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[lesble TOYKU
B MHOT'OYT'OJIbHUKAX ¥ MHOT'OI'PaHHUKAaX

I'. A. Mep3oHn

Kak HaliTH IUIONIaZlb MHOTOYTOJbHUKA Ha KJIeT4aTou Oymare?
Eciu oCcTaTOYHO MPUOIU3UTEIHHOIO OTBETA, TO MOXKHO IIPOCTO IO-
CUUTATh KOJIMYECTBO KJIETOK, KOTOpble OH 3aHMUMaeT.

YyzecHbIM 006pa3oM 3Ta HEXUTPAs Uzes MPUBOAUT U K MOUHbLM
dbopmynam s wionaeil MHOTOyTOIbHUKOB M 06BEMOB MHOT'OTPaHHU-
KOB, BEPIIVHEI KOTOPHIX UMEIOT LIeJIOYNCIeHHbIE KOODAUHATEL. A BO3-
HUKaIoIas meopus Ipxapma oKasbIBaeTcs NpYMeHNMa B pasHBIX 3a/1a-
yax aare6psl 1 KOMOMHATOPUKY, B KOTOPBIX HUKAKUX T€OMETPUIECKUX
¢uryp, Ha epBbIi B3MIAZ, HE BUJHO.

§81. IIMOMWAAL U YUCJIO LIEJBIX TOYEK

I[Tycts P — ¢durypa Ha kieTyaToit 6ymare, rae Kaxzas KjieTKa uMeeT IUIO-
mazap 1. TpyOyro OlLleHKY A IIomaAu GUrypsl JaéT KOJIMYECTBO 3aHUMae-
MBIX €10 KJIETOK, WJIH, YTO IIPUMEPHO TO Ke caMoe, YUCJI0 Np y3JI0B CETKH,
HaKpbIBaeMBbIX P: Sp A Np. UTOOBI MMOBBICUTh TOYHOCTh 3TOU OLIEHKH, MOXKHO
IIOCMOTPETD Ha CETKY ¢ 60siee MEJKUMU KJIeTKaMH. ITyCTh TMHUY HOBOW CETKHU
UZIYT Ha paccTossHuu 1/n apyr ot gpyra. Torza rromiasb HOBOM KIETKH paBHa
1/n?, u eciu P HaxpoiBaeT Np(n) ys3moB HOBOH ceTkw, To Sp ~ Np(n)/n?.
C pocToM n MBI IOJy4aeM CKOJIb YTOAHO TOYHOE IPUOIIKeHNEe K IUTOIA/IH.

Np(n)

[TPEAJIOKEHME 1. 5— — Sp (n — o).

n
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BMecTo TOro 4ToOBI M3MeNIbYaThb CETKY, MOXXHO YBEJUYHUBaATh GUTYPY P:
Np(n) ecTh KOJMYECTBO Y3JI0B CETKU, HAKPhIBAEMbIX GUTYPOIi NP, mosyJarorieii-
cs1 u3 P romoreTHeit ¢ koadduimeHToM n (M LeHTPOM B OZJHOM U3 Y3JIOB CETKHU).

8§ 2. MHOTOYJIEH DPXAPTA MHOTOYT'OJIbHUKA

[lanee P OyAeT MHO20y20lbHUKOM C 8epUUHAMU 8 Y31ax cemKu. YTOOBI
IIpEBPATUTD Tpeyioskenre 1 B GOpMysy Ui IUIONAAH, HAaJ0 WU3YYUTh, KAk
Np(n) 3aBucur ot n. HauHéM c mpuMepos.

[TpumeP 1. I[lycTh P — eAuHUYHBIN KBaZpat. Torza nP — KBaZpat co CTO-
poHoii n u Np(n) = (n + 1)2. BuzHO, 9TO BHIpaXKeHHe

Np(n) (1+ )2

n2

ZleCTBUTENIBHO CTPEeMUTCA K 1, IJIOMaAn KBajpaTa.

%//

O O

P3P Np(3) = (3+1)’
Boob1ie, A1 MpAMOYTOJbHUKA a X b
Np(n) = (an+1)(bn+1) = (ab)n?+ (a +b)n+1,
¥ BUZAHO, uTo Np(n)/n? crpemurca K ab.

[TPUMEP 2. IlycTb P — paBHOOEAPEHHBIN IPSIMOYTOJbHBIA TPEYTOJbHUK
c kareToM 1. TpeyroabHUK nP HakpbeIBaeT

(n+1)(n+2) _1.2.3

1+2+...+(n+1) = 5 = sn’+5n+1
Np(m) 1,3 1,1 . 1_
y3eJI CeTKU, U 2 =5+5- ﬁ+¥_)§_SP'
pP— 3P Np(3)=1+2+3+4

YnpraxXHEHUE 1. Hatigure ¢yHKimu Np 41 TpeyroJbHUKA U MATUYTONb-
HUKAa Ha PUCYHKe HIXe.
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Ha ocHOBaHMU 3THUX IIPUMEPOB MOXHO IMPEAIIOJIOXKUTD, YTO BEPHO CIIEAY-
omee yrBepKAE€HHE.

