû ôóíêöèé ϕ,
n∑
i=1

ϕyi ,

n∑
j,i=1

ϕyiyj ,

n∑
j,i=1

ϕxjyi ,

ω2, ϑ2, ϑ
(1)
2 , ââåäåííûå âûøå, â çàâèñèìîñòè îò ðàçëè÷íûõ ïåðåìåííûõ.

Èñïîëüçóÿ èíòåãðàëüíîå íåðàâåíñòâî Ãðîíóîëëà�Áåëëìàíà äëÿ ϑ̄0(t), ïîëó÷àåì îöåíêó

ϑ̄0(t) ≤ a0‖k1‖T

θ(t)∫
0

 θ−1(τ)∫
0

ϑ̄0(t)dξ + ‖ϑ2‖T
θ−1(τ)∫
0

K̄0(ξ)dξ

 dτ ≤

≤ a0‖k1‖T

θ(t)∫
0

(θ−1(t)− ξ)ϑ̄0(t)dξ + a0‖k1‖T ‖ϑ2‖T
θ(t)∫
0

(θ−1(t)− ξ)K̄0(ξ)dξ ≤

≤ a1‖k1‖TT
θ(t)∫
0

ϑ̄0(t)dξ + a1‖k1‖T ‖ϑ2‖TT
θ(t)∫
0

K̄0(ξ)dξ ≤

≤ a1‖k1‖TT
a1t∫
0

ϑ̄0(t)dξ + a1‖k1‖T ‖ϑ2‖TT
a1t∫
0

K̄0(ξ)dξ ≤
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≤ ‖k1‖TT
t∫

0

ϑ̄0(t)dξ + ‖k1‖T ‖ϑ2‖TT
t∫

0

K̄0(ξ)dξ,

|ϑ̄0(t)| ≤ ‖k1‖TT
t∫

0

ϑ̄0(t)dξ + ‖k1‖T ‖ϑ2‖TT
t∫

0

K̄0(ξ)dξ

èëè

ϑ̄0(t) ≤ N1

t∫
0

K̄0(ξ)dξ,

ãäå N1 = ‖k1‖T ‖ϑ2‖TTe‖k1‖TT
2
.

Àíàëîãè÷íî ìîæíî ïîëó÷èòü îöåíêè äëÿ ôóíêöèé ϑ̄
(1)
0 (t), ω̄0(t), K̄0(t):

ϑ̄
(1)
0 (t) ≤ N2

t∫
0

K̄0(ξ)dξ,

N2 = e

(
a0
a1

ln a1+‖k1‖TT
)
T
(

ln a1‖k1‖TT 2N1 + ln a1‖ϑ2‖TT +
∥∥∥ϑ(1)2

∥∥∥T T +
a0
a1
‖divyϕ‖

)
,

ω̄0(t) ≤ N3

t∫
0

K̄0(ξ)dξ,

N3 = e

(
a0T
a1

ln a1+‖k1‖TT 2+ln a1‖k1‖TT 2
)‖divξk1‖TT 2N2 + a1‖divξk1‖TT 2N1 +

+

(
2
a0
a1
‖divyϕ‖+ ln a1‖ϑ2‖TT + ‖ϑ(1)‖T

)
K00 +

2
a0
a1

∥∥∥∥∥
n∑

j,i=1

ϕyjξi

∥∥∥∥∥+

+
a0
a1

∥∥∥∥∥
n∑

j,i=1

ϕyjyi

∥∥∥∥∥+ ‖ω2‖TT + ln a1‖ω2‖TT

 ,

K̄0(t) ≤ N4

t∫
0

K̄0(ξ)dξ,

N4 = a20
1

β0

(
T ln a1N3 + 2

∥∥∥∥∥
n∑

j,i=1

ϕyiξj

∥∥∥∥∥+

∥∥∥∥∥
n∑

j,i=1

ϕyiyj

∥∥∥∥∥+ 2‖divyϕ‖K00 + (1 + ln a1)‖k1‖TT 2N3+

+‖ω2‖TT + ln a1‖k1‖TT 2N1 + ln a1‖ϑ2‖TTK00 + ‖divξk1‖TT2N1 + ‖ϑ(1)2 ‖
TTK00

)
+

+
1

β0
‖f(y, t)‖ ln a1 +

1

β0
‖ft(y, t)‖ ln a1.

Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò, ÷òî K̄0(t) ≡ 0, ò. å. k1(x, t) = k2(x, t) äëÿ (x, t) ∈ DT . �
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Çàêëþ÷åíèå

Â äàííîé ðàáîòå áûëà ðàññìîòðåíà îáðàòíàÿ çàäà÷à íàõîæäåíèÿ ÿäðà â óðàâíåíèè (1) ñ
íà÷àëüíûì óñëîâèåì (2) è óñëîâèåì ïåðåîïðåäåëåíèÿ (3). Â ñòàòüå äîêàçàíî, ÷òî â òîì ñëó-

÷àå, êîãäà íåèçâåñòíàÿ ôóíêöèÿ ïðåäñòàâèìà â âèäå k(x, t) =

N∑
i=0

ai(x)bi(t), ïðè îïðåäåëåí-

íûõ óñëîâèÿõ íà äàííûå çàäà÷è (óñëîâèÿ òåîðåìû) ýòà ôóíêöèÿ îïðåäåëÿåòñÿ îäíîçíà÷íî.
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D.K.Durdiev and J.Z.Nuriddinov

Uniqueness of the kernel determination problem in an integro-di�erential parabolic

equation with variable coe�cient

Abstract. We investigate the inverse problem of determining the time and space dependent kernel
of the integral term in the n-dimensional integro-di�erential equation of heat conduction from the
known solution of the Cauchy problem for this equation. First, the original problem is replaced by
the equivalent problem where an additional condition contains the unknown kernel without integral.
We study the question of the uniqueness of the determining of this kernel. Next, assuming that
there are two solutions k1(x, t) and k2(x, t) of the stated problem, it is formed an equation for the
di�erence of this solution. Further research is being conducted for the di�erence k1(x, t)−k2(x, t) of
solutions of the problem and using the techniques of integral equations estimates. It is shown that

if the unknown kernel k(x, t) can be represented as k(x, t) =

N∑
i=0

ai(x)bi(t), then k1(x, t) ≡ k2(x, t).

Thus, the theorem on the uniqueness of the solution of the problem is proved.

Keywords: inverse problem, parabolic equation, Cauchy problem, integral equation, uniqueness.
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