TEOPEMA 1. IIycmb P — MH020y20/1bHUK € 8ePUUHAMU 8 Y321AX cemKU. /ns
HamypanvbHozo n onpedeaum Np(n) Kak wucao0 y3a108 cemku, KOMopoe HaKpbLmo
MHo20y2016HUKOM NP. Toeda

1) Np — mHOoz20uneH cmeneHU 2 ¢ payUOHANbHLIMU Ko3dduyuenmamu (MHOTO-
WwieH DpxapTa MHOTOYTOJIbHUKA P);

2) cmapwutl koagduuyuenm mHozoureHa Np paseH naouiadu MHO20Y20/bHUKA;

3) c80000HbL uneHn mHozoueHa Np paseH 1.

[ToguepkHEM, YTO OCHOBHAA 4aCTh TEOPEMBI — yTBEP:KAeHUE O IIOJTMHOMU-
anpHOCTU GYHKIIUM Np: B CWIY NpeJjioKeHUs 1 oTciofia cpasy ciaeiyeT U To,
YTO 3TO MHOT'OWIEH UMEHHO CTeIleH! 2, ¥ TO, YTO ero CTapIInii KoapPUuiieHT
paBeH IUIOUIA/N.

HeTpyzHo 13 3TOI TeopeMbl MTONyUYUTh U ABHYIO GOpMyITy A IUIOMAAN:
3TO OZVH U3 /IByX HEM3BECTHHIX HaM K03 PUI[MeHTOB MHOTOWIeHa CTENeHH 2,
TaK YTO ero MOXKHO BBIPa3UTh Yepe3 3HaYeHUs 3TOI0 MHOTOWIeHA B KaKUX-HU-
6yzab AByX Toukax. Hampumep, ciexyrommm o6pa3om.

HPEL[]IO)KEHI/IE 2. Ecnu P — MHO020Y20/1bHUK C 8ePUUHAMU 8 Y3J1dX CeMmKLU,
mo Sp = 2(Np(z) 2Np(1) +1).

3 sToi1 dopMysBl BUAHO, B YACTHOCTH, UYTO NMIOWA0b MHO20Y20/lbHUKA
C 8ePUWIUHAMU 8 Y31aX CemKU 8ce20a s6J51emcs Uesoll Wau noxyyenoil, a 3To
arpuopy He OYEBU/IHO ke /I TPEeYToJIbHUKOB: IIpe/icTaBbTe cebe BhIYuCIIe-
HUe UX IUIomaau no popmyse [epoHa...

OGBIYHBII CITOCOO 0KA3ATh MOIYIEIOYHUCIEHHOCTD TUIOIA/I — 3aMETHUTh,
9TO JIF0O0H TPEYroIbHUK MOXKHO ITOJIYYUTh, OTpe3asi OT MPSIMOYTOJbHUKA MPsi-
MOYTOJIbHbIE TPEYTOJIBHUKY (IJI1 KOTOPBIX YTBEPKAEHUE OYE€BU/IHO), a TI0O0H
MHOTOYTOJIbHUK MOXXHO pa3pe3aTh Ha TPEYTOJbHUKH (CM. puC.).

R

i /
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Takoii tian paboTaeT U A JoKaszaTeabcTBa GOPMYJIbI /IS IUIOMIAAU U3
npegnoxeHus 2 (moapobHee 06 3TOM MOXKHO IPOYUTATh B cTaThbe [1]), u Ayis
JIOKa3aTeJbCTBA CAMOM TEOPEMBI.

YIIPAXKHEHUE 2. JIoKaXuTe, 4TO i1 (He3aMKHYTO#) JomMaHoit Np(n) —
MHOTOYIEH CTeleH:U 1 co CBOOOAHBIM WIeHOM 1.

Y1IPAXKHEHUE 3. JJoKakuTe TeopeMy 1 a) 1S TPSIMOYTOJIBHUKOB CO CTOPO-
HaMH II0 JIMHUAM CETKH; 6) /I MPSIMOYTOJbHBIX TPEYTOJIbHUKOB C KaTeTaMH
10 IUHUSAM CETKU; B) JJIST TPOU3BOIBHBIX TPEYTOJIBHUKOB; T') JJIsI TIPOU3BOJIb-
HBIX MHOT'OYTOJTbHUKOB.

OTMeTHM 371eCh OIHY TOHKOCTb: /IS J0KA3aTeIbCTBA TOTO, YTO CBOOOAHBIT
YJeH MHOroWwIeHa JpxapTa paBeH 1, CyllleCTBEHHO, UTO P — 3To HacToAmUM
MHOT'OYTOJbHUK. B 6osiee o61ieM ciydae (eciu pa3pelieHbl «MHOTOYTOTbHU-
KM C ZIBIpPKaMU» U T. I1.) CBOOOAHBIN WieH paBeH 3ilieposoll xapakmepucmuke

durypsr P.

YNPAKHEHUE 4. Hailiiute MHOrOWIeH DpxapTa I «paMKu» ¢ T
(cMm. puc.). /./j.,/ ‘

N 7
. - Vi
BepeH U ecTeCcTBeHHBIN aHaIOT TeOpeMbl 1 /11 MHOTOr'paH | j@/ A

HUKOB C BEpIIMHAMM B «IIeJIbIX» (MMEIOUIUX 11eJI0YMCIeHHbIE KO-
OpAVHATHI) TOYKAX: KOMUYECTBO Np(n) Leabix ToueK BHYTPHU MHOTOTPAaHHU-
Ka nP 3aBUCHUT OT N KaK MHOTOWIEH CTEINeHU 3, CTapuIvii KoaGPpUIIMEeHT KOTO-
poro paBeH 06'béMY MHOTOTPaHHUKA P.

Ho BOT 1U1aH /[0Ka3aTeNbCTBa U3 YIIPAXKHEHUs 3 B 9TOM CJiydae He paboTaer.
Jlesio B TOM, YTO Ha IUIOCKOCTH JIFOObIE IBe GUTYPHI OAHOM TUIOIIAZM PABHOCO-
cmasJieHbl (OZHY MOXKHO pa3pe3aTh Ha YaCTH U CJIOXKUTDb U3 HUX JPYTYIO), HO B
IIPOCTPAHCTBE 3TO YKe He TaK: Kak Zioka3au B Hadasie XX Beka M. JleH, o4TH
HUKAKas TPEYroIbHad IHPaMUJa He PaBHOCOCTAB/IEHA C IIapajUTeenunesoM .
[ToaTOMY Ha IUIOCKOCTH YTBEPIKIEHUE TEOPEMBI 10 CYTU JOCTATOYHO MPOBE-
PUTD JJIs €AMHUYHOTO KBaJ[paTa, HO B IIPOCTPAHCTBE 3TO y)Ke He paboTaer.

B § 4 MBI 06CYZVM ApYTOe OKA3aTeNbCTBO TEOPEMHI 1, KOTOpoe 6e3 TpyZa
MIEPEHOCUTCS ¥ HA MHOTOTPAaHHUKH.

§ 3. BBAMUMHOCTB U ®OPMVJIA [ITMKA

Yucino Np(n) 6bUI0 OIpeZiesieHO TONbKO /I HaTypalbHBIX . HO KOJb CKO-
PO OHO 3aBUCHUT OT N KaK MHOT'OWIEH, B 3TOT MHOT'OYIeH MOXHO $OpMajbHO
MIOZICTABJIATDH U OTpULIaTeNbHbIE 1. [TonmpobyeM MOHATH, KAKOH CMBIC/I UMEIOT
TIOJTyJarolIecs B pe3y/bTaTe 3TOW CTPaHHOM MpolleAyphl YUCIa.

D [Tpo 3TO MOXHO TIPOYHUTATH B CTaThe [4].
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CHOBa Ha4YHEM C PUMePOB. i IPAMOYTONIbHUKA a X b nMeeM
Np(n) = (an+1)(bn+ 1),

a 3HAYWT,
Np(—n) = (—an+1)(=bn+1) = (an—1)(bn—1).

Taxkum o6pa3oM, MBI CHOBA TOJIYYUIN KOJIMYECTBO TOYEK B IIPAMOYTONbHUKE,
HO HEMHOTO MeHbIleM (KaXKAyl0 CTOPOHY HY’KHO YMEHbBIIUTh Ha 2).
Jlnsi paBHOOEAPEHHOTO TIPSMOYTOJIBHOTO TPEYTOJIbHUKA

nm+1)(n+2)
Na(m) = 0D 0*2),
n—2)(n—1)
Na(—n) = ———5 — TOXe YO TOYeK B TPEYTONbHHUKE, HO YyTh MEHbIIEM.
o6 6 & &
- ) je )
- ) C )
- ) g )
hd hd hd b b hd hd hd
Np(2) 1 Np(—2) NA(5) 1 Na(-=5)

TEOPEMA 2. Ecau P — MHO020Y20/1bHUK C 8ePUUHAMU 8 Y3J1dX CemKU, mo
3HaueHue Np(—n) MHO20UNeHa Dpxapma 8 yesoll ompuyamenbHoll mouke pas-
HO KOJIUUeCcmasy Uesiblx mouek CTPOro BHYTPU MHO20Y20/bHUKA NP.

BMmecTe ¢ TeopeMoii 1 3Ta meopema 83aUMHOCMU COCTABJISIET JBYMEPHBIA
cryyait meopemut Opxapma — MaxdoHansoa. [Ipo 10Ka3aTeabCTBO MBI ITOTO-
BOPHUM B CJIeAyIOIeM maparpade.

Ecmu Np(n) = Sn? + Sn+ 1, To Np(—n) = Sn® — gn + 1. OTu ABa yuncia
omnyaioTcs Ha bn. Takum o6pa3oM, Ha TpPaHUIle MHOTOYTOJIbHUKA NP JIEXKUT
bn y3n0B ceTku. JIpyruMu cjioBaMu, K03 @duylieHm npu n 8 MHO20u1eHe Ipxap-
ma — 3mo NoJI0BUHA KONIUUeCMBa y3/108 CemKU HA 2paHULe MHO20Y20NbHUKA P.
Temepb JIeTKO BHIPA3UTh IUION[A/Ib MHOTOYTOJIbHUKA S Yepe3 KOMUIECTBO Y3JI0B
N(—1) cTporo BHYTpH HETO U KOJIMYECTBO y3JIOB b Ha €ro rpaHuIle.

[TPEAIOKEHUE 3 (bopmyna HI/IKaZ)). Ecnu P — MHO020Y20/1bHUK € 8epULU-

HAMU 8 y3Jjax cemku, mo

. b
Sp:lp+7p—1,

2y dopmynsl [IMka ecTh MHOXECTBO Pa3HBIX JOKa3aTelbCcTB. Moé I06HMOe JOKa3aTe/b-
CTBO — ¢ Tawouwmm abaoM ([5]) — MoxkHO TTpounTaTh B cTaThsax [3, 8].
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20e ip — HUCJI0 Y3108 CemMKU 8HymMpu MH020Y20/IbHUKA, bp — HucJjio y3jsoe cem-
KU HA €20 2paHuue.

MOoXXHO CKa3aTh, 4TO ecau GopMyJa s IUIOIAAU U3 TIPE/JIOKEHUS 2 BBI-
paxana eé yepe3 Np(0), Np(1), Np(2), To aTa popmysa BeIpakaeT IIOMaAb
yepe3 Np(0) u Np(£1):

o = Mo+ Np(-1)
p 2

Terepsb MOHATHO, YTO HE CTOUT OKUAATD TIOJTHOTO aHasora ¢popmysisl [Tnka
JUTSI MHOTOT'PAaHHUKOB: €CJIK ObI 00BEM MOXXHO OBUTO BBIPA3UTh Yyepe3 Komuye-
CTBO LIEJIBIX TOUEK BHYTPY MHOTOTPAaHHUKA U Ha €r0 TPaHUIIe, 3TO 3HAUYUIO ObI,
YTO MBI MOXXEM HaWTH CTApUIM{ WieH KyOuyecKoro MHorowieHa Np —T. €.
OJIVIH U3 Uemblpéx ero KoapPpUINEeHTOB — 10 3HAYEHUSIM 3TOTO MHOTOWIEHa
Bcero B mpéx Toukax (+1 u 0).

— N, (0).

YHPAXXHEHUE 5. PaccmMoTpuM mempasdp Pusa — TpeyroybHyIo MUpaMU-
Zly, OCHOBaHMe KOTOpPOl — II0JIOBUHA €IJMHUYHOTO KBaJpaTa, a BepllilHa Ha-
XOAWTCA HaZ 4eTBEPTOM BEPIIMHON KBaZpaTa Ha BBICOTE h, T. €. BEPUIMHBI
nMeroT koopauHarer (1,1, 0), (1,0,0), (0,1,0) u (0,0, h).

a) Ybegurech, YTO 3Ta MHpaMHA HE COAEPKUT HUKAKUX IEJIBIX TOYEK,
KpPOMe CBOMX BEPIIVH, HO NPU U3MeHeHUH h e€ 00'béM MeHSIeTCA.

6) Hatizure MHOTOWIEH DpXapTa TaKOM MUPaMUZbI.

I[TocnesHee yrpaxHeHHe MOKa3bIBAET, YTO JaXke eCIM 3HaTh, CKOJIBKO TO-
YeK Ha rpaHUIle JieXKaT BHYTPH IpaHel, a CKOJIbKO Ha pébpax U T. J., TOro
He JIOCTaTOYHO /I HAXOXKJEeHHs 00BEMa. 3aTO MOXKHO BEIPA3UTh 0OBEM dyepes
3HaYeHUs MHOTOWIeHa DpXapTa B YETHIPEX TOUKAX.

YOPAXKHEHUE 6. BelBezuTe U3 TeopeMbl JpxXapTa, 4To ecjiu P — MHOTO-
T'PaHHUK C I[eJILIMU BepIIMHAMU, TO er0 00bEM paBeH
6 .

MoxxkHo HaWiTh U popMmyiy A oO6bEéMa, OoJblle TTIOXOXKYI0 Ha KJIaccuye-
ckyto popmyiy [Tuka.

YNPAXXKHEHUE 7. BbIpasure 06BM MHOTOTPAHHUKA P C IIeJbIMU BepIIU-
HaMmU 4yepe3 bp, ip U iyp, I7ie iop 0603HAYAET KOIUIECTBO Y3JI0B 8080€ MeHbllell
pewémxku BHYTPA MHOI'OTpaHHUKA.

8 4. JJOKA3BATEJIBCTBO TEOPEMBI DPXAPTA — MAKJOHAJbIA

Kak moka3aTb, YTO MOC/IeI0BATEIbHOCTh YMCEN TIPEACTAB/IsAET COO0M To-
CJIeJ0BaTeIbHOCTh 3HAYEHUH MHOTOWIeHa crernieHu k? Eciu k = 0, To ycioBue
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COCTOUT B TOM, YTO IIOCJI€0BaTEJbHOCTb IIOCTOSIHHA, T. €. COCeHNEe WIEHBI
paBHbL. Ecn k=1, 3T0o apudmeTHUeckas mporpeccus, T. €. Pa3HOCTb MEX/Y CO-
CeIHUMU WieHaMH ITOCTOAHHA. MOXKHO IIPOJI0KATh B TOM JKe JiyXe U Jajblile.

JIEMMA 3. N s8nsiemcsi MHO20UIeHOM cmeneHu k mozoa u mosasko mozoa,
K020a ez0 pasHOCTHast mpousBogHass AN — mHozounen cmenenu k — 1. (ITo
onpedenernuro AN =N(n+ 1) —N(n).)

JOKA3BATE/IBCTBO. B 0IHY CTOPOHY yTBepXKJeHUe A0Ka3aTh JIEerKo: Ank =
= (n+ 1)* —n* — muorouwren cremenu k — 1 (3To BUAHO U3 GOPMyIIBI GHHOMA
HBIOTOHA WIM HpocTo U3 GopMyisl ansa ak — bX); a pas xaxaplii U3 MOHO-
MOB IIePEXOZUT B MHOTOWIEH Ha €WHUILy MEHbIIeH cTeneHH, TO (TIOCKOIbKY
A(F + G) = AF + AG) u cTeneHb J1060r0 MHOTOWIEHA YMeHbIaeTcs Ha 1.

YTBep)KJeHUEe B JPYTYIO0 CTOPOHY HaM celdyac Hy>KHO TOJIBKO i k = 2,
a 3TO COBCEM IIPOCTO:

N(n)=N(n—-1)+AN(n—-1)=...=N(0)+AN(0)+AN(1) +...+ AN(n—1),

T.e. N(n) —aT0 cymMma apudmeTrndeckoii nporpeccuu AN IUTIOC KOHCTaHTa
N(0), a 3uauut, N (n) AeficTBUTEIHHO ABJIAETCS MHOTOWIEHOM CTEIIeHH 2.
JlokazaTenbCcTBO 06IIero cryyas — HENOCPeCTBEHHO CBA3aHHOE C CyMMa-
vu 1K + 25 + .. 4+ nk — moxmo HaliTH, Harpumep, B pasgene 1 3ameTku [2].
(Vnu mokaXuTe ero caMOCTOSITENbHO; YKa3aHue: i1 MHOrOwIeHa P crerneHu
k — 1 3anummuTe ycmoBrue AN = P KaK CUCTeMY YpaBHEHUH Ha KO3OOUITMEHTEI
MHorowieHa N u ybeauTech, YTO OHA BCETZIa UMEET pelleHue. ) O

V36aBisAACh OT PEKYPCUM, MOXXHO IepedOopMyIUPOBaTh 3TOT KPUTEPUI
MIOJIMHOMUAIBHOCTHU CJIEAYIOIINM 06pa3oM.

[TPEA/IOKEHUE 4. N s8/51emcst MHO2OWIeHOM cmeneHu k mozda u moJibko
mozoa, kozoa nocze He 6osiee uem (k + 1)-kpamHozo npumeHeHUsT pAZHOCMHOTL
npou3eodrotl oH obpawaemes 8 Hyab, m. e. AKFIN = 0.

OTO yTBepXJeHue, KCTaTH, JejaeT NoHATHee U GOpMyly AJad IUIOLIaZu
Y3 TIpeJIoXKEeHUS 2: eCI Hac UHTepecyeT CTapiInii KoadpUIIMEHT MHOTOYIe-
Ha CTeleHU 2, TO C TOYHOCTBHIO JI0 MHOXXUTEJISI NPaBWIbHBIA OTBET JAETcsA
sripaxkenreM AN (0) (Bce MOHOMEI MeHbIIeH CTeeH) IpY IpUMeHeHHH A2
yHHMuTOXAM0TCA), a A2N(0) = N(2) —2N (1) + N(0).

AHaJorndHbIM 06pasoM GopMy/ia U3 ynpakHeHHA 6 cBA3aHa ¢ obpalleHu-
€M B HYJIb BEIpQKEHUA A3N 7717 MHOTOWICHOB CTEIIeHH 2.

Tereps MBI TOTOBEI IOKa3aTh TeopeMy Jpxapra — MakzioHaibja AJis1 MHO-
rOyTOJIbBHUKOB. HaM ocTasoch I0Ka3aTh ciefyoliee YTBEpKAeHue (BKII0Yaro-
ee B ce0s ¥ TOTMHOMHUAIBHOCTDh QYHKITMU Np, U YTBEPXK/JEHHUE O 3HAYeHUU
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3TOr0 MHOTOWIEHA B HYJE, U «B3AUMHOCTb» /IJIs1 3HAYEHUI B OTPUIIATETbHBIX
TOYKax).

TEOPEMA 4. [Tycmb P — MH020Y20/1bHUK ¢ 8epuLtuHamu 8 y3iax cemku. To-
20a PyHKYUS, ONPedeNeHHAS 8 UesIblX MOoUKAX KAK

YUCTIO0 YeslblX moueK, HaKpbleaemsix duzypoii nP, n>o0;
Np(n) =1 1, n=0;
YUC0 Yesblx mouek cmpozo sHympu guzypst (—n)P, n <0,

ABNAEMCA MHO20UJIEHOM cmeneHu 2.

HamomHauM, 94TO nP — 3TO pe3y/bTaT ToMoTeTHU GUTypsl P ¢ KoadduiireH-
ToM n. [loguepkHém, uTo GyHKIMSA Np(n) ompeziensieTcss TOIbKO IS HeIBIX M.

JIOKA3ATE/ILCTBO (HABPOCOK). JIJIsl YMCJjIa LeJNbIX TOYeK UMEET MECTO a0-
dumueHocmb: eciu purypa P nokpeiTa purypamu P; u P,, mepeceKaromuMucs
o ¢urype X, To Np =N p, + Np, —Ny. Tak kak J10601 MHOTOYTOJIBHUK MOKHO
paspe3aThb Ha TPEYTOJIbHUKH, a TIPO MHOTOWIEHBI DpXapTa OTPe3KoB (1 BOOO-
IIle JIOMaHBIX — CM. YIPaXHEHUeE 2) MBI BCE 3HaeM, I10 CyIIeCTBY JOCTATOYHO
[I0Ka3aTh YTBEPK/JeHUE TEOPEMBI B CIydae, Korza P — TpeyroabHUK C BepIlu-
HaMH B y3JIaX CETKH.

B aToM ciydae paBeHCTBO A2Np = 0 MeeT 3aMedaTeTbHOe KOMOUHATOPHO-

reOMETPUYIECKOE ,Z[OKaBaTeJIbCTBOS) .

o

n+2

Ha pucyHke TpeyroabHUK (n + 3) P IOKPHIT TpeMs TpeyroabHukamu (n+2)P
(oAuH TaKo# TPeyroJbHUK 3aIlITPUXOBaH). [103TOMY /i TOACYETA Y3JI0B CET-
KU, IOKPHIBAEMBIX OOJIBIINM TPEYTOJbHUKOM, MOXKHO ITPUMEHUTH GOPMYITy
BKJIFOUEHUU-UCKITIOUeHNH:

Np(n+3) =3Np(n+2) —3Np(n+1) + Np(n).

9To 1 ecTh paBeHcTBO A3N(n) = 0 A1 HATypaJbHBIX N.

%) Takoe 70Ka3aTeIbCTBO TeopeMbl DpxapTa — MakzgoHanbga npuyman CTuBeH CoM —
cM. crathio [7].
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Ecnu Ha TOM ’Xe KapTHHKe IOCUUTATh TOJBKO Y3JIBl CTPOT'O BHYTPHU Tpe-
YTOJIbHUKOB, TOIYIUTCA J0KA3aTelIbCTBO TOTO JKe paBeHCTBa B ciydae n+3 <0.
Ocrtaércsa pa3obparh CIy4au, KOrga OfHO U3 uucea n, n + 1, n+ 2, n + 3
obparaetcs B Hy/lb. OrpaHUYUMCS COOTBETCTBYIOITUMU BYMSI KADTUHKAMH.

N(3)=3N(2)—3N(1)+1 N(2) =3N(1)—3+N(-1)

XOTA J0Ka3aTeabCTBO OIMPaIoCch Ha KAPTUHKU C TPEYTOJIbHUKAaMU, HUYero
crienGUIeCcK JByMEpPHOTO B HEM HeT.

YrrAXXHEHUE 8. IlycTh P — TpeyrosbHas MUpaMu/ia, BEPITUHBI KOTOPOM
UMEIOT 11eJTble KOOPAUHATHI.

a) JlokaxuTe, 9To A*Np(n) = 0 /14 Ie/IbIX HeTPULATEbHBIX 1.

6) Kak onpezgenutb GyHKIMIO Np B L[EIBIX OTPUIIATENbHBIX TOUYKAX, YTOOBI
paBeHCTBO A*Np (1) = O BHIIOTHANOCH /7 BCEX IEMBIX N?

Kak u B IJIOCKOM ciIy4ae, OTClo/la CJIeZlyeT, YTO /ISl TPEYTOJIbHOM MUpaMu-
bl GyHKUMS Np SBJISETCS MHOTOWIEHOM (Temepb yKe CTeneHU 3), a B CHIY
aJINTUBHOCTY TO K€ BEPHO U /IS IPOM3BOJBHOT'O MHOTOTPAHHUKA C IETBIMU
BepIIMHAMU.

§5 LIEJ'IBIE TOYKM B MHOTI'OMEPHBIX MHOT'OTPAHHUKAX

Teopema 4 u eé Z0KA3aTeNbCTBO MEPEHOCATCA 6€3 CyIeCTBEHHBIX U3Me-
HEHUU Ha MHOTOT'PAaHHUWKM C BEPIIMHAMHU B IIEJBIX TOYKAX 8 NPOCMpaHcmaee
Ji0boil pazmepHocmu.

TEOPEMA 5. ITycms P — mHozozpantux 8 RX ¢ yensimu (umerowumu yenvie
KoOpOUHamul) gepwuHamu. Jns HamypaabHoz2o n onpedeaum Np(n) kak uucao
Uesblx mouek, co0epHawuxcs 8 MHozozozpanHuke nP. Tozda

1) Np — mHozounen cmenenu k ¢ payuoHansHbvimMu Koadduyuenmamu (MHOTO-
YIeH JpxapTa);

2) cmapwutl Ko3PPuuLeHm 3mozo0 MHO20WIeHd PaseH 06%EMY MHO202PAHHUKA;

3) c80600HbLIl UeH MHOZOWIeHa Dpxapma paseH 1;

4) nockonbky Np— MHO20WIEH, 8 HE20 MOXCHO POPMANTBLHO NOOCMABAAMb U
ompuyamensHsle uucaa, a umenno: Np(—n) = (=1)KIp(n), 20e Ip(n) —
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KOJIUYECMB0 UeblX Mouek Cmpo2o 8Hympu MH0202paHHuka nP (B3auMHOCTb
OpxapTa — MakgoHaIba).

OTa TeopeMa ObLTa OTKpBITa MaTeMaTUKOM-TtobuTeneM E. DpxapToM B Ha-
yasnie 1960-x rogoB, HO yTBep:KAeH1e 4 TeopeMbl OH Z0Ka3aJl JIMIIb YaCTUYHO;
3aBepIIn JOKa3aTeJbCTBO B3auMHOCTU U. MakoHanb yke B 1970-x rogax.

He o4yeHb MOHATHO, HABEPHOE, KaK cebe MpeCTaBIATh TeOMETPUIECKHIE
06BEKTH B MHOTOMEPHOM IIPOCTPAHCTBE, — HO HE COCTABJISAET OOJIBIIOTO TPY-
Jla 1aThb UX aHaJIUTHUYecKre (KOOpAWHATHBIE) OIpeeeHNUS.

HamomMHUM, 94TO TOYKa k-MEPHOTO ITPOCTPAHCTBA Rk —sr0 MIPOCTO YIIOPS-
JOYEHHBIN HAb0Dp (X1, ..., X;) U3 k BelleCTBEHHBIX YHCET; MbI HA3bIBAEM TOUKY
uenoil, eciv Bce €€ KOOPAMHATHI IeJIble. Bbinykble MHO202paHHUkU (@ TIpo
HEBBITYK/JIble MHOTOTPAaHHUKK MBI TOBOPUTH He OyzieM) 3aZlal0TCsl CCTEMaMK
JIUHellHbILX HepageHcms, T. €. HEPABEHCTB BUJA A1X; + ...+ Qi X < c. [lepexoz
K MHOTOT'PaHHUKY nP COOTBETCTBYET JJOMHOXKEHUIO MPaBOM YacTU KaXKJO0Tr'0o
U3 HEpaBEHCTB Ha 1.

y
W
A
//Q x, -y <0
$/% N — y—x<0;
Nl 2x+y <e6.
y=0 x

Eciu B JaHHOM TOYKEe KaKoe-TO U3 HEPAaBEHCTB 0OPaTHUJIOCh B PABEHCTBO,
TO TOBOPSIT, YTO 3Ta TOYKA JIEXKUT Ha 2PAHU HaIllero MHOTOTpaHHUKa (a eciu
B ZITaHHOU TOYKE BBITIOJHSAIOTCS BCE CTPOTHE HEPABEHCTBA — YTO OHA JIEXKUT
CTPOrO 8HymMpuU MHOTOI'PAHHUKA).

[TpMEP 3. EZUHMYHBIN KBaJpaT MOXKHO 3aJaTh HepaBeHcTBaMM 0 < x < 1,
0 < y < 1. EguHnyHbIl Ky6 — HepaBeHcTBaMH 0 < x<1,0<y<1,0<z< 1.
ECTeCTBEHHO OIpeeuTh k-MepHblil Ky6 KaKk MHOTOrpaHHUK B RX, 3azaHHBIi
cuctemoii HepaBeHCTB 0 < x; <1 (i=1,...,k).

[Tocne pacTsa:xeHUA B n pa3 noaydarorca HepaBeHcTBa 0 < x; < n. [TosTomy
KakJasd U3 KOOpAWHAT MOXXeT MPUHUMATh N + 1 1esnoe 3HaueHue u Np(n) =
=(m+Df=nf+...+1.

B vacTHOCTH, cTapmuii Ko3$pPUIMEeHT 3TOro MHOTOWIeHa paBeH 1, 4To
COOTBETCTBYET TOMY, YTO €JMHUIHBIN Ky0 MMeeT eIMHUYHBINA 00BEM.

ITocsie Tako# pa3MUHKY IepeiiéM K 6osiee cogepKaTeIbHbIM IIpUMepaM —
[IBYM pa3HbIM MHOTOMEPHBIM aHaJOraM paBHOOEAPEHHOTO MPSMOYTOJBHOTO
TpeyroibHUKa 0 S x < y < 1.
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[TpMEP 4. IlycTh P — 5TO mMpamMu/ia, OCHOBaHME KOTOPOY — eAMHUYHBIN
KBaZIpaT, a BBICOTA IOMAZaeT B OJHy W3 BEPIIUH 3TOTO KBaJpaTa M MMeeT
znuny 1. Toraa nupamuga nP cogep:ut 124+224+...+ (n+ 1)2 LeJIbIX TOYeK.

Takum o6pasom,

1 2)(2n+3
(Rt 1)(n+2)(2n+ )=1n3+§n2+§n+1.

6 3 2 6
To, uto cTapuiuii kKoappuireHT (T. €. 06bEM MUpaMUBl) paBeH 1/3, OTIUIHO
COIVIacyeTcs C TEM, YTO U3 TPEX TAKUX IMUPAMUZ MOXKHO CJIOKHUTD KyO.

Takyto nupamMuzy MOKHO 3a7aTh HepaBeHcTBaMU O s x<zs<1u0s<y<gz<l1.
Xopo1o BUJHO, YTO CeYeHUe IUIOCKOCThIO 2 = ¢ — 3TO JAeUCTBUTENIBHO KBaJ-
par ¢ X ¢. A pa3bueHue Kyba Ha TPU TaKHe MHUPAMUZABI — 3TO €ro pa3breHue
Ha YacCTH, I7le MaKCUMaJIbHOU KOODJAMHATON SBJIAETCA X, Y WIH Z.

AHaJIOTUYHO MO)XHO PAacCMOTPETh B IIPOCTPAHCTBE pa3MepHOCTH k + 1
nupamuzay P, 3azaBaemyio HepaBeHcTBaMu O < x; < xg <1 (i =1,...,k).
ExvHuvHbIN Ky6 pa3buBaercs Ha k + 1 Takyio mupamuzy (COOTBETCTBYIOIIME
ToMYy, Kakasd u3 k + 1 KoopAMHATEI B JAHHON TOYKe Kyba MaKCHUMasbHas).
CeueHue TUPaMUZBI NP IJIOCKOCTBIO Xy = M MpeACTaBsgeT co6oi k-MepHBIN
Ky6 0 < x; < m, B koTopoM (m + 1)* meneix Touek. TakuM obpaszom,

Np(m)=1"+2k+. . .+ (n+ D=5, (n+1).

Np(n) =

3Ha‘II/IT, CyMMa k-x cTrenenei Imocje0oBaTeJIbHBIX YN CEJ — MHOI'OYJIEH CTE-

neun k+1 orn co CTapIIM YIECHOM A -:Il— 1

n**1. B wactrocTH,

1
Sk (Tl) ~ mnkﬂ.

A Y3 B3aUMHOCTH CJIeZlyeT, HalpuMep, 4to Sy (n) Ansa HedéTHOrO k ABJIsIETCS
MHorowieHoM oT n(n + 1)/2 (mogpo6HOCTH MOXKHO HaWTH B pasziene 4 3a-
MeTKH [2] wiu monpo6oBaTh BOCCTAHOBUTb CAMOCTOSITENBHO) — 3TO MOKHO
cuUuTaTh 0600IIeHNEM U3BECTHOM GOPMYJIIBI

n(n+1) )2

3 3 3 _
134284, .. 4n _( >



Ilenvle mouxu 8 MHO20Y20/IbHUKAX U MHO202PDAHHUKAX 121

Boobiie, ecy B epBBIX ITaparpadax Mbl XOTeIU BbIPa3UTh ILIONIAlb MHO-
TOYTOJIPHUKA Yepe3 KOJIMYECTBO IeBIX TOYeK, TO B MHOTOMEPDHOM CJIydae
06GBIYHO HA0OOPOT: MPOIIle BEIYUCIUTE 00BEM, a 60Iee HHTEPECHO KOJTMYECTBO
I[eJTBIX TOYEeK.

C MHOTrOrpaHHHUKaMU U LIeJBIMUA TOYKaMU B HUX CBA3aHBI MHOTHE KJIacCH-
YecKue 3a/lauy MepevrCIUTeTbHON KOMOMHATOPUKY OT HaXOXKJEHUA YHCiIa
Maru4eckux KBaZIpaToOB 0 HaxXOXJeHHUs 4YUCIa JepeBbeB. 3/iech NMpUBeJEM
TOJIBKO CaMblIli IPOCTOM IIpUMep.

[TruMEP 5. B mpumepe 4 Mbl pa3buBasu Kyb Ha YacTH COIVIACHO TOMY,
Kakas M3 KOOpAMHAT MaKCUMalbHa. Pa300béM Tereph KyO Ha 6osiee MenKue
YacTH, COOTBETCTBYIOIME TOMY, B KAKOM IOpAJKe UAYT BeIMYUHBI KOOPAUHAT.
TakuM o6pa3oM, MHOTOTPaHHUK P 3ajaércs HepaBeHCTBAMH 0 < X < Xy <
<...<x. s 1L

YTUPAXHEHUE 9. Kak BEIIAAUT MHOrOrpaHHUK 0 S x S y <z < 1?

Ky6 B R¥ paz6uBaeTcs Ha k! TAKUX MHOTOTPAHHHKOB (COOTBETCTBYIONINX
pa3HbIM [TepeCTAaHOBKaM HH/EKCOB), T03TOMY 00bEM MHOTOTpaHHMKA P pa-

BeH 1/k!. Haliiém 4MCIIO IETBIX TOYEK CMpPOo20 8HYyMpu MHOTOTPaHHUKA nP.
OTO YMCJIO pelleHrui HepaBeHCTB 0 < xq < ... < X < n, APYyrMMH CJIOBaMHU,

KOJIMYECTBO k-3/IeMEHTHBIX IOAMHOMXKeCTB MHOKecTBa {1,...,n—1}.
—O0—0—O0C—0—O0—0O—"FC0CO—"0O—0—0
0 X1 X5 X3 n

[Tonyyaem, 4TO

Io(n) = (n—l) _ (n—1)(n—-2)... (n—k).
k k!
OTMeTHM, YTO 3TO AEHCTBUTEIHHO MHOTOWIEH OT N CTENEHU k CO CTapuIUM
koapouimentom 1/k!.
[TogcTaBUM B 3TOT MHOTOWIEH pOPMaIbHO —N:
oy = CRmDEN=2) ) qye(ntky
C ApyToii CTOPOHBI, B3AMMHOCTh COOOIIAET HAM KOMOUHATOPHBIN CMBICIT TTOJTY-
YUBIIEroCs BHIPAXKEHUA: TOCKONBKY (—1)KIp(—n) = Np(n), MBI OTy4IMIN, 9TO
n+k .

( X ) — 3TO YMCJIO pelieHru HepaBeHCTB 0 < X7 < ... < X S 1, T. €. YUCIO
CIIOCO6OB BBHIOPATDh k 803MONCHO NOBMOPAOWUXCS 3NeMeHTOB u3 (n + 1)-a1e-
MEHTHOT'0 MHOKeCTBa. [10JydmIoCh HETPUBUATPHOE KOMOMHATOPHOE YTBEP-
xzAeHre. O603HAYUB Yepe3s ((Z)) KOJINYECTBO CIIOCOOOB BBIOPATH k d1eMeH-

TOB (BOBMO}KHO, HOBTOPHIOH_[I/IXCH) 13 n-3JIEMEHTHOI'O MHOXKeCTBa, MOXXHO

(D=1
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[Togo6HBIM 06pa30M MOXKHO JOKA3bIBaTh U 6oJiee CJI0XKHBIe KOMOMHATOP-
Hble TeOPEMbI B3aUMHOCTU — HaIPUMeD, [JIsi XpOMaTUIECKUX MHOTOUWIEHOB
rpados.

O MHOXXeCTBe IPYTHX CIOJKETOB, CBI3aHHBIX C IEJIHIMM TOYKAMH B MHOI'O-
IrpaHHUKAX, MOXKHO MMPOYUTATh B KHUTE [6].

baarozapHoOCTHU

ABTtop 6narogapen I'asgus [lanuHoi u ®éxopy [leTpoBy 3a BrICKa3aHHbBIE
3aMevyaHusl.
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